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Shady areas

The aim of this particular portfolio investigation is to find the area under a certain curve by dividing it into
trapeziums and adding the sum of the areas of these trapeziums to approximate the actual area. This is done
instead of using the usual method of integration. Let us consider the following function to begin with:-
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The above graph shows the function g(x) = x? + 3 from interval of x=0 and x=1. The area under this curve,
as seen above, is divided into 2 trapeziums. If the area under the curve were to be found using the usual
method of integration it would be as follows

fulg[xj=x2+3dx
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Another way in which the above value can be approximated is by adding the sum of the area of the two
trapeziums. One of the aims of this investigation is to see if there is some kind of relation between the
accuracy of the approximation and the number of trapeziums involved to find it.

h
Area of trapezium =(a + b) P R RERIRES where a and b = parallel sides of trapezium
h = height of trapezium
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Using the above formula the area of each trapezium can be found and then added together to find the
approximation of the actual area. The height of each trapezium is found by subtracting the lower limit, which
is zero, from the upper limit, which is one, and dividing it by the number of trapeziums that is two in this
case. Hence, h will be 0.5.To find the parallel sides of the trapezium the x values of each trapezium are
inserted into the function of g(x) = x2 + 3. Using the trapeziums the area under the curve could be
calculated as follows:-

Area = area of first trapezium + area of second trapezium
= (2(0) +g(0.5) 0.5+ (g(0.5) + g (1)) 0.5

2 2
=(3+3.25)0.5+ (3.25 + 4)0.5
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It can be seen from the above calculation that a very close value was found to that of the actual value found
using integration. The graph below shows the same curve with interval of x=0 and x=1 divided into 5

trapeziums.
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Height of each trapezium will be, h= e = 0.2 . the area under the curve can be approximated as follws

with the use of 5 trapeziums.

Area =(g(0) + £(0.2) 0.2)+(2(0.2) + (0.4) 0.2) +(2(0.4) +2(0.6) 0.2)+(£(0.6) +2(0.8) 0.2)+(=(0.8)+¢(1) 0.2)
2 2 2 2 2

0.2
= ((3+3.04)+ (3.04+ 3.16)H( 3.16+ 3.36) +( 3.36+ 3.64)+ ( 3.64+ 4))? .......... factorizing
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The area under the curve approximated using five trapeziums was closer to the actual value than when using
only two trapeziums. In the following graph, the number of trapeziums used to divide the area under the
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curve was increased to 10 trapeziums.
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Height of each trapezium will be, h= B = 0.2. Approximating the area under the graph using 10

trapeziums can be calculated as follows:-

Area = area of first trapezium + area of second trapezium+area of third trapezium+............... + area of
tenth trapezium.
h
== ( g(x) values of1™ trap. + g(x) values of 2™ trape.+g(x) values of 3 trape............. + g(x)values of
10" rAPEZIUM) 4 vt tette e e ete e eiieeeaaeeeeaanneeeennaeeeennneeeennnss. o factorizied
0.1
= 7((g(0)+g(0.1))+ (g(0.1)+g(0.2))+ (g(0.2)+g(0.3)+....n...... +(g(0.9)+g(1)))
0.1
= 7((3+3.01)+(3.01+3.04)+(3.04+3.09)+ ................. +(3.81+4))
=27 or3.335
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Even further to see the effect that the number of trapezium has on the approximation of the area, the above

graph was divided into 20 trapeziums. Height of each trapezium will be, h= ET] = 0.05 and the area was

calculated as follows:-

Area = area of 1 trapezium + area of 2" trapezium+area of 3™ trapezium+............... + area of 20™
trapezium.

= g ( g(x) values of first trap. + g(x) values of second trape.+g(x) values of third trape............. +
g(x)values of twenthyth trapeziim) .......ueeeeureeeeernneeeennnseeennnnenns Sfactorizied

= %((g(0)+g(0.05)) + (g(0.05)+g(0.1))+ (g(0.1y+g(0.15))+............. +(2(0.95)+g(1)))

= %((3+3.0025)+(3.0025+3.01)+(3.01+3.0225)+ ................. +(3.9025+4))

== or 3.33375

It can be concluded from the above calculations that by increasing the number of trapeziums under the area
of the curve the approximation will get closer to the actual value. This is because increasing number of
trapeziums will lead to smaller areas to be calculated by each trapezium thus minimizing the error formed. A
general expression for the area under the curve of g{x) = x%+ 3, from x=0 to x= 1, using n trapeziums can
be deducted as follows:
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Given n as the number of trapeziums, the interval (0, 1) is divided into equally sized n intervals. The height,
h, will be h= (1-0)/n. also the x values of the trapeziums could be expressed as below

