(LY Loboey aoel ey b the functions defioasd as foallesws:
eyl y) = BEqlprod(3, o), prodid, w));
ealr vl = Bolr, sumfprod (2,50, 1

Then
el = 1. iflr=dy, mlEyl =1, Tr=23Iy41.
eyl al =0, odlerwise, anil colr )l =10, otherwise,

Thus e and e are the charactenstic functions of the conditions
Sp o= Ay and fr = 2y ok 17 pespectively. As they ane obitained by com-
posing the primitive recarsive functions Eq, sum and prod, both o aml
' AT Promitive recorsive,

The conditions *3r = 4y and e = 2y + 1° are mutoally exclusive, for if
35 = 4y then x must he even. while if m addition & = 2y + 1, 3t must also
e the enae that = is odd, which B8 impossible
Lot gy, ipe ol gy b the functions defined by

gt g) = prodiexple. 2. gl

gzlr, y) = sum{x, prod{Z, ¥].

grlm )l =4
As gy, e aml gy are all obtaimesd Ty composing he praoilive pecussie

functions exp, prod and swm; they are primitive recursive.

The result then follows using the ‘otherwise’ form of definition by cases
in the Logic Blardbook.

[Strictly speaking, consthants bl thee 4 o the definition of gsle, g) should
b exprissed in torms of ©and ¥, eg.
asle,y) = slsls(s(2(d7 (= ¥))))).

However, unbess staged to the contrary, under exam conditions we would
usually allow you simply to write down the constants themselves.)

Question 12

(i)

{ii}

If © is divisible by y, there must he exactly one = with 0 € 2 € & such What
ot T

Sa define o by

dix,y) =¥ Ealz.y-2),

F=Al
Then diz.y} = 1 exactly when 1is div'rxjﬁw y, and d{z, g} = O atherwise.
As - and Exq are prititive recursive functions, so is (r.y. =) — Bglz,y - 3],

Then by the technigue of general summation (page 3 of the Loge Hondbeok),

i iz primabive reciirsive,

Constrber E diz.w). Asdir, 1) = d{z,z) = 1, this sum will always be greater
y=0

than or equal to 2, except when = = 0 or 1, when the sum take values less

than 2.

The sum equals 2 exactly when x is prime. So define p by

piz) = Eq ((Z d{:,y}) ,,)
=

As o 8 primitive recursive, general summation gives thal & — E dlr, ) 1=
p=l
primitive recursive. As Biq is also primitive recursive, @ s primitive recursive.



