Oscillators Biological Synchronization
Ever since the Dutch physicist Christiaan Huygens' chance observation in February 1665 of clock pendulums swinging in synchrony, scientists have been intrigued by the world of coupled oscillators. It was when Huygens was unwell and confined to his room that, with nothing else to do, he stared at two clocks he had recently built which were hanging side by side on the wall. He watched the clocks for hours and what he noticed amazed him: the pendulums of the clocks were swinging in perfect synchrony. He tried to disrupt the swinging of one pendulum but within half an hour it had regained synchrony with the other. Huygens believed that the pendulums must be affecting each other in some way either through very small air movements or undetectable vibrations in the shared wall of the clocks. To test for this, he moved one of the clocks to the other side of the room. His suspicions were true with the clocks falling out of step by five seconds every day. Huygens' observations opened up a whole new sub branch of mathematics: the theory of coupled oscillators [1] and synchronisation.

In this essay I shall give an overview of the original paper I was given before going on to briefly discuss pulse coupled oscillators and then physical synchronisation concentrating on the Millennium Bridge in London.

The original paper that I was given as a starting point was Strogatz, S. H. & Stewart, I. Coupled Oscillators and Biological Synchronization. Scientific American 296(6). This article provides an introduction into the world of oscillators and coupled oscillators which then leads on to examples of synchronisation. An oscillator is a system that repeats itself periodically for example, a pendulum swinging back and forth returns to the same point in space at regular intervals [1]. Rather than looking at a single oscillators' behaviour over time, mathematicians are more interested in looking at its motion through phase space. To draw out the motion of a pendulum in phase space, the pendulum would be released at different heights and then plotting its position and velocity. As the pendulum, like any other oscillator, repeats the same motions continuously, these trajectories in phase space turn out to be closed curves i.e. “a curve with no endpoints which completely encloses an area” [2]. A single oscillator maps out a simple path in phase space but when multiple oscillators are coupled together, the array of possible behaviours becomes a lot more complicated. Different situations arise when each oscillator is either coupled to a few of its immediate neighbours or couples to all of the other oscillators in a large community. The later of these situations is the easiest for mathematicians to describe as the interaction between two oscillators moving in synchrony is at its smallest.

Synchrony is the most recognizable form of arrangement for coupled oscillators and there are some dramatic examples in nature and biology. One such example is shown above in Figure 1 where thousands of male fireflies gather in trees along the banks of the tidal rivers of Malaysia, Thailand and New Guinea. The males arrive at dusk and flash on and off in an effort to attract the females that fly around above. When the males first arrive, they all flash independently but as the night goes on areas of synchrony appear and begin to grow. In time, whole trees begin to “pulsate in a silent, hypnotic concert that continues for hours” [1]. This is an example of a ‘pulse coupled' oscillator system.

Synchronisation is observed in biological, chemical, physical, and social systems and it has attracted the interest of scientists for centuries [3]. To give an idea of what synchronisation is and how it can occur all around us without us really ever knowing, I think that this extract provides an easy to understand and easy to visualize example:
“Suppose we attend a concert. Each member of the orchestra plays a sequence of notes that, properly combined according to a musical composition, elicit a deep feeling in our senses. The effect can be astonishing or a fiasco (apart from other technical details) simply depending on the exact moment when the sound was emitted. In the meantime, our heart is beating rhythmically because thousands of cells synchronize their activity. The emotional character of the music can accelerate or decelerate our heartbeat. We are not aware of the process, but the cells themselves manage to change coherently, almost in unison. How? We see the conductor moving harmoniously his arms. Musicians know perfectly how to interpret these movements and respond with the appropriate action. Thousands of neurons in the visual cortex, sensitive to specific space orientations, synchronize their activity almost immediately when the baton describes a trajectory in space. This information is transmitted and processed through some outstandingly fast mechanisms. What more? Just a few seconds after the last bar, the crowds filling completely the auditorium start to applaud. At the beginning the rhythm may be incoherent, but the wish to get an encore can transform incoherent applause in a perfectly synchronized one, despite the different strength in beating or the location of individuals inside the concert hall.

These examples illustrate synchronisation, one of the most captivating cooperative phenomena in nature [3]”.

As I stated previously, synchronisation happens all around us and in the biological world pulse coupling is particularly common. The example above regarding the male fireflies flashing in synchrony is one and crickets chirping through the night are another. Indeed, our heart relies on synchronisation to produce a normal heartbeat. It was in 1975 that Charles S. Peskin developed a model of the heart's sinoatrial node, 10,000 cells bunched together that form the heart's natural pacemaker and keep the heart beating at a natural pace. This was the start of the process of solving how synchronisation occurs pulse coupled oscillators like the examples above. His pacemaker model was based on a large number of identical oscillators all of which were coupled to all of the others with the exact same coupling force. Each oscillator was modelled around an electrical circuit comprising of a capacitor in parallel with a resistor. A current causes the voltage across the capacitor increases steadily and as a result of this, the amount of current passing through the resistor increases causing the rate of increase in voltage to slow down. Once the voltage across the capacitor reaches a threshold, the capacitor discharges and the voltage across it drops to zero instantly. The voltage starts to rise again and the cycle starts all over again. This cycle mirrors the firing of a pacemaker cell in the heart. Peskin's model allowed him to see that each of the oscillators only affects the others when it fires by kicking their voltage up by a fixed amount and therefore he made two assumptions. The first of these is that the system would always eventually become synchronised and the second is that the system would synchronise even if the oscillators were not quite identical [1]. It was the mathematical area of his model that Peskin started to have problems as there were no mathematical procedures for handling large systems of oscillators so he decided to focus on only two oscillators. He also restricted the size of the kicks and leakage through the resistor to make them very small. It was by using the simplest possible case that allowed him to prove his first assumption. The problem of having a large community of oscillators wasn't solved until 1989 when Steven Strogatz wrote a computer program to simulate it. His program allowed for any number of identical oscillators, any kick size and any amount of leakage through the resistor. His results were clear, the oscillating system always became synchronised. Strogatz discussed his findings with Renato E. Mirollo and they both decided that Peskin's model for a two oscillator case could be simplified further by slowing the upward curve of the voltage as it increased towards the firing threshold. Using this, Strogatz and Mirollo were able to prove that for all N (number of oscillators) and for almost all initial conditions, the system eventually becomes synchronized [4]. Their proof for this is based on a process called absorption described below:

