‘ Marked by Teachers

Investigation: Cards (Algebra)

There are n cards in a pile. The cards are numbered 1 to n and they in order with card n on the bottom
of the pile and card 1 on the top.

Problem: To move all the cards to another pile using the least number of moves.

Rules: 1) Only one card may be moved at a time.
2) The card may only be placed on one of the 3 piles.

3) A larger numbered card may not be placed on a smaller numbered card.

Objective: To find a formula which gives the minimum number of moves for the situation above for 3
piles. To find a formula which gives the minimum number of moves for 4 piles.

1) Investigation of Problem for 3 piles for small numbers, i.e. fromn=1ton=>5.

n |Pilel Pile 2 Pile 3 No. of |Total
No. of Card No. of Card No. of Card moves | no. of
card(s) number(s) | card(s) number(s) | card(s) number(s) moves

11 1 0 ] 0 _ ]

0 - 1 1 0 - 1 1=2°

2 2 1,2 0 ] 0 _ ]

0 - 1 1 1 2 2 2=2!

313 1,2,3 0 - 0 ] )

1 3 1 1 1 2

0 - 1 3 2 1,2 4=2
4 |4 1,2,3,4 0 - 0 ] )

1 4 1 3 2 1,2 4

2 1,4 2 2,3 0 - 2

0 - 3 1,2,3 1 4 2 g§=2°

515 1,2,34,5 |0 - 0 - -

1 5 3 1,2,3 1 4 8 oot
2 2,5 1 3 2 1.4 2
3 1,2,5 0 - 2 3,4 2
1 5 1 1 3 23,4 2
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o

4 1,2,3,4

Table 1

2) Deriving of formula for least number of moves for 3 piles.

As shown in Table 1, the least number of moves is always a power of 2. Or more precisely, (n-1)"

power of 2.

Therefore, the least number of moves for the Problem for 3 piles can be calculated using the formula

2("-1)

n being the number of cards from 1 to n.

3) Usage of formula for 3 piles.

Using Excel, the predicted results for n=6 to n=15 are as follows.

A B C

1 |In no. of moves formula

26 [32 POWER(2;A2-1)
37 |64 POWER(2;A3-1)
4 8 |128 POWER(2;A4-1)
519 |256 POWER(2;A5-1)
6 (10 |512 POWER(2;A6-1)
7 11 11024 POWER(2;A7-1)
8 |12 |2048 POWER(2;A8-1)
9 |13 |4096 POWER(2;A9-1)
10 14 8192 POWER(2;A10-1)
11 15 |16384 POWER(2;A11-1)

Table 2

The number of moves was calculated using the fill down option. The column showing the formula in
Table 2 shows the function, power, used to calculate in Excel.

4) Investigation of the Problem for 4 piles for small numbers, i.e. fromn =1 to n = 10.

n |Pile 1 Pile 2 Pile 3 Pile 4 No. of | Total
No.of |Card No.of |Card No.of |Card No. of |Card moves | no. of
card(s) |number |card(s) |number |card(s) |number |cards(s) |number moves

(s) (s) (s) (s)

1|1 1 0 - 0 - 0 - -

0 - 1 1 0 - 0 - 1 1

2 |2 1,2 0 - 0 - 0 - -

0 - 1 1 1 2 0 - 2 2
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n |Pile 1 Pile 2 Pile 3 Pile 4 No. of | Total
No.of |Card No.of |Card No.of |Card No.of |Card moves |no. of
card(s) |number |card(s) |number |card(s) |number |card(s) |number moves

(s) (s) (s) (s)

