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Question 1 - 25 marks
(i} Show thar the function
1 —ar
1+ w

iz purely itaginary on the circle i = ¢

fii] Let D be the domain {z:|z} = 1, 0 < amglz) < 7/3}. Show that w = e

maps [ 16 4 semi-cirenlar region D7 in the aeplane.  Determine the values
of arg fw), the argument of flw], on the boundary of 1.

flwr} =

(it} Hence construel a function which is harmonic in 1) and takes the walue 2 on
the curved are in the boundary of 2 and the valee 1 on the two line segments
in the boamdary of L3,

Cuestion 2 - 25 marks

fi] An isosceles triangle ABC with vertex angles 7/4, =/4 and w2 has vertices
at the points (w.v) = A(—a,0), B{a, 0] and C(0.a] in the w-plane, where
w = 1+ iv. Determine the Sehwarz—Christoffel tranaformation that maps che
trianghe to the upper hali-plane Im{z) = 0, with A going to == -1, I zoing
to x = |, and C poing to infinity. Show that

= EJ{ (1 =22 e,
I fo
where the copstant T iz the integral

1
f=jr (1 - #2)W4 gp
1k

(i) The integral I may be evaluated in serms of the beba function Bz, w) and the
gumme function ['(z), defined by {see also Dettman, Section 4,10}

1
Bz, w) = f N — At
0
0
)= £ e dE,
()= [ ete
where Re{z) = 0 amed Re(w) > 0, and related by
. _ Tiz) Dlar)
Bz, ur] = —-—rl:: P

Sher thit

f] i = FJH]
o (1 i = 2{2“.]:_,-'2 ;
[Note: The gamma function s importaut and arises elsewhere in this course.

It sati=sfies the relation
[z Il.=z] =

-3

ain ws’

and {1} = /7 Handbooks of mathematical functions give 17 1y = % G256,
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