Cuestion 4 (Dot 4) 15 miarks

{5

{ii)

|{a <L

Trae Wilson s Theorem i 3ts converse (o prosee thad, foe aoy positive imleger
k, the intoper 6 4+ 1 is pAme if and only i Gk = 3 + & =0 (mod Gk 4 1)

Thiz part of the question iz concerned with a generalizacion of Wilson's The-
orem bo cover a composibe modulus, TEno> 4 s compesite, then the produce
1 wZxdx... xin—1) will always be congriest module o to 0. Howsver,
suppaose that we restrict the moobers m this product o those whick aee rel-
atively prime to n. For instance, for n = 10, of the numbers in {1,2,....9},
those velatively prime to 10 are 1, 3, T and % MNotice that

Il 3xTx9= -1 [mod 10).

Similacky, for o= 20 the numbersin (1,2, 3,. .0, 18} which are relatieely prone
fo 20hare 1,3, 700, 1L, 13,17 ancd 190, ;e it turms out that

1x3x7ﬂﬂx11x133[?xIEI':]fLrnmlEEJ:I.

If vour cave to investigate other composite valoes of n, vou will fiod that the
resnltimg value 35 always sither | or =1 To pact [b) of this guoestion o are
askrd to prove that this s generally brwe The resull of past {a) zhould help

yvour along the way,

[} Letn > 2 lean integer, and let @ bean integer with 1 <0 < 5 — 1 whichis
a solution of the eguation 2® = | {mod n}. Show that ged(a,n) = 1, and
hence that there @5 o owoigue b owith 1 <8 <n—1 sach  that
ah = —1 {moul we). Show, further, that # = 1 (mod n), and that b does
nok eequal e

(h] Prove that for any integer n > 2, the produoct of those mumbers o
f1,2.3, ....n =1} which are relstively pome to 5005 congreent modolo 5
tor ther Loor — 1.

[Mints: I ywonr prood for () you should follow the steategy of the prood of Wil-
son's Theovrem given in Uit §. You should stact by patcing pumbers whose
product is congreent. to 1 modulo n. For example, in the above expression
for the case n=20; the aoigue sobution of 3z = 1 (med 200 5 7, and 50
B 7= 1 {mod20), Similarly, 13 % 17 = 1 (mod 20). Note that afl the re
maining nimbers in the product for this case satisfy £ = 1 {mod 20), and m
fact I 19E9x 11= —1 {nad B0}
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