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1. Set Theory

1.1 Introduction

A set is one of the most fundamental cornerstones of mathematics. It is a well-defined
collection of objects. These objects are called elements and are said to be members of the set.
Well-defined implies that we are able to determine whether it is the set under scrutiny. Thus
we avoid sets based on opinion, e.g. the set of all great football players.

1.2 Notation and Set membership

Capital letters, A,B,C... are used to represent sets and lowercase letters are used to represent
elements. For a set A, we write x € A if X is an element of A; y ¢ A indicates thaty is
not a member of A.

A set can be designated by listing its elements within set braces. For example, if A is
the set consisting of the first five positive integers, then we write A = {1,2,3,4,5}. In
this example, 2 e A but 6 ZA.

Another standard notation for this set is A = {x | x is an integer and 1 <x < 5}. The
vertical line | within the set may be read as “such that”, the symbols {x |...} are read
“the set of all x such that...” The properties following | help us to determine the
elements of the set that is being described.

Note: The notation {x | 1 <x <5} is not an adequate description of the set A unless we
have agreed in advance that the elements under consideration are integers. When such
an agreement is adopted, we say that we are specifying a universe, or universe of
discourse which is usually denoted by # . We then only select elements of 7 to form
our sets. In this particular problem, if # denoted the set of all integers, or the set of all
positive integers, then {x | 1 < x <5} adequately describes A. If # is the set of all real
numbers, then {x | 1 < x <5} would contain all of the real numbers between 1 and 5
inclusively. If # consisted of only even integers, then the only members of {x |1 <x <
5} would be 2 and 4.

Examples
For 4= {1,2,3,...}, the set of positive integers, let

1. A=1{1,49,162536,49,64,81} = {x > | x € 4 x* <100} = {x* | x € # A x* <100}.
2. B={149,16} = {y’ |y € 4 y* <20}
3. C={24,6,8,..}={2k |k € #



1.3 Cardinality of Sets and Subsets

Sets A and B are examples of finite sets, whereas C is an infinite set. For any finite set A, |A]
denotes the number of elements in A and is referred to as the cardinality, or size of A. In the
example above |A| =9 and |B| =4.

If C, D are sets from a universe &, C is a subset of D, written C = D, or D o C, if every
element of C is an element of D. Additionally, if D contains an element that is not in C, then
C is called a proper subset of D, denoted Cc D or D o C.

For the universe # = {1,2,3,4,5}, consider the set A = {1,2}. If B={x | x* € # } then the
members of B are 1,2. Hence A and B contain the same elements — and no other, thus

sets A and B should be equal. It is also true that A — B and B o A giving us the
following definition of equality.

For a given universe #, the sets C and D (taken from &) are said to be equal, written C=D,
whenCc D,orD o C.

We can see that neither order nor repetition is relevant for a set. Consequently, we find that
{1,2,3} = {3,2,1} = {2,2,1,3} = {1,2,1,2,3}.

We can define the negation of a subset. A /— B if there is at least one element x in the
universe where x is a member of A but x is not a member of B.

We have introduced four ideas so far:
1. set membership
2. set equality
3. subsets
4. proper subsets
Examples

Let /= {1,2,3,4,5,6,x,y,{1,2},{1,2,3},{1,2,3,4}} — where X,y are simply letters of the alphabet.
Then | 4/ |=11.

a. IfA={1,2,3,4}, then |A| =4 and:

i Acda

ii. Acd

iii. Aed

iv. {A}lca

v. {A}c4 but

vii {A}ed

b. Let B = {5,6,x,y,A} = {5,6,x,y,{1,2,3,4}}. Then |[B| =5 (not 8). Now

i AeB

ii. {A}cBand
iii. {A} cB,but

iv. {A}¢B

v. A/c B (Aisnotasubset of B)

vi. A & B (A is not a proper subset of B)



1.4 The Empty Set and Powersets

The null set, or empty set, is the (unique) set containing no elements. It is denoted by & or {}.
Note that |J| = 0 but {0} = J. Also & # {J} because {J} is a set with one element, namely
the null set.

Let us now consider the subsets of the set C = {1,2,3,4}. In constructing a subset of C, we
have, for each member x of C, two distinct choices: either include it in the set, or exclude it.
Consequently, there are 2 x 2 x 2 x 2 choices, resulting in 2* = 16 subsets of C. These include
the empty set and the set C itself.

If A is a set from universe #, the power set of A, denoted P(A) is the collection (or set) of all
subsets of A.

Example

For the set C given above, P(C)= {J,
{1}3,{2},{3},{4},{1,2},{1,3},{1,4},{2,3},{2,4},{3,4},{1,2,3},{1,2,4},{1,3,4},{2,3,4},C}

In general, for any finite set A with |A| =n >0, A has 2" subsets and that |P(A)| = 2"
Some Useful Sets

a) Z = the set of integers = {0,1,-1,2,-2,3,-3,...}

b) N = the set of non-negative integers of natural numbers = {0,1,2,3,...}
¢) Z' = the set of positive integers = {1,2,3,...}

d) Q = the set of rational numbers = {a/b |a,b € Z, b = 0}

e) Q= the set of positive rational numbers = {r | r € Q, r>0)

f) R =the set of real numbers

g) R’ = the set of positive real numbers

1.5 Set Operations and the Laws of Set Theory

For A,B < &/ we define the following:
a) AU B (theunionof Aand B)={x|x € Av x € B}
b) A N B (theintersection of AandB)={x|x € A Ax € B}
c¢) A AB (the symmetric differenceof AandB)={x|(x e AvxeB)Ax¢g AnB}=
x|[xe AUBAXx¢ ANnB}

Note that if, A, B < & then A UB, A" B, A AB c # .Consequently, U, N and A are closed
binary operations on P(#) or that P(#) is closed under these binary operations.

