TMA M336 04 Cut-off date 25 September 1998

Thiz TMA covers Units GRS, GRS, GES and GE6.
Each question i3 marked out of 25, You should answer all four questions.

In answering Question 1, vou may assume that the following generalization of
Theorem 4.1 of Unét GRS s valid:

If Hy, Hy and Hy are subgroups of a finite group 7, then the mapping
i Hyow Hyw Hy —
(o, hay Big) —+ By hiahg
is an isomorphism provided that all three of the following conditions hold:
{a) | = |Hy| = [Hy| = |Hs;
{b) [Hy|, |Ha| and |Hs| are coprime in pairs (that is, each pair is coprime);
{e) Hy, Hz aml Hy are normal subgroups of G.

Duesztion 1 { Unit ORE5)
(a) Let & bea group of order LEOLL

(i} For each prime p that divides ||, find the possible numbers of Sylow
psubgroups of (7; give the results of all the modular arithmetic caloula-
tions that need to be done o order to achieve thas cesult.

(it] Show that 7 iz the internal divect product of thres of itz Syloer
p-subgroups
(iii) Explain carefully why & & Abelian.

[fn addition to Lemmas and Theorems. you may assume the results of any exercises

in Lmds GRI-GRS.|
(b] Let & be a group of order 992 (= 2% x 31). Show that & i3 not simple.

Question 2 { Unit GRE)

(a} In this part of the question we give you fve assertions, each about groups of
a particular order. For each statement, say whether or not it is true. If it is
true, prove it; if it is false, give a soitable counterexample (explaining why it
iz a counterexarmple).

You may find the following list of groups helpful as a source of counterexamples.
Sy, Dy By w By Ty 0 Ey Ay, Dy g, Dh.

(i) If a group G has order 9, then G is Abelian,

(i) If a group & has order p*, where p is a prime, then & is Abelian,

(iii) If p and g are distinet primes, then there is a non-Abelian group 7 of
arder pg.

(iv) K & is a group of order 12, then & contains an element of order 6.

(v) I & is & grouwp of order 18, then ¢ contains an element of order 3.
(k] Let &7 be a non-Abelian group of order G55,

(i} Show that & cannot be simple.

(it} Show that, in the action of & by conjugation on the set of its Sylow
13-subgroups, each such subgroup 15 its own stabilizer.
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