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| i,g Question 3 (20 marks)
" This question & concerned with the extenston of the definition of a Killing field to N
surfaces, and with the properties of Killing fields on surfaces. i
(i), Let (L5}, a =12 be a local basis of vector fields on a surface 5, with u:l1|al.-“'
basis of 1-Fforms {E"'ﬁ. MNote that, since {L,} is a local basis, for any wechor
field ¥ on § there are functions Af such that [V, U, = AUy and similarly
there are functions J& such that 58 = 28", Find the relation between A}
amed gep i3]
The Lie devivative Grg of the metrie g on o sorface 8 with cespect to a vector field
INom & s defined by sedting
LogtV, Wi = gl V, W]} — gl{t7, V], W) — oV, [T, W),
where 1 amil W are arbiirary {local) vector fields, in analopy with the case of an
athine space.
L
(i) Showr that, for any vector field U oo &, S has the FIE mnltilineanty prop- %
erty of a type [0,2] tensor fedd. [-!]
A vector field X on the surface for which Cx g = 0 i called a Killing field,
I:ﬁ (i) Suppase: there 15 piven & loeal orthooormal basts. of wector fields on &, =ax
; {Uak 2= 12, with dual basis of I-forms {0}, For any vector feld X on 5,
set [X U] = APy Show that the necessary and sufficient condition for X to
o Killing field = that
Baohe Al =0,
50 that the matrix (AL} is shew-symunetnie. Dedoce that when X &8 & killing .
- fiedd there is a function A -such that ¥
.E_l.;-EI'J = 3P ande Lx = =20 5]
i {iv] By taking the Lie derivative of both sides of the first structure equations for
- 5, show that if X is a Killing feld then
Dyt =X,
where o iz the ronoection 1-form for the proen bass, [5]

(v} Deduce that the Ganssian curvatuee & constant along the integral curves of
any Killing Held on 2 surface, (3]

You may assume that the Lie devivative of forms on o surface hos the samne prop-
ertics as the corresponding operalor in affine spoce.

Cuestion 4 {15 marks)
A aurface (Enneper’s surface) is given parametrically by
(€. &) (€8 (€ () f5 - = (V' ) 2 (€1 - (),

*
I where [.{f"]-:r - (EE]:I < e, Show that the mean curvature of this surface s zero
It corryw here.
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