Ouestion 4

Consider the motion of a particle of mazss m moving in the potential
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where g i5 & positive constant

(i) Show that all motion 18 bound and periodic, and that the action, f, the energy,
E, and the frequency, w, are connected by the relations
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Show, further, that the angle variable #, for 0 < # < m, may be chosen to be

.5'=:[:1 =4 -aqu}.

f
z0 that g[8, 1 = if“{(ﬁ - ﬂ—) ;
.1 w a

{ii) Show that the Fourler series for g{ff, I is

g[8, 1) = Qoll} + ZIQHH]E-JERE,
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where @y = EIE'S, Q= -m_;,n.‘,.l’i'r“.

[Hint: You may find the following integrals useful:
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{iii] The system is perturbed by a periodic foree, so that the Hamiltonian becomes

Hig.p.t) = % + Vgl + Fgoos Bt

Show that the nth resonance 8 at the acfion
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and that near here the Hamiltonian ¢an be cast mto the form
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Hence, or otherwise, deduce that the separatrix width 51 of the nth resonance
island i= given by

fjamnvaF

ot
o A, g
ALY

{iv) Using the result of Dnit 11, Section 115, that for resopance islands not to
intersect we must have AL, > (5™ 4 Sint deduce that the resonant
approximation is valid near the nth resonance only if
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