0= Xo, Xl, Xz, X3 ............ Xn_th: 1

And from the above it can be derived that each x value is the sum of the first interval which is zero in this
case and the value of height times r where r=0,1,2,3........ n.
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X, =a+rh
Then the area of each trapezium will be-

1/2 (a(xo) + g(x1)) ﬂﬂz (a(x1) + g(x2)) 4 ................. +1/2 (9(xn-2) + g(xn-1)) 4
/2 (9(Xn-1) + g(xn))

Adding all of the above together, we get the expression:

Area =g (8(xy) +28(x1) +28(x2) +28(X3) *ererrerrnerennn. +2g(xn-1) + g(x)

The expression above can be developed further into a general statement where the area under any curve
¥ = f(X), from x=a to x=b can be calculated using n trapeziums. The height of will be h= (a-b)/n. the area
under the curve will be divided into n interval where each interval expresses as:

X, =a+rh.....wherer=0,1,2,3 ........ n.
Then the approximation area of each trapezium will be
R/2(f(xr — 1) + F(xr)

Summing the above expression for n number of trapeziums will give

FFede = ML (Fp )+ 2F(x )+ 20 )+ oo+ 2F (001 + Fx, )

One might wonder where the number two appeared during the summation for all f{(x) values except in those
of f(xy ) andf(x,, ). This is because every side, exceptf(x, ) andf(x, ), repeats itself because each side it
is used as a parallel side for two consecutive trapeziums. The general statement can generally be written as:-

[Ffe)de =3, (FGo_y )+ 2f(x, )
b 2

To test the above general statement the following three function with integral between a=1 and b= 3, where
n= 8, are used. These functions are first integrated to find the area under the intervals so that it is easier to

compare these results with those found using the general statement.
2

o y= EE]E when integrated as follows gives the area under the curve from a=I and b= 3
2

[y =0Grdx

-[&F =]
=Gixd -yt
=1.980

Using eight trapeziums, the same area can be approximated using the general statement
derived above:-
2
x

7y =CF ax 2322 (o) +f, )
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from previous deductionsh = ?which is }.it then becomes g when divided by 2
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In addition, the value of each y(x) can be found from
vix,)=a+rh..wherer=0,1,2....n

= %(}r(xc, 4 2y(x; )+ 2y(x, J 4 e+ 29(x, ) Fy(x, D)
= g(y(1)+ 2y(2)+ 2y () + oot 29(2 )+u(z))
=1.835

The approximated value here is less than that of the actual value. This particular function is
raised to a certain power and by increasing the number of trapezium; a closer value can be
obtained.

Ox

V= '3_+g when integrated as follows gives the area under the curve from a=1I and b= 3
WX
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Using eight trapeziums, the same area can be approximated using the general statement
derived above:-

v == > (fGter )+ FG )

h= ?which is f. it then becomes g when divided by 2

= (0 )+ 290x; )+ 290 D+ oo+ 270y ) + ¥(x, D)
= é(y(l]-l— 2y(2)+ 2y(3) + ot 29(2 )+v(z))
= 8.162

y = 4x® — 23x% + 40x— 18 when integrated as follows gives the area under the curve
from a=I and b= 3

ff y = 4x® — 23x* + 40x— 18 dx
3
= [x“‘ _23_3x3 +20x% — 18x]
1
=4.666

Using eight trapeziums, the same area can be approximated using the general statement
derived above:-

h
f; ¥ =4x"— 232° + 40x—18 dx ey FOo_ ) +F(x )
h= ?which is %.it then becomes g when divided by 2

_ E(V(xc. )+ zv(xl 1+ Zv(x,. I+ ot Zv(xn 1) + V(xn jj
- (v(1j+ zv( )+ 2y ( )+ - +2‘“’( )“L“(Ej)
=4.6681

One of the uses of this general statement in other types of functions is it enables to find the area under a
graph where integration is not the ideal formula to use. Asymptote graphs are good example. The graph
below the function of f(X) = 1lTx where x can never be 1.
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If the area under the curve of x=1 and x=2 is asked then instead of integration the trapezium rule can be used
since X can be approximated to close values such as x= 0.0000001 and so on. This is also true for functions
such as f(x) = tan x. The approximation can be as accurate as desired by just increasing the number of
trapeziums under a certain curve. One of the limitations of this rule is it can only be applied to continuous
functions of interval (a, b).



