ThA MS3Z3 04 Question 2! Specimien Solution

{a) The fxed points of the system ocour where
rir+A) =2 or rlz+A=-1]=0
If Fr) = r{z -+ A) then
F3r) = o{T + A){z(z + A) + A}
and g the period 2 points are roots of
Hr+AHz(z+ M)+ Al =mr == xf{r+Nizlr+A+A]-1}=0.
The fixed points of Fir) are also roots of this equation. which means that x + A — 1
must ke a factor of the term in braces. The quickest way of obtaining the factorisation is
probablv toset T+ A— 1=y sothat £+ A =y + 1. and
(F+Ar{z+ 0+ M -1={p+1)lly+1-A)p+11+4] -1
= {y+ 1l +{2 - Ay +1] -1
=i’ +{3 =X +{3- M)
The period 2 points are therefore given by

y = :%{A—ai I3 - AN ~4{3—,1]}

=%{A—3i1,.-"'l,'.-'l.-3}{,5.+1:n}»,
or equivalently

r=%{—[1+$jim}.

Now F'{r} = Zr + A, and to determine the stability of the period 2 orhit we must calculate
F'{a) F'(b) where a and & are the period 2 points. But

Fla)Fp) = {1+ V=3I + 1} {~1- VB =3+ 11}
=1-(A=3)[A+1)
=4+ 24 — AL

The period 2 crbit becomes unstable, and period doubling takes place, when F{a}F(t) =
—1, thae i5, when

1420 =-1 = N-2-5=0 = A=1+vE (since x>0

Alternatively: put T, =y, + a and chose a to cast the svstem into the form el =45 + 6
used in Umaf 18 Section 12.3. We have

Une1 =T FyalZaF A +at+la—a

=g +dAz-3 i a=-1iAr
¥ 4 a

But the system y,4y = y; + ¢ period doubles from a period 2 to a pericd 4 orbit when
c= - E 50 the corresponding period doubling for the given system occurs for A{2 - M) =
=5.0r A= 1+ +/ (since A > 0).

(b)(i] The successive iterates of 2 under the tent map are

i 2 4
x &
T e o

5 “: has period 3.

The succesgive terates of FBJ under the tent map are

14 I a4 A
o 15+ T+ 1%

s0 17 has period 4.

The successive iterates of % under the fent map are
8 L

IO R I T
30 37 has period 5.

Mate that all these numbers are of the form
ke~
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