Question 4 (Unit 4) 14 marks

] 1 | 1
I we wrike the sum 1 4+ = 4+ — 4, ..+ — a3 & fraction it will take the form — anl
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curicusly, for p prime witl p > 5k lurms out that m —n iz always divisible by p-"‘_
For inslance:
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In thiz gquestion you are required to use the resulis of Unet § to prove that this s
generally true, The marks allocated to parts (iv), (v) and {vi} do not necessarily
reflect their relative difficoliy.

Lel p be an odd prime.
(1) Suppose that the polynonial congroence
On2® F au_ 12" oo ae oAy =0 (mod p)

bas maore than n incongruent solutions modulo p. Deduce fram Lagrange's
Theorem that

Oy Ean_ ) By = - By =ay = 0 (mod p). [1]
(i1} Consider the polypomeal
Fgh=(z—1)z=2) .. Az —(p=1))+ 1 =21,

Explain why 2 =0,1,2,. .. p— 1 (mod p) are incongruent solutions of the
congruence flr) = 0 (mod p). Deduce that each coefficient of fix) is divis
ible by p. [2]

(ii1) Suppose that the polynomial fix) is multiplied ool to give
flz)=ep 12" d g PP b tert T b o
Write down the values of the coefficients ¢, and e,. [2]
{iv) Prove, using mathematical induction, that for any n = 1, the eoefficient of =
mlz=1¥z=2),..[z~n)is
[4r4mb+%+%+u+£}
Hence deduce that oy, (the coefficient of 2 in f(2)) is

1 1 1
1 = == 1} e, W L
] ip=1) [I+E+3+ +F_1]. [4]
{v) Write down the value of f(p) obtained by putting r = p in the expression for

flz) in part (ii). Write down the valee of f(p) cbiained by putting r = p

in the expression for f{z) in part (in). By equating these two values {and

remembering that each of the coefficients ¢ is divisible by p), deduce that,

for p> 5,
2 divides (p— 1) |1 2 4 2 4o ——
: ey p—1]
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[Ne‘:ln froom parl (v} that —{p— 1} [1 + §+ E SRR & E:I ig actually an
integer!] i3]
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[vi) Wiriting 1 4 5 4 3 el Pl deduce that p* divides m — n. [2]



