TMA MS323 04 Cut-off date 22 September 1998
[(Covering Dnats 71, 12 and 1.5 of Block 1V}

Each question is marked out of 25, Your overall grade will be determined by the
sum of vour marks for all four questions,

Cpuestion 1

Consider the periodic time-dependent Hamiltonian
Hig.p.f) = %I:_,tr2 + ) + teq®p® + Leg® sin e,

where £ 15 & small pacameter such that 0 < g <1

{a] Show that, when it is expressed in terms of the angle-setion variables {8, T for
the unperturbed Hamiltonian (£ = 0}, this Hamiltonian can be writien in the
fiorm

Hip. Lt) =1+ fel* + Lel =ini20 — )
+ Lel {4sin 0 — Feosdt — 2sin(26 + 00} .
Dhednce that there i5 2 restpance at 00 = 2

ib) Find & time-dependent canonical transformation to new conjugate variables
[, ) such thet the Hamiltonen K&, J, £} of the system in terms of the new
variables is given by

Kig,Jt) = (1- )7+ Le* + Lefaip 24
+ fed {dsin it — Jcos(dg + 20) — 2zin 2{p + 02e)]

Show that for 1 = 2, ihe slowly varying part of this Hamilionian can be wrilben
in the form

Kig, JJ)= e {ir+sin2g) T+ L}, T20,
where lew =1 - 31

{c) Show that f =1 < = 1, then {he mean motion system [The syvstem with
Hamiltoman K¢, J)) has a stable fixed point at

dh = —1r, J=1=un

(1) Write down an approximation to the stable periodic orbit of the original Hamil-
tomian in the original (g, pl-representation corresponding €0 this ficed point.

Cluestion 2
(a) For the quadratic first-onder digerete sysbem
Tl = EalTa A, A0
find the valoe of the parameter A at which period doubling of & peried 2 0o a

period 4 orbit occurs.
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