ThiA MEIZI 04 Question 1: Specimen Solution

(i) The angle-action variables for the unperturbad system are
g=v2Tsin® p=+2Tcosd, T =0
so'in this representation the Hamiltonian is
Hig, I.t) =]+ «I” cos® §sin® & + =1 sin® @sin (2
= [+ %:F sin? 28 + =7 sin”® @ sin 2
=TI+ }el® + Lelsin{28 — )
+ el {£sin ¢ ~ T cos48 — 2sin(28 + 1)}
where we have used the relations
cos26 =1—25in“8, 5in20 = 2sinfoosd
and
25in Acos B = sin{4 + B} + sin(A - B)
which can be found in the Handbook,

The unperturbed frequency is w = 1, so the only term that can vary slowly is sin{2¢ — {3t)
and this only when 1} = 2. Thus thers 15 a resonance at £ = 2,

(i1} In order to remove the slowly varying term we make the canonical transformation
¢=48— 30, J =1, with the generating function Fa(J.8) = {(# — 106)J. In the new
representation the Hamiltonian is

Kig Lt)=T+ %:JE + }E,Fs'mﬂq,ﬁ

+ ot {4sin (Ut — Jeos{dg + 204) — 2sin(20 + 2000} £ %
= {1—-30) J+ e* + Ledsin 29
+ te {4sin i - Jcos(48 + 2t} — Zain{2o + 200}
This Hamiltonian can be written in the form
Ko Jt)=(1— 30) T+ 2aP + LeJsin2p + A, (8, J.1) (1)

where
Kife, Jt) = Led {4sin 0l — Joos(4d + 20¢) — 2sin(2p + 200)} .
For 1 = 2 the first three terms of Equation (1) are slowly varying and &(¢. J, £} ascillates
relatively rapidly.
The slowly varying terms can be written in the form
Kie.J)=l=l{v+sin28)J + 1P}, with 1- 1 = Lo (2}
Since J = [ and [ > 0 we requice that J > 0.

[ fii] The fixed points of the Hamiltonian R (¢, . given in Equation 2 are at the roots
of
0= % = %-SJ cos 2
R o
n= 5= Lef{{v+sin2g) + J].

The first equation is satisfied if ¢ = —2=. With this value of ¢ the second equation gives

J = 1 = v, which is positive if i < 1, 80 there 15 a real fxed point here.

AL this roob the second devivatives are
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