As the system evolves, oscillators begin to clump together in "groups" that fire at the same time. This gives rise to a positive feedback process, as first described for a different system by Winfree [5]-as a group gets bigger, it produces a larger collective pulse when it fires, and thereby tends to bring other oscillators to threshold along with it. In this sense a large group tends to grow by "absorbing" other oscillators. Absorptions reduce the number of groups until ultimately only one group remains-at that point the population is synchronised [4].

. Number of oscillators firing as a function of time. Time is plotted in multiples of the natural period T of the oscillators. Each period is divided into 10 equal intervals, and the number of oscillators firing is plotted vertically [4].

Synchrony is the simplest state for identical coupled oscillators however it is not to be expected. Coupled oscillators often fail to synchronise and this is due to a phenomenon known as ‘symmetry breaking' where a symmetrical state (synchrony) is replaced by several less symmetric states that together embody the original symmetry [1].

So far I have only discussed synchronisation in Nature mainly pulse coupled oscillators. There are many more examples of synchrony in nature but I am now going to concentrate on London's Millennium Bridge fiasco and how the unexpected phenomenon managed to close the bridge for 19 months and cost £5m to fix [6].

When the Millennium Bridge opened in London on the 10th June 2000 (2 months late) at a cost of £18.2m (£2.2m over budget) [6], pedestrians experienced one of the most notable effects of synchronisation. The bridge was 320m long and with low slung outriggers and slender steel cables stretched taut across the river, it was the world's flattest suspension bridge [7]. As the crowds flowed on to the bridge, the whole bridge started to swing from side to side. Initially it was thought that it was the design of the bridge that caused the swaying but it was found to be synchronisation of members of the public whilst walking on the bridge. As the bridge wobbled more and more, the pedestrians fell instinctively into step with the vibrations of the bridge, unintentionally amplifying them. Previous theories of what happened on the opening day of the bridge focused on the wobbling of the bridge but did not address the crowd synchronisation dynamics. According to Strogatz et al, the wobbling of the bridge and the crowd synchrony are inseparable. They emerge together, as dual aspects of a single instability mechanism, once the crowd reaches a critical size [8]. When developing a model for the crowd synchrony, Strogatz adapted his ideas he had used to describe the synchronisation of multiple biological oscillators such as the fireflies mentioned previously. He based the bridge on a weakly damped and driven harmonic oscillator

(1)

where X(t) is the displacement of the relevant lateral mode, and M, B and K are its modal mass, damping and stiffness, respectively. Each pedestrian i = 1,….,N imparts an alternating sideways force Gsinθi to the bridge, where G is the maximum force and the phase θi(t) increases by 2π during a full left/right walking cycle [8]

People create a very small sideways force when walking and since there is a lack of coordination in large groups of people, these sideways forces occur at random times and tend to cancel each other out. On the opening day of the Millennium Bridge however, the pedestrians altered their strides to walk in time with the lateral movement of the bridge therefore beginning to walk in sync. As they were all walking in sync, the sideways forces of the pedestrians all added up and became concentrated causing the swaying to get worse [7]. The bridge was closed on the 12th June 2000 just 3 days after opening to allow engineers to try and stop the swaying. They performed controlled crowd tests on the bridge and the results are shown in Figure 4. They show that as more and more people walk onto the bridge, there appears to be no effects until the size of the crowd reaches a critical number, Nc, following which the swaying of the bridge and synchrony of the people break out at once. They also show that as the wobble increases, the pedestrians become more synchronized.

Figure 4. Simulated outbreak of wobbling and crowd synchronization (a) number of pedestrians, (b) amplitude of the lateral wave and (c) coherence between the pedestrians [8].

Nobody knows how the synchronization of the crowd started on the bridge but it is likely that a small core of sync was created by accident which began to build up until a large enough group of people were stepping in sync that a critical threshold was crossed and the bridge began to sway. The engineers fitted dampers to the underside of the bridge to control the swaying and it reopened on the 22 February 2002.

Since Huygens first noticed the synchrony of his two pendulum wall clocks, scientists have been fascinated by the theory of coupled oscillators. Synchronisation occurs in nature, electronics and in physical and social systems and it appears to be a very natural process. In this essay I have introduced pulse coupled oscillators which occur in the biological world and I have also discussed how synchrony can occur in some of the most surprising places causing multi-million pound bridges to be closed. It has been shown that a group of natural oscillators will always become synchronised no matter what their initial conditions are. It has also been shown that synchronisation will only occur once a critical value has been crossed. Synchronisation has proved to be a surprising yet very interesting natural phenomenon which I intend to have continuing interest in as more areas are researched.
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