ThIA WMS323 01 Question 3: Specimen Solution

(a) Put y = I to obtain the syscem
I=m, g}:—:—e?z-
[MNote that there are infinitely many ways of converting a pair of coupled first-order equa-
tions to a second-order equation; this is the ‘obvious’ way.)
The function g{z) = T + «** approached *co as r — 200 and §'(x) = 1+ 2% > 0 for
all r. Thus the squation g{z) = 0 has only one real root. at r = a say, and near here
qlz) = gle) + {z — alg’{a) + O(x — a)*} with ¢'(a) > 0. Putting u = r - a the linearised
equations of motion are
i=y,  §=—glak
so by compasison with Equation 3.37, Unit 3, pags 63 (with v = 1, p = 0] we see that the
linear system is a centra.
It is important to remember that the fixed point may not be a centre of the non-linear
system — see the Linearisation Theorem of Subsection 3.6.2, page 79.

Differentiating the given expression gives
%[.ir! o +e ) =221+ I+:2=] =1
so 1 4 r? 4 ¢2* |5 constant along phase curves of the noo-linear system.
Let flz.y} = y 4+ I+ #27 Then f(z.y) is constant along phase curves in phase space.
On a phase curve near the fixed point f(r, ) can be expanded using Taylor's expansion.
Flr.y) = flo.0) + 34° + (z —alg'a) +--

g the lines defined by the equation f{r.y) = ¢ =constant, where ¢ = f{a. 0} are closed.
heeause g'a) > 0, and the fixed point must be a centre.

{0 At a Axed point of the system we have either £ = 2 and
p'+ 2y 3=y +3y-1) =0
or £ = —2 and

-y —3=(y -3y +1) =0
The fixed points are thus
(=2,3), (-2,-1), (2,=-%, (21}

The lacobian matrix i3

= L)
A g i
M‘I‘y?_[y 25'+“—']' =
The fixed points are classified fand sketched) below.
At x =(—=2.3).
=4 ] 3
ﬁ.'::_?--.-'ﬂ = [ g ] . A= =4, 4

The fixed point is a saddle,

At x ={=2 =1},

-4 0
-1 -4
The fixed point is a stui_.:-L-l}.ﬂii}.

Al=2 =1) = [ ] . A=-4,—4

The motion near the remaining two fixed points can be deduced from the above results
sinee the transformation = -1, v = =y and 7= ={ leaves the equations of motion
unchanged in form. Therefore the phase curves near (2, =3) have the same shape as those
near (—2,3), but the direction of the arrows 15 reversed; thus this Rxed point is alio a
saddle.

Similarly for the fixed points at (2.1) and (-2, —1); thus (2,1] is also an u,j;Laﬁl'é';L:r:.

These results may also be obtained by direct calculation, of course,



