TMA M433 02 Cut-off date 2 June 1992

All four questions on this assignment will be used for assessment purposes,

Question 1 (Unit 6) - 25 marks
Thiz question concerns the et & of all functions Z, — Z; of the form
T — ax 4 b {mod 5), whepda, b Eg and a £ 0.

You may assume that, with the group operation of compesition of functions, thess
elements form a group.

Regarding the elernents of Z; ag 0, 1, 2, 3 and 4, the elements of 7 are permutations
of the aymbals 0, 1, 2, 3 and 4. {This follows since the elements of (7 are invertible_)
As is normal for permutations, we shall write them en the rght

Define the elements £, g and & in & as follows:

lzf=z41,
&g = 4,
Th= Ty

(i} Express each of the permutations f, g and k as a product of disjoint cycles.

{ii} Calculate the conjugate k="' fh, and hence show that [ is conjugate to each of
FE 7 and 4

{iii} Show that Ca{f), the centralizer in & of f, has order 5, ie. |Cql fi| = 5. Show
also that . the conjugacy class of & containing f, has order 4, ie. || = 4.

Let H be the subgroup (b of &, and ket W be the subgroup {f) of G
(tv) Show that V is a normal subgroup of 7, but K is not a narmal subgroup
(v] Show that &G = HN.

(vi] Show that the quotient group /N is isomorphic to C,.

Question 2 (Unit 6) - 25 marks

(i} Let & be the dihedral group Day of arder 24, and et R € G be the cyelic
subgroup of & consisting of all the rotations in 7. Let a,b € & be such that
{o) = Rand b ¢ R Let H = (a®) and K = (o).

ta) Show that H and K are normal subgronps of .
{b} Find the order of each of the groups
GfH, GjK, BH/K and {GIK}/{H/K).

icl Write out all the &hl}mnts {as cosets) of each of the quotient groups in
part {ii{b}, writing each element. of & in the form

a &% where O < r < 12-and 0 < 5 < 2, wherever they oocur.

{d} Define an isomorphism ¢ : L — G/H, where L = (G/K)}/(H/K), by
giving the value of ¢x) for each © € L.

Is o the only isomorphism L — &/ HY Justify your answer.
——
{“} L'E"t-ﬂ =53 ¥ E!.

{a) Show that & has a normal subgroup N of order 3, and show that the
quedient group GV 15 nod cyclic

(b} By considering G/, or otherwise, find all the subgroups of & which
contain &, and explain briefly why they are normal subgroups of &,

{c}] The group ¢ has just two more normal subgroups. Write themn down.

[4]

[4]

[6]

[4]

i

4]

5]

[4]
[21

im



