CQuestion 2 - 10 marks

{i} Show that the set of matrices {#, 7. s, 72}, whers

Lo Ty 0 —i |
=gl ™1 el "=l el =l <]

is a basis for the vector space {over B of all 2 = 2 Hermitian matrices X.
(11} Show that every Hermitian matrix X detcrmines a 4-vector £, via
2, =ATHX 7]

(102} Tov speeciad relakivity, & Doreniz ronsformabion 85 defioed to be a lnear mapping

of a 4-vector T, that preserves o — =] — z} — 3.

If g & SL(2.C), show that X =t g X!, where g' = 'F iz the Hermitian con-
jugate of g, defines a Lorentz transformation of the d-vector x,.

[SL{2.C)m iz e Ma(Clfdet o= 1}.]

{iv} Show that the map X —+ aXul, u € SU(2), where o' = *7 is the Hermitian
conjugate of w, defines an orthogonal transformation of (&, 2z, 53] in 3-space.

() Show that the map in part [iv} i& & rotation In 3-space.

[Woi msy assume that every ceflection in 3-space is of the form (v — —2q,
Ty —+ Ty, Ty —+ Ty) times a rotation. |

Duestion 3 10} marks

Let ¥V obe a finite-dimensional vector space, and let L be a Lie algebra (which is
itself a finite-dimensonal vector space),

An endomoerphism of V' is a linear transformation from V ointo V. Denote the set
of endomorphisms of V by End V. End iz a vector space.

A representation of L is a linear t:a-.nﬂm_'ma.t.inn ¢ from L to End 1 such that
SN ¥] = [, (Y],

where [X,Y] = XY - ¥YX and [¢{X), HY)] = (X IHY) = H{Y 10(X).

(i} Show that for 2 fized g€ L, the map >

adg: L —s L
z— adgiz) = [g. 1]

o

15 am endomorphizm of L.
(i)  Show that the map

s . — End L.
x—t pd T

iz a representation of L.
[This representation is called the adjoint representation of L.]
(i) Find the adjoint representation of the Lie algebra spll).

[That is, for any element ¢ € #p(1). find a matrix representing the linear trans-
formation ad g on the real vector space spi 1) with respect to a choson basis.|

an



