‘Thus (-2, —1) s strongly stable, (2, ~1) is strongly unstable, and the remaining two fixed
points are unstable but not strongly so.

On the linesz = £2 we have £ = 0 {and y = y* £ 2y + 3), 50 they are phase curves of the
system, which are parallel to the y-axis.

TMA MS323 01 Question 4: Specimen Solution

] The fixed points are at the statiopary points of the Hamiltonian, given by the
roots of the equations
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The second equation shows that p = 0 and then the first equation shows that sing = O:
that &5 che fixed points are at (nx, 0), n =0, 1. =2....

At the extrema of the Hamiltonian there are stable fxed points and at the saddles thers
are unstable fixed points. Thus w¢ need the second derivatives of the Hamiltonian in ocder
to classify the fixed points.
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Thus for even values of n the Hamiltonian has local minima: these hxed points are cen-
tres. For odd values of n the Hamiltonian has saddles: these Fxed poines are saddlag or
hyperbolic fixed points,

(i) The Hamiltonian is 2=-periadic in ¢, so we need only consider g in he range
=7 S ¢ 2= The energy at the saddle (=x,0) is E, = —cos# = 1. Thus 2 contour of
energy £ = E, =1 passes through all the saddles. The equation of this contous is given
by
W =l
21 + asing)

cosg=1 or plg)=£3/1+ asingeos(gf2).

Near g = p = 0 the Tarlor expansion of H{q. p) is
H =1 +¢) - 1.

50 the minimum energy is £ = —1 and all librational motion Ties in the BOSTEY Tange
et

For energies =1 < E < | the phase curves cross the g-axis perpendicularly as the equation
H{0.q) = E, that is cosg = E. has real roors at which |dp/dq| is infinite. For these energies
all mation is librational and the phase curves comprise closed loops around each centre.

For energies — 1'% E there is no motion, For energies E > 1 all motion is rotational as
there are no real turning points. In the figure we show some representative phase curves
in the upper half of the phase plane; as the Hamiltonian is an even function of pthe phase
curves in the lower hall plane are obrained by reflection in the q-axis.



