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Chvestions 1 boo& aee on Mumber Theooey.
Chuestions G to 10 ace on Mathemacical Logle.

Mumber Theory

Lessbion T (Umt 5) T mnxks

Suppose that an integer n las the propetty that n -+ 2a{n) is divisible by 3, (where
i) denotes the sum of the divisors of w).

ta) Show that n cannot be prime. [T]
(1] Show that if n = p*, where pis prime. then p = 2 (mod 3). [4]
() For which primes pis = 2p podsible? Justily vour ansaer, 11]

Question 2 (nit 5) T marks

Mrove that il a positive integer 1 is divisible by two distinet odd pomes then o)
ig divigible by Ao Heoee determine all positive integers w which have the property
il ] 15 st divisible by 4, (¢ is Buler's phi-funetion. ) 7]

COuestion 3 (Unit 5) 11 seiarks
A function s ilefinesd for all posibive integers by
Fin) = the number of integers @ in the rnge 1 < o< n
for which ged{a, n) is square-free.

[Mercall that o inleger & said o b sguarefree 0 06 5 oot divisible by the g T gl
of any prime.]

So, for example; F{12) = 9 since gedid;, 820, podiB, 12 and pedi12, 12 are each
divisibde by 2°, while gedio, 12) 15 square-free for the remaining mine valse,
= 1,2,36,6,7.9, 10 and 11

(i) Confiem that, F{16) = 12 by Dhisting the integers o in the range | < @ < 16 for

which ged{n, 16} iz square-free, [1]
(i) Write down (he values of F{T), FU8) £ and #£{11). 2]
(i) Determine Fip) forany primse @ 2]
fiv) Determine FipT) for aoy prime poased infeger » > 1 [
(v} Given that F is a multiplicitive funetion, determing F500) and F{a40} [#1

{vi] Complete the following formula by supplying the entry missing from the

Faraelo).:
Filw) =n H[ .

#ln

wheere the prodiuet is taken owver all primes p for which g7 divides e, and taoes
value 1ol there are o such primes. [2]
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