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Aim — In this task geometric shapes which lead to special numbers will be

considered.

For example the easiest of these are square numbers which can be
represented by squares of side 1, 2, 3 and 4.

1. The following diagrams show a triangular pattern of evenly spaced
dots. The numbers of dots in each diagram are examples of triangular
numbers. Complete the triangular numbers sequence with three more
terms. Find a general statement that represents the nth triangular
number in terms of n.!

N=0 MN=1 N=2 N=3 N=4
1 3 ] 10 15
N=5 N=§B N=7
21 28 36

Finding a general statement:

Now that three more terms have been drawn, the general statement can be
found for the sequence; 1, 3, 6, 10, 15, 21, 28, 36.

1 Al the questions in dark blue are from the Oporto British School Maths internal
bssessment handout 2011
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To do this, the constant difference in the sequence will need to be found, as
shown below. This is needed to determine the type of equation (linear,
quadratic, cubic etc...) 2

Number of 0 1 2 3 4 5 6 7
term (n)

Sequence 1 3 6 10 15 21 28 36
Fies B8 Us G2 U2 U B
Difference

Second 1 1 1 1 1
Difference % & \\} \} \} \\}

The standard rules to find the general statement were researched and the
following the method was put into practice for all the shapes in this
portfolio.

If the second difference is a constant, the formula for the nth term contains
nZ as in a quadratic formula i.e. ax2 + bx + c.

b3 | =

The value of ‘a’ is half the constant difference. In this example a=

1
Hence, that the first part of the formula is ? n2. To find the rest of the

formula, the differences between the values in the sequence and the values
1

of ;n2 will need to be calculated.

Number of term 0 1 2 3 4 5 6 7
(n)

Sequence 1 3 6 10 15 21 28 36

z , 0 0.5 2 4.5 8 12.5 18 24.5
-n

Difference 1 2.5 4 5.5 7 8.5 10 11.5
between
Sequence and
1

I n2

Second difference & & @ @ & \}@

2 Steps followed by “The nth term of quadratics” at
http://www.pearsonpublishing.co.uk/education/samples/S_492153.pdf
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ba |

This second difference illustrates the value for ‘b’ which is equal to*.

However the value of ‘¢’ has not yet been determined. It was calculated
using an example:

Using n=2:

Fa | e

n? +

| ra]

n+c=6

2(22+2(2+c=6
5+ c=6
c=1

From the example we can verify that ‘¢ must be equal to 1 to reach the
desired figure.

To check that these are the correct values two more examples were used:

- Using n=5
1 3
‘nZ+in+1=21

2(B2+2(B)+1=21

[y

- Using n=T:

a

n24+7n+1=36

=

[y

3

2(72+2(7)+1=236

With proof that the formula works it is concluded that the general
statement for this pattern is:

. =
Zn2+2n+1

2. Consider stellar (star) shapes with p vertices, leading to p -stellar
numbers. The first four representations for a star with six vertices
are shown in the four stages S1-S4. The 6-stellar number at each stage
18 the total number of dots in the diagram.
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3. Find the number of dots (i.e. the stellar number) in each stage up to
Ss. Organize the data so that you can recognize and describe any

patterns.
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Stage Number Number of Dots Notes and observations

650 1 None

651 13 Adding 12 to previous

659 37 Adding 12x2 to previous

653 73 £dding 12x3 to previous

651 121 £dding 12x4 to previous

6S5 181 £dding 12x5 to previous

656 253 £dding 12x6 to previous




‘ Marked by Teachers

4. Find an expression for 6-stellar number at stage S7

By observing the pattern in the table1 can use it to calculate the number of
dots at stage 7. If1 add 12x6 to the previous number (253) I can calculate
the number of dots in stage 7.

6S7= 253 + (12x6)
=337

£ relationship was established in the sequence. This was determined by
observing the sides of the shape and analyzing the table. There is a link
between the number of sides and the number of dots on the side. There are
12 sides, each with 7 dots respectively. In fact, the number of dots in the
next stage is equal to the number of dots in the previous stage, plus the
multiplication of 12 and the term number.

