Question 4 (Unit 6) - 11 marks

In Theorem 3.5 of Ungt & we proved that there ace infinitely many prmes of the
form Bk + 7. In this question we ask you to prove that same result, but by a slightly
different method.

Suppose that there are only fnoitely many pomes of the form Bk 4 ¥, say
PLoDPo, P ... P Donsider the number

N = (ppaps - . pal = 2
(i} Show that N = 7 (mod 8).
(i} Show thot if pis-a prime divisor of & then (2/p) = 1,

(iii] Dweduce that one of the primes py, p2, .. .- Pr must be a divisor of N and
thereby reach & contradiction.

Mathematical Logic

In your answers fo QuesHons § and 6 you are adised o show funchions o be
promaftue recurstor by owse of eformad, rather then Jormad, defmttions.. You may,
of course, make wse of resulia derived tn the undts, or mendioned in the Handbook
Duestion 5 (Unit 4) 10 marks

Show that the function [ of two arguments defined by

x+yé, tx-y=360and x >4,
Heoul = 4 35, if = 4+ 3 = 370,

4, otherwisza,

15 Primitive TECursive.

Ouestion 6 [(Unit 4) - 10 marks
(i} Show that the function ¢ defined by
(1, if z s divisible by g,
clz.y) = {u, otherwise,
I8 primitive Tecursive.
(i} Show that the function b defined for posithe integers by

1, if x is square-free, i.e. iz not divisible by the square
hixy = of any integer excepl 1,
(i, otherwisze,

iz primitive recursive. (Mote that, for example, (1) = 1, A2} = 1, 4} =0,
R(G6) =1, hil8) =0.) [Hmni: One method of approach is to consider how the
namber of ys less than or equal to = for which = is divisible by v* is related o
the problem of deciding whether r is square-free ]
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