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Inzroduczion

First Mathematics HL Portfolio is about investigating the segments
of a polygon, using graphical methods and analytical proofs. The
task is to find conjecture between ratio of the sides and the ratio of
the areas, first of triangles developing it to general conjecture of
polygons.

1. In an equilateral triangle ABC, a line segment is drawn from each
vertex to a point on the opposite side so that the segment divides
the side in the ratio 1:2, crating another equilateral triangle DEF.

(a) What is the ratio of the areas of the two equilateral triangles? To
answer this question,

(i) create the above diagram with your geometry package.

AreadBC = 3.9
AreaEDF = 0.55

/ AE =1.13 N5 b,
929 DE=0.38 \
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(ii) measure the lengths of the sides of the two equilateral triangles

AB =BC = CA = 3 units

Eld= DF = FE = 1.13 units

(iii) find the areas of the two equilateral triangles and the ratio between them.

Formula for area of triangle: A= =

k]

A=A, = 3-:3 =3 897% = 394

(u=unit)

A=A = 13 ¥3 _ 0.5529u" & 0.55u°
4

I got the same results for the areas, as before calculated with program.
(see the picture above)

A 39x 709 . 7.
A, 055§ | |

(b) Repeat the procedure above for at least two other side ratios, 1:n.

I decided to draw triangle with ratio: 1:3
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RE, = 0.75 EC-225
0.2 AC=3

= DF = FE =1.67 units
A=A, =33 3807 = 300
A=A, =103 oogeut 2121w
A _39x 39 .32
A 1217 121 |

Third ratio: 1:4
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AreaABC = 3.9

Al =8C = LA = 3 units

ED = DF = FE = 1.96 units

A=Ay = 3_: 3 3897 = 39w
"'t:' . "iu-d = I Im: . = | 6634u" = | Hby-

A

(c) For:

_39x 39 234,23
A 166" 166 1|

n=2 we get ratio of areas 7

n=3 we get ratio of areas 3.2

n=4 we get ratio of areas 2.3
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Z8 AreaEDF = 1.66
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To see connection between this results the best way is to draw a graph on which n
will be represented on x-axis and ratio of areas on y-axis. I use program to get the
function of a curve, which goes through this points. And the program gives me
this function:

r+ix+l
r-2x+1

flx)=

Now I have to replace x with n and f(x) with ratio of areas ":I': and I get:
A

A n A
- A
A n-=-2n+l

(d) Prove this conjecture analytically.

A :1,:

A, 4

For simplification in calculating I will use :

A=A, A=A_., a=AB, a =ED

ARCH T TTRIN
y=AE =CF =BD
x=FF = EE =DD,

p=AF, =BE =CD,

To get the relationship between the ratios of the sides and the ratio of the areas I
have to first get relationship between a, and a. . If I look on the first triangle

above, I see that a. = p=¥= %, so I have to calculate p, y and x to get . .

Triangles s AEE, and a AF{ are similar (if two angles of one triangle are same to
two angel in second triangle, they are similar). So I can get the relationship of
sides of triangles.
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To calculate p I have to use cosine’s rule:

- B i 1_ i -

p =a {“I} Eﬂ.{HHltM 60

] a fuf - 1 |

Py - - =a 1+ - =
ST e)y  Zm+l) @ (m+10 (n+D) )

ERULL) S T (LY NIPER. 3 +2n+|—{-n-j

)=

& [
p= le +n+1
n+

LUKA DREMELJ IB 2008/2010



‘ Marked by Teachers

INTERNATIONAL BACCALAUREATE
IT. GIMNAZIJA MARIBOR

Now I go again back to relations of sides in similar triangles to calculate x.

a
*__n+l_,
i, P

n+l

[+
_t-{n!'l'] EIIM - a

P {;r,’[ﬂ+l;|;'rxn"+n+l fm+1wn’ +n+1

¥

x= —] — ¥=xln+1) now I enter x that I get above into the equation for y and
"+

get:

yo—G @+ g

(paTivn’ +n+l An’ 40+l

And now we have all components to calculate .. We enter them in the
equation(I have already wrote it down above) : @.=p—¥—x

a _ﬂ_\i‘l:+,!l+| da, i -~
n+l (m+n +n+1  Jn+n+l
e hrd A1 BET @D
L el 4l  (pATiE +n]
n—1
ﬂ:=ﬂ|[.‘=.]
Wi a4+l
g, um+n+l A a
—=———— since —=—1get:
(r {n=1) A, a4
| 5 5
LS Lkl b s hAnkl AT eatl A
da, (n=1) {n—lf nr=2n+l A,

So I prove the conjecture that I get from program in task c.

