TMA MS323 04 Cut-off date 26 September 1995
(Covering Unats 11, 78 and I3 of Block 1V.)

Each guestion is marked out of 25, Your overall grade will be determined by the
sum of vour marks Tor all four gquestions.

Ouestion 1

Consider the perindic time-dependent Hamiltonian
Hig.pt) = " + ")+ Leg™p” + Leg® ainth,

where £ i a small parameter such that 0 < = <4 1.

(i} Show that, when it is expressed in terms of the angle-action variables (8, 1) for
the waperturbed Hamiltowian (£ = 0], this Hamiltopian can be written in fhe
form

Hif I,&) =TI+ Lel* + Lelsin(20 - Qf)
+ dei {dsin it — ooz 48 — 2sin{268 + ()} .
Deduce that there is a resonance at (1 = 2.

(i) Find a time-dependent canonical transformation to new eonjugate variables
(b T such that the Hamiltomian K, J. 1) of the syvstem in terms of the new
variables iz given by

B, J) = (1= 1) J + beF* 4 LeTein2g
+ hed {4 sin it — J cos{40 + 200) — Zein 20 + 4]}

Show that for 11 = 2, the slowly varvieg part of thiz Hamillonian can be written
in the form

Kig, J)= e {{v+sm2g)J + 1}, J =0,
where L—;u: I — %ﬂ.

(iii} Show that if =1 < < 1, the mean motion svstem {the system with Hamil-
tonian R (¢, J1) has a stable fixed point at

4= =77, d=1—F

(iv] Wrte dowp an approximation 1o the stable perodic ocbat of the original Hamil-
tonian in the original {g, p)-representation corresponding to this fived point.

Chuestion 2
(o} Consider the first-order discrete svstem
Toai = T, where Fi(z) = Asin{zz].
Show that, for 0 XA = 1,
(1) Fiilz} maps the inderval [0, 1] ioto idself;

ya) the origin i a fixed point for the svzrem, while for x4 > 1 ihere is a second
fixed point in the interval [0, 1);

{iii) for A = 1 the fixed point at the origin is unstable;

{iv} the value of A at which the non-zero fixed point hecomes unstable. and
period doubling occurs, satizhes the eguation

mheos vV REA -1 = -1,
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