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Chaestions 1 to 5 are oo Mamber Theory.
Croestions 6 to 10 are on Mathematical Logic.

Mumber Theory

Chaestion 1 (Unit 3) - 10 marks
111 Solve the lincar congroences
ja) dr= S5 {mod T);
(b} dfz +7) = 10 (mod 13);
{c) &r =4 {mod 11).

(i) Deterpmne the least positive inteper which satisfies all theee congruences in
part (i) simltaneously.

Question 2 (Unit 3) - 12 marks
The partz of this question Jead toa solution of the following.

Problem: Which integers (if any) have & square which end in four equal digits
(e end in 0000, or 1111, or 22223 elc)?

(i) Write down which digits cannot ooonr as the final digit of a square.

(i} Using the facts that n® = 0 or 1 {mod 4) and that an integer N is congruent
modula 4 1o the number made op of the last two digis of N, show that &
square cannot end in the pair of digits 11. Which other pairs of eqguoal digits
can be eliminated smilarly?

(iii) Determine all integers v, 0 £ ¢ < 16, to which & square may be congreent
modula 16,

[iv) Prowe that any integer termioatiog in Lhe four eqoal digits 4444 &8 congruent
modula 16 10012, Can such o nomber be a square? Explam vour answer

(v) Answer the problem given in the preamble.

Cruestion 3 (ot 4] 12 marks
All pares of thiz question mvalve FLT o one or odher of s forms.
(i) Find the least positive residue of 22% (mod 31).

[il) Solvel%r =1 (mod 31). Explain why the beast positive residue of 195 (mod 31)
iz a solution of this congruence, Write down a lincar congroence modals 31
whose solution i= congruent to 19%% [mod 31) and hence determine the least
positive residoe of

19*% (mod 31).

{iii) Prove that ¢*® = o (mod 193) for every integer a.

Clusstion 4 (Unit 4) - 6 marks

Use Wilson's Theorem and its converse in proving that the integer 6 + 1 is prime
if, and only if,

(Gl — 301+ & = 0 {mod 6k+1).
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