e TMA M"?ﬁ'ﬁ 4 Cut-off date 26 September 1997

Thia TMA covers el (GRS, GRE, GEF and (7RG

Each «paestion is macked out of 25, Yon should answer all four questions.

Question 1 (Tt GRS
{a) Lot & be a group of order 20,

(i) Find the possible munbers of Sylow 2subgroups of G anl of Sybow
Sesubgroups af ¢,

(i} Using a counting argument, show that € must have either 2 anique Sylow
2esubproup or aounigue Sylow Sosubgrog.

(i) Deduce that ¢ cannot b mirnapilie.
Ly A& proup O 15 ol ovler 4225,

(i) Prove that G must he the internal direct. product. of two of its Sylow
Hubsrronnes,

{ii} Show that (7 is pecessarily Abelian.

{11} Classify all groups of order 4225.

Question 2 { Uit GRE)
i) Comsiler the group Spp of permutations on the set {1,2,..., 11}
(i} Show thal any element of Sy which 15 of order 11 must. B+ an 11-cyele,

(i) Show that any <lement of Sy which is of order 5 must b pither a S-cvele
ot o product of fee disjoint S-cycles.

(k) Tat & be any group of order 55, Write down Lhe possible numbers of Sylow
S-subproups and the pessible numbers of Sylow 11-subgroups of &,

{c} Suppose now that {7 is a nev-cpelie group of prder 55,

(i} Show that, of the pessibilities you found in part (1) for the numbers of
Sylow S-subgroups and Sylow 11-subgroups of (7, anly one can now 06,
which ome is it

(it} Using the conjugacy action of G on its Sylow S-subgroups, define a

homomorphism ¢ & — S

(1) With the help of the Orbit-stabilizer Theovrem, prove that ¢ 15 in fact an
isommorphism from O to some subgroup K of 5.

{iv) Let g be an element of 7 of order 5. Show that there is exactly one Sylow
S-subgroup H of G such that gHg™" = H. Hence show that ¢g) is a
prosduct of bwo digjoint S-cyeles.
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