Question 3 {Unit %) 12 marks

{t) Lot o and d be integers and p a prime such that gedip, ) = 1. Prove that one
of the numbers

et dad2d,. ek (p—1d
is divisible by p
(ii) Let e and d be positive inlegers with @ = 7, and suppose that
aoatde R, Coa 4 Bd a4+ 9d

is an arithmetic progression of 10 primes, the largest of which does not exees
0D,

(a} Prove that d = 210. [Hei: Node that 210 = 2% 3 x 5 x T and apply
part (i) with p equal to each of the primes 2, 3, 5 and 7 in twmn,]

{b) Observing that 210 = 11 = 19 + 1, show that
a+md = a4+ m{mod 11)

forsm = 0,1, 2, .. .8 and & Desduce that a = 1 {modd 11), By showing that
otherwise one of the primes

ot b Lo S owould be divisible by 11,

(i) There is, in fact, just one arithmetic progression of ten primes not exceeding
S000. Use the results of this gquestion and the table of primes to find it.

Question 4 (Unit 4) - 16 marks
All parcts of this question mwalve FLT.
{i} Find the least positive residue of 26 (mod 29).

i} Solve 13z = 1 (mod 29}, Explain why the least positive residiae of
137 modulo 29 is a selution of this congruence. Write down a linear congruence
{modulo 29} whoss solution is congrient to 13%%, and hence determine the least
positive residue of 13%% modulo 29.

(iti) Prove that o™ = a (mod 390) for every integer a.

Question 5 (Ut 4) 0 marks

Use Wilson s Thecrem and s converse in proving that p and o+ 2 are twin primes
ify, and ondy if,

Aip— 111+ 1]+ p =10 (mod plp+2))
[Hint:  You will need to consider this congruence to moduli p and p+ 2 saparately. |
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