TMA NM433 03 Cut-off date 3 August 1995

All four questions on this assignment will be used for assessment purposes.

Question 1 {(Unit 8) - 25 marks
Throughout this question, f 15 an irreducible cubic polynomial in Qft].

(1) Prove that if the complex number  is a zero of f, then its complex conjugate
% i5 glso a zero of f.

Let the zeros of fin Cbe o, 5, v, and let L = Q{a, 5, 7). Let ¢: L — C be defined
by o{z) =E.
(it} Prove that o{L} C L and that L € o{L).
{11} Hence, or otherwise, show that ¢ : L — L is 2 Q-automorphism of L.
iiv) Show that if the zeros o, &, v are nof all real, then:
(&) TiL:Q} bas a subgroup of order 2:
(b} there is & subfield K of L containing Q such that [L: K] =2
(c} [L:Q] is divisible hy 6;

{d} Qila}: Q15 not & normal sxtension.

Question 2 (Unit 10} - 25 marks

The field N is the narmal closure of L : @ in €, where £ = Q{a) and o is the real
tifth roat of T,

(1) Find [L:0Q] and |[({L: Q).
(ii) Find the number of Q-moenomorphismes from
{2} L intoR;
(b} L inte N
(c] L imte .
{iii) Prove that ¥ = L{{), where 3= £?7/5,
(v} Show that [Q(F): Q] = 4, and hence that [N - Q] is divisible by 20.
(v] Show that [¥: Q(8)] < 5, and hence that [N : Q] = 20.

Question 3 {Unit 11) - 25 marks

Let £ = ™% You may assume that the minimum poelvnomial of £ over @ s 414 1.
{1} Prove that Qfz) is a splitting field for £* + 1 over Q

Let G be the Galols group I'(Qiz): Q).

(it} Find all the members of G.

{1i} List all the subgroups of (7.

(iv) How many subfields does Q{c) have? Justify vour answer

(v] Find all subfields of Qfe), expressing vour answers in the form Q=) Tor suit-
able clements ¢ of 2],
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