(ii) Let K be afield, and let g be an inseparable. irreducible, monic cubic poly-
nomial in Kt]. Let L be a field containing K in which § has a zero v Prove
that:

[a) the field K has characteristic 3; i3]
(b} glty=1" - 1%]
{e) all the zeros of g are the ganse; ]|
{d} the field L contains o splitting field for g over A [51
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All four questions on this assignment will be used for assessment. purposes.
Question 1 (Unit 9) - 25 marks
Let L be a field with automorphism group &, where & = {1, 7, 7.0} with
P=P=1, or=m,
ie. &2V, the Klein Four-group described in Solution 2.1.7 of Ui 2.
Define: 5 = {1,c} and T = {1,7}. You may assume that § and T are subgroops
of 5,
{i) Write down a non-trivial, proper subgroup of & other than 5 and T 1]
{11) Prove that there is some element & € [ such that o(z) # 2. 2]
(i) By uwsing Theorem 9.4, Result 9.1.3 (HB p. 36), or otherwize, prove that
51 =Gt (5]
(iv] By considering the effect of ¢ and ron an element of 5' N T, prove that
STt =Gt (6}

(v} Deduce that 5T & T,
(¥i] Prove that L has at least 5 distinet subfields,

(vii) {(a} Choose a field L from Unit 7, with antomoerphism group V, such that L
has exactly five diztingt subfelds.

{b) Show that Q{¥3,vZ), which you may assume to have automorphism
group V., has mare than Gve distinct subfields.

Question 2 (Unit 10) - 23 marks

Let w be a non-real cube roat of 1 in €, let 4 be the positive real sbeth root of 5,
and let L be the splitting ficld in C for the polynamial t* — 5 in Q{t].

(1) Show that Qw) containg all the zeros of 5 — 1,
(i) Show that L = Q(~,w).

{iii) Show that [L: Q] = 12.

{iv} Find IT(L:Q)|.

{¥) Explain why each element of T(L Q) is completely determined by its effect
oy o w,

{vi) Show that the elements of I(L : Q) are all the products
o R e e
where "oy — —iry,  Frawr—bow,
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