Duestion 3 (Ut T)

(i} At a parficular instant, some particles of a Aubd of constant density constitute
the perimeter of a triangle GAB, where 0 is the crigin, A is the point [1,0,0]
and [ i the point {1.1,0) in Cartesian coordinates. The line (2B is therefore
given by g = &, = = 0. The velocity vector u i given by

u={r+y+ i+ x—y+2)j+ {r+2yk

{a] Using the definition of circulation, show by evaluating the line integral
that the cirelation of the velocity avonnod the toangle OAE iz zero.

(1) Comment on the validity of the following statement, paving attention Lo
the ernditions under which Kelvin's Theorem Lolds

Az the Amid Aows, the elreuit OAD deforms, and it is possible to deduee
from Felvin's Theorem that the cireulation of the velocity n around the
deformed cireuit is wero at all subsequent times.’

(¢} Show that the cireolation of the yelocity w around every cirenit in the
Huidd is zero, 5]

{ii) A tomnado is modelled as p superposition of a line vortex and a sink, The line
vortex Tas strength & and the sink has strength m. where & and m are both
constants, The respective stream functions are
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in eylindrical polar coordinates (r, &, 2 ).

{a] Find the velocity components of the How, Show that the vorticity is wero
everywhere exceps at © = 1, Assuming that the fuid is inviseid and that
the culy bedy foree is gravity, find the pressure distribution p = v, 8, x)
in the fuid in terts of o, &, the magnitude of the acceleration due to
pravity g, and the {constant) Auid density p. (Your answer will contam
an arbitrary constant.) [7]

(b} The above tornade model is not defined at » =0, You are asked to
madify the model so that it represents a tornade (with neghgible vertical
velocities) having:

(1} a core of fuid forming an ssentially vertical cylindncal column in
which the air rotates as » rigid body;

{2) similar features to the above moded outside the core, o.g. the alr s
relatively still at large distances from the core.

Give the velocity vector field for this new model, both inside and outsids
the core. Show that there is now non-gera voriicity inside the core. 5]



