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Questions 1 to 5 are on Number Theory.
Chaestions 6 ta & are on Mathematical Logic:

Mumber Theory

Question 1 {Tnit 1) 11 marks

Use mathematical induction to prove that the following formnla, which gives the
sum of the first n heptagomal numbers, halds for all integers = > 1.

1+7+ 158 'I-.'S-iﬂ'----+%'n.l:._=rr.l.-3:|: %_I:t{ﬂ—: 1)(5m — 1)

Ouestion 2 [Unit 1) - 12 marks

(i) Foreach integer ». its square can be written uniguely as #% = 10k + r, where
U< < 8 Determine which values of r can aceur and which cannot.

(ii) Forn > 4, prove that 10 divides n'.

(i) Determine all integers n for which 17+ 2 4+ 30 4 .- 4 nl s a square, [Hing:
Consider the units digit of 11+ 21+ 3+ . .- 4 0! when n > 4]

Cuestion 3 (Unit 17 - 10 marks
Use the Euclidean Algorithm to determine integers = and y such that
god(238, 581) = 238 + 581y

Write down the general solution of this linear Diophantine equation and find the
particular solution in which y takes its least positive valge.

Daestion 4 (Uniis 1 and 2] 200 marks

For each of the following stalements decide whether it bs true or false. If true prove
it; if false give a counterexample. (Throughout o, b, k, m and n are integers, and
JI% A prime.)

(i} I gedia, b} = p then ged{ap, bp®) = p*,
(i) Hm=3a+bandn =35+ 25 then gedim,n) = ged(a, b).

sipne form,

(iv) If g = 3 then p? is of the form 120+ 1.

Question 5 {Unit 2} 12 marks
Let n = 1 be any integer and p a prime.

{i1] Show that if p divides n(n + 1} then sther p divides n or p divides n + 1, but
not Both.

(it} Suppose that n{n + 1) is a square. Dwduce from part (i) that, in this case,
each of noand w4+ 1 must be square.

(iii] Deduce that, for n > 1, n{n + 1] is never a square.
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