Cluestwn 2 [ Limi T} 10} riiarks

Twao infinite contimed fractions v = [ oy, i, . __] aned @ = [by; by, be, .. ] are said
o eveatually agree if there exist positive mbegers moand n such that a0 = boge
for all integers & = [ Inother words, if o and | eventoally AFOEE W MAY Wrike
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(1) Consider the continued fractions {which eventually agree):

o= [12 1, ey, 0, 08, ...] and = [3;'3.11,,{';,.:“:1,_ -
By putting ® = [r1, 02, 03, -. ) show that
4r 4+ 4
= —
3r42

anid obtain a similar expression lor 5 By climmating = from this pair of
erquations prove thal,

a8 — 9
= 4
Ik J'? E E| | ]
(ii)} Prove, generally, that if o and & are continued fractions which eventnally agree
then there exist inlegers A, B, O and ¥, where ALY — B0 = £1, such thal
e Ad+ B
-
[fints: Let o and § be as in the preamble, let the convergents of
lag;ai, @z, 0m] be  pafeo.pifan. . Pt s
ani let Lhe convergents of
[bosbe bz, 8] be  rofse,rifsy, ... Pnfin.
Mow fallow the lines of the particular case inopart (1), To oblan the condition
AD = BC = +1 you will need Lo use Burton's Theorem 13-7 (page 307) ] []
Duestion 3 (Unit T and ) — 12 marks
(1) Show that the continued fraction of /14 18 [3; 1, 2, 1.6} 6]
(1] Use the continued fraction in part (i) o find bwes postbive solubions of the
Diophantine equation =* — 14 = 1. [4]
(1) From the solutions in part (i) dedues two positive solutions of the Diophantine
equation % 4 dzy — 10y* = 1. 4
Question 4 {Unit 8) - & marks
One of the numbers 585 and 700 can be written a2 a sum of two squares and the
other cannot. Lxplain why one eannot be so written and write the other as a sum of
bwo posilive squares in bwe different ways. [ Your working, as in Burton’s Example
12-1 {page 268), should be shown.) 16]
Question 5 {Unit B) - & marks
Supposs thal /5 = m where m and nare relatively prime positive integers. Show
i
Lhat
e fiay = ?m.
1k — 21
Explain how the method of infinite descent can be used to deduce Trom this that
38 i irraticnal. (8]



