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Question 3 - 10 marks t ___..-""ll
Let v C ML T bea matrix group.
(i] Show that ecach of the following maps defines an Somorphism from & to its

image.
g —+y
daigr— fg7! 7 Y b
$yig—+ (g') "

[gf = "% is the Hermitian conjugate of g.]

(i) Show that the map

q'ﬂ-s.'r'-=—=~Tz;?ﬂ"‘l‘j‘:i"

where T s an Euﬁ-ﬂrifhlum M, (T}, defines an isomorphism.
[The matrix groups & and o' m{lr.hau gaid to be eguinlent.)

(iti] An isomorphism l.f.-”’*:‘_}’ — o ﬁ.i‘ci b e an eutomerphism,
Showr that when T' € Gtwﬁ:m_g:lgﬁw] in part. (i) above i3 an autamaorphism.

[Such a ¢ is called an inner automorphism.]

{iv) Consider the case ¢ = U{n) and the somorphisms defined in part (i) above,
(&) Show that oy 35 the identity i mng;_' autn:-mcnrphasm
(b) Show that ¢y = dy.
(e} Show that ¢, is not an inner nut-g:_rnmrph'ﬁm.

[An automorphism that is not an inner automorphism i called an outer
antomorphism,. |

iv) Consider the set JA{(F) of all antamorphisms of the matrix group 3.

(a} Show that A({) is a gronp. wsing compeosition of fanctions as the gronp
O Atbon.
[The identity is the identity asutomorphism.]

(b) Show that T{ZF), the set of inner automorphisms of 7, iz a normal sub-
group of A{Z),

(¢) Show that I{Z) is izomorphic to o7/ Centref 7).

& [
Duestion 4 - 10 marks

Let M be a fixed matrix in M,(C). (1 _ad, Ao,
Define a bilinear form {x,y} on €™ » C" hy
{24} =z My',

where T [Ty, T, ooy Ta ks V= {01000 o0 W) and yb = 7 is the Hermitian conja-
gate of the vector 4.

Find neorssary and suffickent conditions on the matriz M for which eoch of the
properties (ij—(vii) of Proposition 1 of Chapter 2 of Curtis (page 24) holds for this
bilinear form. Treat each property in isolation.

[You may assume Sandard results about complex matrices, mchuding the fact that
every Hermitian matrix may be diagonalized umta.r:.r mntru'_
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