THIA MS323 04 Question 3: Specimen Solution

fi} Since we must consider the effect of changing # to —f we examine Hamiltoa's
eyuations. which are

g=p F=-1"g
Note that these are unchanged by the substitution of =f for { and —p for p {with g
temaining the same): it follows that if (g{f), p{t)) i3 a solution of these equations so is
(al—t). —p(—1)).

The Hamiltonian is an even function of p, so its phase porrrait is svmmetric abour the
g-axis. In particular, if a phase curve crosses the g-axis it does so at right angles, exoept
where the crossing is at a fixed paint; furthermore the phase curve itsalf must then he
symmetric about the g-axis.

The separatrix, {q,(t), p.(t)), passing through the fxed point (ga.0), crosses the g-axis
at ouly one other point, sav {gg,0). Choose the time origin to be when this crossing
oocurs, 20 that with respect to this time varable {g.00). 0. (0} = (g5, 0], Conzsider now
the curve {gff), plt)) = (g.(=t). =p(=1)). We know that it i$ & solution of Hamilion's
equations; moreovesr, when =0 we have {g(0), p(0])] = (q0.0). Thus (g(t). p{#]} is-a sol-
ution of Hamilton’s equations which satisfies the same initial conditions as the sepacatis;
by the uniquensss theorem for differential equations it must therefore coincide with the
separatrin. Thus

al~E) = g.{t)  p.d—f) = —pli),
as required.

LEi) Use Melnikov's integral with x = (g, p),
& Ha GHG :
Iy = f =1, Gpm= e = —V"{g)
and P = (0, 5in (¥), in the notation of Unit 13 Equation 13.21. First, change the time
origing by setting ¢ = £ + 4, 50 that for the motion on the separatriz g0} 5 an even
function of ¢* and p,(t') an odd function, as in part (i). Then P = {(0.sin 1" + ). The
most. convenient form of Melnikov's integral is

i'ffifn}=[= dr {Gii7)Pa{r. 7+ tg) = Galn) Py (1, 7+ ta) )

= drp, (T)sin r+ tg + d)

— o
(S o
= ¢os b f dTp, () sin f11 + sin ] JI( drp, () cos Ry
= —r

where t; = fy + 4. But p.(r) is an odd function, and as cos 0 is even the integrand of the
last integral is odd and the integral itself is zero. Let the value of the frst integral be ),
wssumed to be non-zero, 20

Mitg) = ) cosflity + 4).
Thus Melnikov's integral has simple zeros (at tg = =4+ (n 4 %}n},-'f!]. It follows that the
stable and unstable manifolds cross transvecsally and a homoclinic tangle develops in the
neighbourhood of the unpertucbed separatriog neighbouring orbits separate exponentially
and the motion iz, locally, chantic.



