Question 4 (Unit ) - 13 marks

{1) Suppose that p divides 3m® — 1, where p iz prime and m is an integer.
(a] Show that (B/p)=1.
(b} Deduce that p= 1 (mod 8} or p= T (med 8)

(1] Use the result of part (5} Lo prove that there are infinitely many primes of the
form Bk + 7, in the following way:

Suppose that p, ps, .. ., pe 3re the only primes of the form 8k + 7, and consider
MN=8mp:.. .p,,,j:" — 1. Determine that each prime divisor of N is either of
the form 8k + 1 or of the form 8& 4 7. Show that N must have at least one
prinee divisor of the form 3k 4 T different from py, p3, - .., Po-

Mathematical Logic

In your answers Lo Questions 5 and § ypou are adwsed fo show fonciions to be
primitive recursive by wse of informal, rafher than formal, definiftons. You may, of
course, make wse of resulls derteed in the wnils, or menlioned in fhe Logic Handbook,
OQuestion 5 (Unit 4) - 10 marks

Show that the function [ of two arguments defined by

r'+y, ifz:y=240and y> 1,
fiz. )= < 57, if 2= + y > 370,
4, otherwise,

15 promibive recursive,

Question 6 {(Unit 4) - 10 marks
(1] Show that the function ¢ defined by

1 fyr <=
0 atherwise

oz, y) = {
18 primuibive recursive.

(i) Show that the function & defined for natural numbers by
ilx)= I_.1':"r3-_|I

i the gpreatest mteger lesz than or equal to the fourth root of =, is primitive
PEEL R VE.

Mote, for example, M0} =0, Bl =&} =...=&71=1, hi} =2
[Hint: how is the number of ys less than or equal to r for which +° < =
related to the value of k{z]7]
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