Question 3 (Unit 15) - 50 marks

Let & be the field of order 16 and ]el the polynomial in Zft] daﬁj

(5}

m(t) = 444+ 1 @ﬂuﬂ ¢ ﬂ
Prove that m is icreducible over Z,. GLM&

{ii} Prove that there is an element o in K such that o bhas a minmmom polyromial m

over £z and K = Zalo),

(iii) Show ihat there 5 an avtomorphism & of K such that sla) = o+ 1.

{iv] Show that the field {«)}" has 4 elements.

Question 4 (Unit 16] - 50 marcks

{2

{1i)

Consider the following statements about ordered fields. For each one, say
whether the statement iz true or falze, justifving vour answer with either a
short proof or & counter-eaxampls.

Statemnent {a] If K is an ordered field and £ & K, then &% > 0.
Statemnent (k) If X 15 an ordered ficld, then A iz infinite.

Statement {¢) If K is an ordered field, then every field L that is a finite
extension of K is ordered.

Statement (d) If K is an orderéd field, = € K and £ > 0, then £ = &% for
some k & K.
Statement (e] T K iz an ordered feld, then every polvoomial of odd degres
in £f] has a zero in K.
Statemnent ([} I K 15 an ordered feld and P= {0 K 0 <L 02k}, then
r, ¥ Fimplies ryc P,
(a] Show that il an algebraic extension of a feld K iz smple, then 18 must
also be finite,
Consider now the field 8 = A 1 R, where A is the field of algebraic numbers.
(b] Showthal B:Q s an algebraic extension but B 15 not algebrascally closed.,
{c) Show that for each integer n > 0, Q[ %7) is a subfield of B such that
[ V2 :Q=n
(d) Dedoes that B Qs not a simple extengion

(2] Show that for any o, 62 B, Qla; b : Q iz a simple extension.

[1€]
[10]
116]

2]

(]

[4]
]
[#]

[4]

[6]

4]
[£]
4]

Printed in the Unifed Kingdom by
The Open University



