Cuestion 3

(i) (a) i a= b (moad n) then thers costs an ioteger © soch that a - b= orn
Therefore
(ka4 o) — {.H:l +ol=Ka—bd=kmn
which is an integer muliiple of . Henes
ka4 o= kb4 o {mod n}.
(] W kaz=bl(mod o) and ko= d (mod w) then there exists intepers © oAl =
suich thad
bax— b= aml ke—d = au.
Therelor:
ad = be = alke — an) = olka = m) = [or — as)n,
which s oan inleger mmlliple of . Thus ad = be (mod el
[ii} b =1 (miwl 13) == bx = 40 [mol 13] = ¢ =8 (mod 13];
To= 10 (mad 11} = Tr = 21 {mod 11} += ¢ = 3 (mod 11} ;
Iz =6 l(mod T) =3r 56 [mod T) +=n= 2 (mod 7).
Fuor senulianeoes solution:
=8 (maod 13) = ¢ = 8,21, 34 47, .. ., increasing by 13 to s sohwtion of z = 3 (mod 11),
e
=3 (mod 11} = ¢ =47, 190, 333, 476, 619, T62, 905, . . ., increasing by 143 do
a stdution of = 2 {mod T},
el
=2 (mod T) = = 905 {mod 1001],
Ther least posilive solution iz 900G,
Cuestion 4
(if  Proof of Wilson's Theonem.
Ep="72then 1! = =1 [mod 2) s troe.
IF p=3then 2 = —1 [mod 3) is true.
If p > 5 comsider the set 5= 41,23, _...p—1}. If 2 € 5 then gedia,p) =1
and so the congruence axr = 1 (mod p) bas o unigoe solulion modale p,osay
a' e 5. Mowae=a whon a =1 and when a = p— 1, and these are the only
cases since af = 1 (mod p) has at most two solutions, being of degres 2.
It follows that the p— 3 numbers in {2,3,....p — 2} fall into pairs each with
product congruent to 1 modulo p, and consequently
(p=I=lx2x3Ix rxip=1)El1x(p—1)= -1 (mod p)
a5 requiresd.
[ii) Freom Wilson's Theorem

(p—1p=2p—3}...2x 15 =1 {mod p).
That i

(—1)(=2}p =3+ 1= 0 (mod p),
and 50

2p— 3 +1 =0 (moed p)

(iii) &g 41 =7 (mod I7), 41*! = 7 {mod 17). Now FLT gives 7" = 1 (mod 17}

anda30dlM s =TT P s M o4l « Te (=2 x 7= -7 =10 (mad 17).
o the remainder when 41 & divided by L7 iz 10,