2. Does this conjecture hold for non-equilateral triangles? Explain.
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35 Area ACE = 2.86
Area EFD = 0.41

\
\
154 A= Lo |

- __ 1
. : \
— l', .
B4 1.07
i \
.
0.5

o III
// 37.45 57.63° \
E EF=1.26

// [F, = 0.65

/ o 1
36.23 ——

0
0 05 1 s 2 25 3 35
AE;=1

To easily understand this, I draw a non -equilateral triangle which sides are split in
ratio 1:2. I measure the areas of ABC and EDF and get those resul ts:

A =Area ABC= 2 86u-"
A, =Area EDF 0.4 1u°

I calculated the ratio of areas between this two triangles

A _ 286" T _ n'+n+l
A, :]_4[;‘( | w-2n+l

triangle which sides are also split in ratio 1:2. I have done this comparison for at
least 20 other non-equilateral triangles, which sides were split in different ratios
(but all three sides in same) and my conjecture holds for those. So for those it was
only important fact that all three sides where split in same ratio (no matter the
side length) in order to get the same area ratio as it can be calculated from my
conjecture above. From this I can conclude that conjecture holds for the majority
of non-equilateral triangles, but as I didn’t find out analytical proof, as there are
no geometrical identities (different inner angles of triangle ABC and EDF), there
may be some exceptions.

) and I get the same ratio as for equilateral
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3.

(a) Do a similar construction in a square where each side is divided into the ratio
of 1:2. Compare the area of the inner square to the area of the original square.

3.54
AreaABCD = 9
th=1 AreaNMLK = 3.6
D C
4 .
L
DH=1 25
M
24
154
- KF=0.32
14 K 3
AF=3.16
0.5 NK = 1.9 _
AN = 0.95 N Br=
EN=0.32
u :
=05 o 0.5 1 15 2 2.5 3 3 4
-1 AE=3

I calculate the areas with program:

25
|

"-Jl: = An LY = I;H -'4.| "5‘_!(/
- ﬁ — = -
A=A, =360 A, 36k

(b) How do the areas compare if each side is divided in the ratio 1:n? Record your
observations, describe any patterns noted, and formulate a conjecture.

I have again constructed a square in which each side is divided in the ratio 1:3.
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3.54 AreaABCD = 9
AreallK]= 4.76
C
D { C
y =
K
k g
254
LA
[«
2_
j

164 h f b

1_

] o
0.5
; a : i=2.18
o 1A E E
0 s 1 1% 2 75 3 35
AI = '.a'.'.l:'ﬂ-l.l = g“

LA 9 19
A a7k |
A,=af
A, a4

I do again same procedure as in first task and program gives me relation:

i_ii:ll_“”l:'!‘*l
A a n'

(c) Prove the conjecture.

To prove the conjecture we have to calculate the side of the inner square - . For
calculations I will use the first square (1:2).
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Again this can be done like this: a. = AF = AN ~ EN

So I use Pythagoras theory to calculate AF AN EN .

:{FI-H:+{L}:—I-AF- Ih:__:i;-"
\ n+l

n+l

Then I use again the theory for similar triangles (like in 1 task) and calculate AN

AN AR
= === Al¥
AE  AF

i
AN = n+l

a
n+l n+l - a -
,d'\(l+ ! . JH I - (n+1} (n+1)’ +1
(n+ 1 (1) \ (1)
a a

el

3+ AN = —
~'Ilﬂ+1}'~+| Wi +2n+2

Now we have to get EN , again with Pythagoras theory.

EN =JAE - AN =J|:

a ¥ - a .
n+l ne2n+2

=J a @ =*4|[ﬂ!': S =HJ{{n+|}-'+u—{n+|}-_
=1y (n+1) +1 (el (1) +1

(n+ 1 n+1" +1)

_rl+:I
i

_a J,l"+}f+l+,.l’—jr/—}ﬁ—f= a

: J SN
(n+17 +1 n+l Y (n+ 10 41

EN =

-+ I+ 1) +1

Now we enter all components that we get to a@. = AF — AV — EN .
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8, = a7 +(——) — e =
SV el Jmey +1 el +1
|I | | |

=.|:1|:‘|ll] +

)=

M+1F  Jnely +1 ey +1

a \ (a+ly .J"{n+l;|'+l [u+lj-'l[(n+1_}'+l_

ey 1 1) - Jme 1 e -y

- (41 Jn+1) +1 B
((n+1) + D ip+Ti - (p+Thin+ 11— (a+T)

) (n+1) =1 +1 B

el +X-pel) -4 n+d-A @ n
(nThyin 1) +1 JinelF 41 @ Jinel) 4]

A8y x4l
A, ':a..] n'

I prove conjecture.