313 1,2,3 0 - 0 - 0 - -

0 - 1 1 1 2 1 3 3 3

4 4 1,234 0 - 0 - 0 - -

1 4 1 1 1 2 1 3 3
0 - 1 1 1 4 2 2,3 2 5
515 1,2,3,4,5 |0 - 0 - 0 - -
1 6 1 1 1 4 2 2,3 5
0 - 1 5 1 4 3 1,2,3 2 7
6 6 1,2,3,45 |0 - 0 - 0 - -
,6
1 6 1 5 1 3 1,2,3
- 4,5 1,2,3 2 9
7 1,2,3,45 |0 - 0 - 0 - -
,6,7
1 7 2 4.5 1 6 3 1,2,3 9
2 4,7 0 - 2 5,6 3 1,2,3 2
0 - 1 7 3 456 |3 1,2,3 2 13
8 |8 1,2,3,4,5 |0 - 0 - 0 - -
,6,7,8
3 6,7,8 1 5 1 4 3 1,2,3 7
4 1,6,7,8 |2 4.5 0 - 2 2.3 2
4 1,6,7,8 |3 34,5 1 2 0 - 2
3 6,7,8 5 1,2,3,4,5 |0 - 0 - 2
1 8 5 1,2,3,4,5 |1 6 1 2
0 - 5 1,2,3,4,5 |1 2 6,7 2 17
9 19 1,2,3,4,5 |0 - 0 - 0 - -
,6,7,8,9
1 9 5 1,2,3,4,5 |1 8 2 6,7 17
6,9 5 1,2,3,4,5 |2 7,8 0 -
- 5 1,2,3.4,5 |3 6,7,8 1 9 21

10(10 1,2,3,4,5 |0 - 0 - 0 - 0

,6,7,8,9,
10
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Table 3 shows the least number of moves required for the stated problem for 4 piles.
The table below shows the results found, in short.

n |Pile 1 Pile 2 Pile 3 Pile 4 No. of | Total
No.of |Card No.of |Card No.of |Card No.of |Card moves | no. of
card(s) |number |card(s) |number |card(s) |number |card(s) |number moves

(s) (s) (s) (s)
10 |4 7,8,9,10 |3 1,2,3 1 6 4,5
4,789, |3 1,2,3 2 5,6 0 - 2
10
4 7,8,9,10 2,3 4,5,6 1 1
2,7,8,9, - 4 3456 |1 1
10
4 7,8,9,10 |0 - 6 1,2,3,4,5 |0 - 2
,0
2 9,10 1 7 6 1,2,3,45 |1 8 2
,0
1 10 1 9 6 1,2,3,4,5 |2 7,8 2
,0
2 7,10 2 8,9 6 1,2,3,4,5 |0 - 2
,0
0 - 3 7,8,9 6 1,2,3,45 1 10 2
,6 25
Table 3

n (least) No. of moves Difference in no. of moves
1 1 -

2 2 1=2°
3 3 1=2°
4 5 2=2!
5 7 2=2!
6 9 2=2!
7 13 4=72?
8 17 4=72?
9 21 4=2?
10 25 4=2?

Table 4
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5) Formation of hypothesis forn=11ton=15.

From the values found and shown in Table 4, a hypothesis can be made that forn= 11 to n = 15, there
would be an increment of 2° = 8 each time.

Expected values are shown below, using Excel.

A B C D
1 n no. of moves formula for no. of moves |difference in no. of moves
2 10 25 -
3 11 33 B3 + POVIER(2;3) 8=2°
4 12 41 B4 + POVIER(2;3) 8=2°
5 13 49 B5 + POVIER(2;3) 8=2°
6 14 57 B6 + POVIER(2;3) 8=2°
7 15 65 B7 + POVIER(2;3) 8=2°

Table 5

6) Investigation of Problem for 4 piles for small numbers, i.e. fromn=11 ton=15.

n |Pile 1 Pile 2 Pile 3 Pile 4 No. of | Total
No.of |Card No.of |Card No. of |Card No. of |Card moves |no. of
card(s) |number |card(s) |number |card(s) |number |cards(s) |number moves

