TMA M381 02 Cut-off date 9 June 1994

Questions 1 to 4 are on Number Theory,
Questions 5 to 9 are on Mathematical Logic.

Number Theory

Question 1 (Unit 3) - 12 marks

(i} Solve each of the following linear congruences:
(a) 3z =11 (mod 19);
{b) 3(z+4)=2(medT7);
i) Bz=9(mod 33)

(it} Determine the least positive integer which simultaneously satisfies all three
linear congruences in part (i).

Question 2 (Unit 3) - 12 marks

(i} Let 2 and d be integers and p a prime such that ged{p. d) = 1. Prove that one
aof the numbers

catda+2dat+dd . . a+ip=—1)d
5 divisible by p.
{ii) Let a and d be integers and suppose that
a,a4+da+2d .. a+8dat+9d (a>T,d>0)

15 an arithmetic progression of ten primes, the largest of which (o + %d) does
ool excesd SO0

(a) Prove that d = 210.

[Hint: Note that 210 = 2 = 3 x 5 = 7 and apply part {i} with p equal to
each of the primes 2, 3, 5 and 7 in turn ]

{(b) Observing that 210 = 11 x 10+ 1, shew that
a4+ md=a+ m(mod 11])

for m=0,1,2.3,_...9. Deduce that a = I {med 11} by showing that
otherwise one of the primes a,a+d,a + 2d, .., a4 9d would be divisible
by 11

{in) There is, in fact, just one arithmetic progression of ten primes nol exceeding
3000, Use the results of this question and Burton's table of primes to find this
arithmetic progression,

Question 3 (Unit 4) - 14 marks
All paris of this guesteon mvalve Fermat's Littde Theorem or s Corellary.
(i) Find the least pasitive residue of 26 (mod 29).

(i1} Selve 13z =1 (mod 29). Explain why the least positive residue of 1327 (mod 29}
ix a solution of this congruence. Write down a linear congreence (modulo 29)
whose solution is congruent to 13* (med 29), and hence, or otherwise, deter-
mine the least positive residue of 13%¢ (mod 29).

{11) Prove that o™ = a (mod 285), for every integer a.
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