MA3010 (PDEs & Function Approximation) Coursework 1
Set 8th October 2012
Due 16th October 2012
You are to submit the following individual coursework, neatly handwritten and logically presented, to the marked drop-box near to the Student Office by 10am on Tuesday 16th October 2012 with an accompanying SEC Assessment Submission Form. It is worth 20% of the overall module mark.

1.
Rewrite    
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  in the form  
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 and state clearly what the functions 
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are in this case.





(5 marks)

	In question 1 we have taken the sum of two infinite series and combined them into a single infinite series by the process of shifting indices (essentially a relabelling of the dummy variables in the summations so that all the powers of x are the same in each expression). This process will be needed in the following questions where we seek to find series solutions to Ordinary Differential Equations (ODEs). Before setting these questions, we continue with a little more theory for you to consider.
Power Series
(b) A power series  
[image: image4.wmf](

)

0

0

n

n

n

axx

¥

=

-

å

has a radius of convergence 
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 . The series converges whenever 
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(ii)
The function 
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 represented by this power (Taylor) series has derivatives of all orders, found by differentiating each term of the series.
(iii)
A function having a convergent power series with centre 
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has just this one power series with that centre (i.e. it is unique).


2.
Assume that the solution to the ODE  
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 may be written as a power series about the origin; that is  
[image: image11.wmf]å

¥

=

=

0

n

n

n

x

a

y

 and we are to find the coefficients of the series.


(a)
Substitute the series into the ODE and by shifting indices write it in the form
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where u(n) is a function of n and the series coefficients. State u(n) clearly.
(10 marks)

(b)
Equation (1) must be true for all x, so compare coefficients to find a general formula for 
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in terms of 
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 (called a difference equation). Using the initial condition given for the ODE write out explicitly each of the terms 
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up to
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(5 marks)

Continue over…
(c)
Finally write down the solution as an infinite series, which you should now recognize. State what famous (analytic) function this series represents and justify your answer by solving the ODE using the simple separation of variables technique.
(5 marks)

	In this module you will see that for some important PDE problems we are essentially interested in solving associated initial value, second order, homogeneous ODEs of the form (2) below. Note that the coefficients may be functions of x.
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Theorem 
If 
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are all polynomials with no common polynomial factor and 
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then the initial value ODE given in (2) has a power series solution of the form 
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, which consists of two independent solutions. This means that two of the 
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coefficients to be determined will remain as arbitrary (until initial conditions are imposed) and this ‘splits’ the infinite sum into two parts (one or both of these parts may themselves be infinite series).
The radius of convergence of the series solution is not less than the distance from 
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to the nearest solution of the equation
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3.
You are to find a power series solution of the ODE
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(a)
By referring to the above Theorem state what you can conclude about the existence of a power series solution and the radius of convergence for this ODE.

(5 marks)
(b)
Proceed as in question 2 to find a difference equation for the coefficients of the power series.









(20 marks)

(c)
Write out the coefficients 
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and finally the series solution for the ODE. You should find that this series solution has split naturally into two infinite series, each with an arbitrary constant factor, which of course can be found explicitly once initial conditions are specified for the ODE. 




(10 marks)

4.
In the following you are to find the power series about the origin of the ODE  
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(a) Find a difference equation connecting the coefficients of the power series
(25 marks)
(b) Write down the start of the general solution (containing 2 arbitrary constants of course) in the form 
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and then state the radius of convergence.








(10 marks)
(c)
Consider the particular case when 
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is a positive integer N. What happens to one of the two independent infinite series that make up your answer? 


(5 marks)
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