(s) (s) (s) (s)
11|11 1,2,3,4,5 |0 - 0 - 0 - -
,6,7,8,9,
10,11
5 7,8,9,10, |0 - 6 1,2,3,4,5 |0 - 17
11 ,6
3 9,10,11 |0 - 6 1,2,3,4,5 |2 7.8 3
,6
3 7,10,11 (2 8,9 6 1,2,3,4,5 |0 - 3
,6
1 11 2 8,9 6 1,2,3,4,5 |2 7,10 3
,6
3 11,8,7 0 - 6 1,2,3,4,5 |2 9,10 3
,6
1 11 0 - 6 1,2,3,4,5 |4 7,8,9,10 |3
,6
0 - 1 11 6 1,2,3,4,5 |4 7,8,9,10 |1
6 33
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n [Pilel Pile 2 Pile 3 Pile 4 No. of | Total
No.of |Card No.of |Card No.of |Card No.of |Card moves | no. of
card(s) |number |card(s) |number |card(s) |number |cards(s) |number moves

(s) (s) (s) (s)
12]12 1,2,3,4,510 - 0 - 0 - -
,677,879,
10,11,12
6 7,8,9,10, |3 1,2,3 1 6 2 4,5 9
11,12
6 7,8,9,10, |3 1,2,3 3 4,5,6 0 - 3
11,12
6 5,8,9,10, |3 1,2,3 1 6 2 4,7 3
11,12
6 5,8,9,10, |3 1,2,3 1 4 2 6,7 3
11,12
5 8,9,10,1 |2 2,3 1 1 4 4,56,7 |3
1,12
5 8,9,10,1 |0 - 1 1 6 2,3,4,5,6,|3
1,12 7
3 10,11,12 |1 8 1 9 7 1,2,3,4,5, 3
6,7
3 811,12 |1 10 1 9 7 1,2,3,4,5, 3
6,7
1 12 3 8,9,10 1 11 7 1,2,3,4,5, 3
6,7
3 89,12 |1 10 1 11 7 1,2,3,4,5,/3
6,7
1 12 1 8 3 9,10,11 |7 1,2,3,4,5,|3
6,7
0 - 1 12 4 8,9,10,1 |7 1,2,3,4,5,(2
1 6,7 41
1313 1,2,3,4,510 - 0 - 0 - -
56,758’95
10,11,12
,13 49
4 10,11,12 |5 1,2,3,4,5 |3 6,7,8 1 9 21
,13
5 3,10,11, |2 4,5 4 1,6,7,8 |2 2,9 3
12,13
7 1,2,3,10, | 1 5 3 6,7,8 2 4,9 3
11,12,13
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6 2,3,10,1 |1 1 5 4,5,6,7,8 9 3
1,12,13
4 10,11,12 |1 1 7 2,3,4,5.6 9 3
,13 71,8
3 11,12,13 |2 9,10 7 1,2,3,4,5 - 3
,6,7,8
3 9,12,13 |0 - 7 1,2,3,4,5 10,11 3
,6,7,.8
1 13 2 9,12 7 1,2,3,4,5 10,11 3
,6,7,8
3 9,10,13 (2 11,12 7 1,2,3,4,5 - 3
96’7’8
1 13 4 9,10,11,1|7 1,2,3,4,5 - 3
2 ,6,7,8
0 - 4 9,10,11,1|7 1,2,3,4,5 13 1
2 ,6,7,8
1414 1,2,3,4,5 |0 - 0 - - -
7637)8797
10,11,12
,13,14 57
5 10,11,12 |5 1,2,3,4,5 |3 6,7,8 9 21
,13,14
7 6,7,10,1 |5 1,2,3.4,5 |1 8 9 3
1,12,13
5 10,11,12 |5 1,2,3.4,5 |1 6 7,8,9 3
,13,14
5 10,11,12 |3 3,4,5 1 1 2,6,7,8,9 |3
,13,14
8 1,2,3,10, |2 4.5 0 - 6,7,89 |3
11,12,13
,14
8 1,2,3,10, |0 - 0 - 4,5,6,7,8, |3
11,12,13 9
14
5 10,11,12 |1 1 1 2 3,4,5,6,7,|3
,13,14 8,9
4 11,12,13 |1 10 0 - 1,2,3,4,5,3
14 6,7,8,9
2 13,14 1 12 2 10,11 1,2,3,4,5,3
6,7,8,9
2 13,14 3 10,11,12 |0 - 1,2,3,4,5,3
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6,7,8,9
2 11,14 12 2 10,13 9 1,2,3,4,5,3
6,7,8,9
2 11,14 10 2 12,13 9 1,2,3,4,5, 3
6,7,8,9
0 - 14 4 10,11,12 |9 1,2,3,4,5,13
,13 6,7,8,9
15115 1,2,3,4,5 - 0 - 0 - -
9677)8799
10,11,12
,13,14,1
5
4 12,13,14 11 6 1,2,3,4,5 |4 7,8,9,10 |33
15 ,6
5 3,12,13, 2,11 3 4,56 5 1,7,8,9,1 |3
14,15 0
7 1,2,3,12, 11 2 5,6 5 4,789,1 |3
13,14,15 0
7 1,2,3,12, 45,11 0 - 5 6,7,8,9,1 |3
13,14,15 0
7 1,2,3,12, 11 0 - 7 4,56,7,8,|3
13,14,15 9,10
4 12,13,14 1,11 1 2 8 3,4,5,6,7,|3
,15 8,9,10
3 13,14,15 11 1 12 10 1,2,3,4,5,13
6,7,8,9,1
0
3 11,14,15 13 1 12 10 1,2,3,4,5,|3
6,7,8,9,1
0
1 15 11,12,13 |1 14 10 1,2,3,4,5,3
6,7,8,9,1
0
3 11,12,15 13 1 14 10 1,2,3,4,5,13
6,7,8,9,1
0
1 15 11 3 12,13,14 |10 1,2,3,4,5,3
6,7,8,9,1
0
0 - 15 4 11,12,13 |10 1,2,3,4,5, 2
,14 6,7,8,9,1

