Luestion L5

(1) This iz a thevrem of ¢
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As assnmptions 1 and 2 are axioms of G, we have
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(i) Thisis a theorem of G
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As assumptions 1 and 2 are axioms of @, we have Fg ¥ 2 = (2 +0').

{iii} This iz nod s theorew of OF
In this mterpretation N m the Logie Handbook, taking & as o, we have
W = (w40 =,

so that —x™ =[x 4+ 0°) iz not true for all 2 in N Thus ¥r = % = (r + 07} is
false in V™,

Az the axioms of € are true in N it follows by the Correctiess Theorem that,
W =" = {x 4+ 07) is not n theorem of £

Choestion 16

An extension of § is a theory whose axioms include those of . Calling it consisterd
menns that in thizs extension one cannot prove both a sentence & and its negation
—, for any ¢, Calling it complete means that for all sentences o either o o —o
is provable in the extension. Calling it aviomatizable means that the set of gisxdel
numbers of the axioms (or theorems} of the extension form a recursively enumerable
set, soessentially there is an algorithm for generating all the theorems of the theory.

Thus Gédel's First Theorem tells us that arthmetic (which is consstent, us all of
its sentences are true under the standard interpretation, and which is complete, a8
for all & in our language ¢ or 7 must be true in this interpretation) cannot be
axiomatizable. So there is no set of axioms that we can generate algorithmically
from which we can prove precisely all the true sentences of arithmetic.