Examples

With 7 = {1,2,3,4,5,6,7,8,9,10}, A = {1,2,3,4,5}, B= {3,4,5,6,7} and C = {7,8,9} we have:
a) AnB={34,5}
b) AuB-={1,2,3,4,5,6,7}
¢) BNnC={7}
d AnC=J
e) AAB ={1,2,6,7}
) AuC={1,234,,738.9}
g AAC={1,234,5,789}



Definition

Let A,B — /. The sets A and B are called disjoint, or mutually disjoint, when A N B= .
For a set A &, the complement of A, denoted 4/ — A, or Ais givenby {x|x e /A X ¢ A}
Examples

Referring to sets A,B,C above:

A=1{6,7,8,9,10}, B = {1,2,8,9,10} and C = {1,2,3,4,5,6,10}

Definition

Let A,B c /. the relative complement of A in B, denoted B-A, is givenby {x | x e BAX ¢
A}.

Examples
Referring to sets A,B,C above:

a) B-A={6,T}

b) A-B={1,2}

¢ A-C=A

d) C-A=C ~
e A-A=Q Ha-A=A

The Laws of Set Theory
For any sets A,B, and C taken from a universe &/

1.A=A Law of Double Complement

2.AUuB = ; mE De Morgan’s Laws
ANB=AUB

3.AUB=BUA Commutative Laws
ANB=BnNnA

4 AvBUO=AuUBUC Associative Laws

AnBNnC)=(AnB)NC
5. AUBNC)=(AuUuB)n(AuUC) Distributive Laws
AnBuUulO=AnBuUANC

6. AUA=A Idempotent Laws
ANA=A

T Aud=d Identity laws
AN d =A

8. AU A=d Inverse Laws
ANA= %)

9SAUd=U Domination laws

And=0



10,AUVANB)=A Absorption Laws
ANn(AuB)=A

When we consider the relationships that exist between sets, we can investigate this
graphically using something called a Venn 'diagram. A Venn diagram is constructed as
follows: / is depicted as the interior of a rectangle, while subsets of &/ are represented by the
interiors of circles.

The Venn diagram is a useful way of establishing set equalities. Another technique for
establishing set equalities is the membership table.

We observe that for sets A,B  #, an element x € /,satisfies exactly one of the following four
situations:

a) x¢A,x¢B

b) x¢A,xeB

c) xeA,x¢B

d xeA,xeB

This can then be written in tabular form, using a 0 when x is not in a set and a 1 when itisina
set.

A|B|/A~NB|AUB
01010 0
0110 1

1 {00 1
1|11 1
Example

Use Membership Tables to establish the equality of A U (B N C) with (A W B) n (A u C)

AB|CIBNnO|AUBNC)|AUB|AUC|(AUBNAUCQO)
0]0]0]0 0 0 0 0
00|10 0 0 1 0
0]1]0]0 0 1 0 0
0|1 (1|1 1 1 1 1
1{0]0]0 1 1 1 1
1 10|10 1 1 1 1
11100 1 1 1 1
1 |1]1]1 1 1 1 1

' Named after the English Logician John Venn (1834-1923)



Set Theory — Tutorial Exercises

1. Which of the following sets are equal?
a) {1,2,3} b) {3,2,1,3} ¢ {3,1,23}  d){1,2,2,3}
2. Let A= {1, {1}, {2}}. Which of the following statements are true?
a)leA b{ljeA of{licA d{lcA
)f2fe A DH{2}cA il2icA h{{2}IoA
3. Repeat question 2 using the set A = {1,2,{2}}
4. Determine all the elements in each of the following sets:
a) {1+(-1)"|neN}
b) {n+(/n}|n € {1,2,3,5,7}}
¢) {n’+n’|n e {0,1,2,3,4}}
d) {1/(n’+n)|nis an odd positive integer and n <11}

5. For A= {1,2,3,4,5,6,7}, determine the number of
a) Subsets of A
b) Nonempty subsets of A
c) Proper subsets of A
d) Nonempty proper subsets of A
e) Subsets of A containing 3 elements
f) Subsets of A containing 1,2
g) Subsets of A containing 5 elements including 1,2
h) Proper subsets of A containing 1,2
1) Subsets of A with an even number of elements
J)  Subsets of A with an odd number of elements
k) Subsets of A with an odd number of elements, including the element 3

6. For &= {1,2,3,4,5,6,7,8,9,10}, let A={1,2,3,4,5}, B={1,2,4,8}, C={1,2,3,5,7} and
D={2,4,6,8}. Determine each of the following:

a)(AuB)nC

b)AuBnNnC)

c)_C uD

dCAD

e) (A UB)—C
)AUB-C)

g) B-C)-D

h) B - (C - D)

i) (AUB)-(C D)

7. Let 4= {a,b,c,...x,y,z} with A={a,b,c} and C={a,b,d,e}. If| A " B|=2 and (A~ B)c B
C, determine B.

8. Using Venn diagrams or Membership Tables, investigate the truth or falsity of the each of
the following for sets A,B,C — /.

Q) AABNO)=(A AB)n(A AC)

b) An(B AC)=(AnB)AANC)

9. A supermarket discovers that from a sample of 50 shoppers, 30 buy tea, 25 buy coffee and
10 buy both coffee and tea. How many shoppers buy either coffee or tea.? (Hint— use Venn
Diagrams)