65
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Table 6
Table below shows the comparison of the hypothesis and actual least number of moves found for n =
11 to n= 15 for 4 piles.

n Hypothesis Actual

11 33 33

12 41 41

13 49 49

14 57 57

15 65 65
Table 7

7) Deriving of general statement for least number of moves for 4 piles.
Hypothesis is correct.

Therefore, the least number of moves, for the Problem, for 4 piles, increases by powers of 2 that are
repeated 2 more than the power, for n that is greater than 1.

When n = 1, the least number of moves is 1.

When n = 2, the least number of moves is 1 + 1(2%).

When n = 3, the least number of moves is 1 + 2( 2°).

When n = 4, the least number of moves is 1 +2( 2% + 1(2).

When n = 5, the least number of moves is 1 + 2( 2°) + 2(2").

When n = 6, the least number of moves is 1 +2( 2°) + 3(2").

When n = 7, the least number of moves is 1 + 2( 2%) + 3(2") + 1(2%).
When n = 8, the least number of moves is 1 + 2( 2°) + 3(2") + 2(2?).
When n =9, the least number of moves is 1 + 2( 2% + 3(2") + 3(2).
When n = 10, the least number of moves is 1 +2( 2°) + 3(2") + 4(2%).
When n = 11, the least number of moves is 1 + 2( 2°) + 3(2") + 4(2%) + 1(2*), so on and so forth.

The numbers that are not inside the brackets must always have a sum of n.
When n = 15, the least number of moves is 1 +2( 2°) + 3(2") + 4(2%) + 5(2*) = 65, as investigated.
8) Usage of general statement for 4 piles.

Using Excel, the predicted results for n = 16 to n = 25 are as follows.



B C D
1 no. of moves | formula for no. of moves | difference in no. of moves
2 81 16
3 97B2+16 16
4 113B3+16 16
5 129|B4+16 16
6 145|B5+16 16
7 161B6+16 16
8 193B7+32 32
9 225B8+32 32
10 257B9+32 32
1" 289/B10+32 32

Table 8



