Question 2

[}

(1)

For the quadratic first-order diserete svstom
Eupq = EqhSa + A, A=,

fnd the value of the parameter A at which period doubling of & pericd 2 to a
patioad 4 okl cecues.

This part of the question is concerned with iteration under the tent map,
defied in Uit 12 Subsection 12.3.2.

(i} Show that, for the tent map, 2 is a peint of perind 3, & i & peint of
period 4, and 1% s a point of pericd 5.
For any integer & = 3, find a point of period & for the tent map.
tii] Consider the number £ whose binary representation is
(3, L 10080 TO0CK 100000 .,

e words, the binary reprosentation of £, 18 a swecession of groups of digits
cosmprising & 1 followed by several (s; the number of zeros increases by
one with each suceessive group; inicially there are two Os,

show thaz no iterate of & under the tent map can hegin with either
0011 or 00101 .. .. Deduee that the orbit of £ is neither periadic nor
danse,

Consider the second-order discrete system

n ) Yarr = KOO T,
i In4l = Iy +'_'||'n—_j:

where & i5 o positive parameter,
(i) Show that this map is area-preserving.

(i) Show that M has a fixed point f, at {7/2,0), and find the other fixed
points in the interval | € & < 27,

fiii] Show that iz stable for 0 < & < 4 and unstable for & > 4.
(iv) Show that M? has fixed points at the roots of

{a) Zxr—dr=Fkeosr, p=2r_m,

{h) kewr=—3x, s=m

{v] Sketeh the graphs of the curves wir) = 37 — 4o and wir) = kcosx for
r near m/2 and & near 4, and discuss how the natore of the fixed points
ilefined by condition (2] changes as & incresses theough 4,

Cluestion 3

Suppose that che Hamiltonian

Hilg:pl = Lp® + Vig)

has a hyperbolic fixed point at g = q,. p =1, such that cne hranch of the separatrii
forms a closed loop. as ilnstrated i Dngt 13 Figure 13.4. Thus any solution of the
eqquations of molion on Lhe separatris, (9,08, p.08)). satizhes

(i)

litn g {8) = gy, litn - pid] = 0.
f— & f—tb

Show that, by choosing a suitable point a2 initial conditions for the solution of
the pgpuations of motion oo the separatrix, it may be assumed that the function
it 1] is even sl the function pe(#) iz odd; that iz,

=) = qgit] el o=t} = —p.(t]

respechively.
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