Chuestion 5

(i} Ifn =g thenn+eln)=p+ip+ 1) = Ip+ lisdivisible by 3. Now2p+ 1 = 0 (mod 3)
has solution p = 1 [mod 3). In termz of modole 6, that iz g = 1 oe 4 (mod 6],
bk 2z muumbers congruent msdale 6 to 4 are not prime, p = 1 {maod G,

fii] I n=p". then ndain)=p" +p* +p+1=2p"+p+ 1. This i not divisible
by 3 when p=2or 3. When p >3, p~ = 1 (mod 3) and so
2pf ook L= p fomew] 3 aoal osvce apgadn Uis is ood divsible by 3, Hepee nog# rr!.

(i) Hn=2% for k> 0, then n+ofn) =2 + (2541 — 1) =3 % 2% — 1, Thisis ot
diviglle by 3, and g0 n &£ 25

{iv] Ifn =2p" thenn+aln) = 2p° +o(2p*) = 2p" 4 #(2a(p*) = 2p* 4 3alp), As
th second term s aomoltple of 3, thiz is divisible by 3 when 2p° 35 divisibie
by 3. But the only primes dividing 2p® are 2 and p, so owe post. haoe p= 3

Cuestion G

{1 The discrimmant is 49 —4 % 6 = —8, and 8o the congnience has solutions il
the Legendre symbol [=8,/23) = 1. Now
(=828 = {—1,/23)(2/23)(1/23), by the multiplication property,
= {=1}(11{1] = =1, since 22 = 3 {mod 41,235 T {mod 5}
and 4 is A square.
So the congruence does not have a solution.

{ii) (LREFET) = (35067
= [B/GTH T ET] by the multiplication property
= (G7/5H=11167/7) by LOR, as 5 = 1 {mod 4) and T = 67 = 3 (mod 4}
= [2/5)(-1){4/67)
= [=1)—=1}1} a8 1 I A squar:
==}

(iii) According to Ganss’ Lemma, (2/p) = (<1}". where i is the number of integers
in& = {2 4, 6...,p— 1} which exeosd E;

Mow when p= 8k 4 7,
S={246... 4k + 2,4+ 4,.... Bk + G},

pod 1 is the number of Chese n {-!”E: 4+ 4, 4k+6,. .., 8k 46}, Halving each term
in thee set, we see that n s the number of mtegers in
{2k + 2,2+ 3,2k +4,. .. 4k + 3}, namely

(4k +3) = (26 + 2} +1 =2k + 2.
S0 n iz even and (2/p) = 1, confirming that 2 is a quadratic residue of p.