4. If segments were constructed in a similar manner in other polygons (e.g.
pentagons, hexagons, etc.) would a similar relationship exist? Investigate the
relationship in another regular polygon.

I draw a pentagon which sides are divided in ration 1:2
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5 AreaABCDE = 15.48

D Area = 8.95

19 M
\ KM= 2.28

i AG=3.44
AK=0.87 \ K_—- EG=1

-0.5

Firs I have to determine the sides:
AB=BC=CD=DE=FEA=a

KM =AG-AK-MG=a,

AKE=BEM=CN..
KF = MG = HV ...
GB= -2

n+l

So as in previous examples I have to get AG, AK and MG to calculate a
I will start with calculating A(: with using the cosine’s rule:

AG =a+—2  _2a-% cosd
m+1 n+l

In my sketch cosf would be 108 but as I want to get relationship for all regular
polygons I will use the formula for sum of all inside angles:

LUKA DREMELJ IB 2008/2010
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8., =(5=2)I80

s represents the number of sides of regular polygon.

To get one inside angle I divide # , with number of sides and I get:

g (5= 2)180°
L4

(n+1) +1-2(n+ Icosd
(n+1y

2cosd

AG =a'(] -
ﬂr*(nﬂ}' n+l

1=a’(

) =%

AG = il“urn-' +2n+2—(2ncosd + 2cosl) = il‘,,"n" +2n{l — cosb) + 2(1 - cos ) —
n+ n+

A5=ﬁ.,|’n* +(1-cos@)2n+2)

Now I will again use the rule for similar triangles to calculate all components
needed for a. :

a
AG _ntl 3k -—%
a AK (i + 1AL

a’ (p+T) a
A - = - il
,d'wﬁ‘.."n +{l—cos@N2n+2) \.fn' +(l—cos B In+2)

4 AR L xF=AR L kF- . a -
a  KF n+l (r+ 1’ +(1-cos8)(2n+2)
n+l

MG

I have all components of @. so I can calculate it by formula

KM = AG - AR - MG = a,

. ayn’ +(1-cos@H2n+2) a ~ a ~
: n+l N+ (1-cosBX2n+2)  (m+Ihn’ +(1-cosB)(2n +2)

-

; A +(l-cosB2n+2)—(n+1)-1 _afﬂ’+2n—1nmﬂ+f—2msﬂ—n—1 .
(n+ Ln’ +(1-cos@)2n+2) L (n+Dn’ +(l-cosB)2n+2)

g W +a-2eosBiatl) n (n+T) — Zeos@ (p+T7
(n+1)n’ +(1-cos@)2n+2)  (p+Tiyn" +(1-cosf)2n+2)
n=2cosf
Jn 4 (1= cosé)2n +2)
a.s =n2+fl—ms-ﬁ]{2rr+2:|

A, a (r—2cos8)

a,=a
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So I get the general formula for all regular polygons:

i:(£}-‘= " +{1-cosbX2n+2) g T80 (s is number of
A a {m—2cosd) 5
sides)

To prove this formula I can put in data for my pentagon, which I get with
program and compare ratio that I get with my formula and ratio tha t I get from
results of program.

""' (Pl = ‘I 5 ‘IH
"'!"r.'.'-n.'_.', - 3,95
A Llq

A,
and results from my formula

A 1185,
A, 685

1.7
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Conclusion

Through four tasks I found the conjecture between the ratios of the sides and the
ratio of the areas for all regular polygons. I found also some similarities in
relationship between areas and sides in non-equilateral triangles, but as I didn’t
find the analytical proof, I can’t claim that it holds for all of them.

I find this task as very interesting and instructively becaus e I learned a lot
of new methods (graphical) how to solve problems using advanced computer
programs (I also learned how to use these programs as well). Furthermore I also
refreshed my knowledge about geometry and came to some useful findings.

Software used:

GeoGebra(http://www.geogebra.org/cms/)

Graph 4.3 (http://www.padowan.dk/graph/)

MATLAB (http://www.mathworks.com/)
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