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Continuing my series of Notes on e assignments, which 1 hape will bring ol S0 general ponts 1
have noted 10 the attention of all. as well as illustrating the genera] context of Physics, where Some of
the applications are o be found.

Ouestion 11 The Eamphcﬂ-ﬂakauusdmIf formula tefls you how ) eXpress the product of the
exponentials of two matrices 45 an exponentiil of 2 third matzix. Thus,

explAjexplBi=expl A+B+IIZHABR .}

whera the rernarkable Fact is that all the subsgquent Erms oI expressible as commULAt0eS. This means
that the sum is sitting nd Lic olgebra (and that the exponential 15 consequently in Lie groupl. Chr
result is equivalent B neglecting all but the erms explicitly wntten above. Such formulas are VEry
ymportant in Cluaniem Wechanics, which ofien has 10 treal exponents of Operatars {matrices).

In fact, matrices are used axrensively 10 Cusnium hfechanics, the most suceessful description that we
have of the microscopic wiorld: indesd, Cheaniem plechanics Was GG called Mairix Mechanics,
wiatria groups (Lie groups: alsn play an important role in the description of the symmetries of namare,

The only mathematical point 10 nole is (hat @ matris A Commules with any function af itgetf, [{A)

Question 2: One of the e great heanes of Mature 35 Relatagy {Quanturn Mechamcs is the: caher],
and the Special Theory of Relativity describes the maotion of fast-moving cbjects. This mMOLON MIXES
tiene (X0 and space A il in such a way as 10 keep the form xuz-};tl-xg?'-.-: 11 imvaraat {canstant ).
The Group of Trassformations Mutrices) which preserve this invariance 15 called the Lorents o
Ohur question describes an alternative way of introducing the Losentz group, a method much favoured
by physicists. The last, and hardest part, of the question, viZ- 10 shaw that u did pot give 2 reflection,
Follows immediately by noting thal (using itplicativn)

u ‘I!:ur = T2 and u rﬁuf = T3 = U Tlu? =Tj.
Later on we shall see (topalogy) that SUIZ) s a connected set, while O43) consists of two connecied
pieces; since (iv) essentially gives us a smooth map from SLUI(2) to O3), we can only get to the
conpected - e SO 30 - bit (TR, Propdl

Question 3: (i) Finding ropresentatnns of Lie Alzebras is one of the most important aspects of the
application of these systems 0 Physics. For example. 1t turns Qut that the Elermentary Particles (the
‘building biocks of natire’) may be thowght of 45 represenialions of thie Lorentz Group - an idea due o
the late Eugene Wigner. The sets of matrices that we deal with in this course may e thought of as
conerete cealisations of the abstract Lie groups, thus the elements (unitary 2X2 matrices of determinant
1y and multiplration of SUT) can be thought of as defining the absiract Lic group SLI(2); with
underlying Lie algebra s 23, Another representation of cul 7} would be given by ad - bt in this cose it
wonld be in terms of 333 matrices as the vector space af gu(?) is 3-dimensional.

{ii1¥The ahstract defimtion of a Lie Aloebra is that of a linear space with 1 ‘beacket’ operation satisfying
she: uswal rules (antisymmetry and Jaeobi identity), Gne does nol need to define [ X.Y] as XY-YX, and
indeed the ordinary maltiplication XY need not he difined at all. However, in our Course cyverything 15