Le: 6Sn= 6Sn1+12n

To prove my equation 1 will use an existing example from above and then
prove it with one stage further.
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For Stage 3:
65n = 65n-1 + 12n
694= 653 + (12x3)
=37+ 36

=73

For stage 8:
650 = 65n-1 + 12n
638 =657+ (12x7)
=337 + 84

=433

N

s a0y
- -‘a\‘u
-;Jz \
Fdda u‘q‘«t
/ ifn‘]"bh;i
l_—o—n—o— D008 Q\t 2 32 s 00 00 o
Q—H—HH i(q' £ \'ﬁ» —I—l—ls—'l——l—-l—’ j

+oov¢i))

.q }K\.‘.-‘.’--...- !’{‘ .\‘.1. - - e . -

% ' R ] b
\\;o!\.ntv+¢j¢)‘t‘bs-i .J,llffipl,
qin\ ?lqo-udl D:r’l.ﬁ.‘/
qil} }\Illll:{(i_’il
,-r

df—Fc—q\lf'p—o—i\{li!:\ql
i!’ 4544 ,i"pt-;q 1‘:‘“
i j p LI e q l | '—. L]
i_] II.I..' ..I..'.\.‘\l\q
ii?iﬁ-ﬁ*‘fliiﬂii*ﬁl—'i'lh
‘i!f'i‘il;l i'l Fue A i'
t\l n Iﬂ'lf'l e .
.
\Iih‘i\l}'{!ii
R

Ih-illl

LRV
N
638

With this formula proven I can reach a statement for stage 7:

637 = 657-1 + 12(7)

5. Find a general statement for the 6-stellar at stage S, In terms of n

Finding a general statement:

Now that 1 have more terms and now that they have been drawn I can now
find a general statement for the sequence, using the previous methods.
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£gain I will need to find the constant difference in the sequence in order to
establish the type of equation.

= 650 651 652 653 654 655 656
Sequence 1 13 37 73 121 181 253
Fies LS8 s s (08 (B8
Difference

Second 12 12 12 \ 1%53 12
Difference \} \} \} G

£gain the second difference is the constant therefore the formula for the nth
term contains n2 as in the quadratic equation: ax? + bx + ¢

12

The value of ‘a’ is half the constant difference. In this example a= ?

6

Now that I know that the first part of the formula is 6n2 I can proceed to
find the values of ‘b’ and ‘¢’ just as in the first step.

o~ 650 651 652 653 654 655 656
Sequence 1 13 37 73 121 181 253
6n2 0 6 24 54 96 150 216
Difference between |5 11 17 23 29 35 41
Sequence and 0.5n2

Second difference

This second difference tells me the value for ‘b’ which is equal to 6.

Yet again we still have not determined what the value for ‘¢’ is. So an
example should help me find out

Using n=4:

6n2+6n +c =121
6(4)2 +6(4) + ¢ = 121
120 +c=121

c=1

To check that these are the correct values I used two more examples:
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- Using n=2
6n2+6n +c=121:
6(2)2+6(2) +1 =121

- Using n=6:
6nz2+6n+1=121
6(6)2+6(6) + 1 =121

With enough proof that the general statement works I conclude that it is:

6n2+6n + 1

A£s this 1s a quadratic equation, a graph was plotted to demonstrate how it
expanded

._.
NV
A

Number of Points
o
o

0

Stage Number
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6. Now repeat the steps for other values of p

Firstly, a shape with a p value of 4 will be considered:
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Stage Number Number of Points Notes and Observations

450 1 None

451 9 Adding 8 to previous

4Se 25 Adding 8x2 to previous

453 49 Adding 8x3 to previous

4S54 81 Adding 8x4 to previous

4S5 121 Adding 8x5 to previous

456 169 £dding 8x6 to previous
The numbers are all the
squares of odd integers. (12,
32,52, 72,92, 112 and 132
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£gain, another pattern related to the pattern in step 4 has been detected.
The relationship discovered is that the number of dots in the next stage is
equal to the number of dots in the previous stage plus the term of the
current stage multiplied by 8.

Le.: 4Sn: 4Sn'1 + 8n

To prove this equation an existing example from above will be used.

For Stage 3:
4Sn=4Sp1+ 8n
4S3= 4S9 + (8x3)
=25+ 24

=49

For Stage 5:
4Sn=4Sn1+ 8n
4S5= 884 + (8x5)
=81+ 40

=121

Finding a general statement:

Now that I have more terms and now that they have been drawn I can now
find a general statement for the sequence, using the previous methods.

pSn 430 451 D 453 454 455 456
Sequence 1 9 25 49 81 121 169
First S8 B8 s 28 (WS s
Difference

Second 8 8 8 8 8
Difference \} \} \} \\% \}

A£gain the second difference becomes constant, therefore the formula for the
nth term contains n? as in the quadratic equation: ax? + bx + c.

[N ]

The value of ‘a’ is half the constant difference. In this example a= * =4

11
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Now that I know that the first part of the formula is 4n2 I can proceed to
find the values of ‘b’ and ‘c’.

Sh 4S50 538\ ASs 4 S5 L6
p NEEA AN

Sequence 1 9 25 49 81 121 169
4n?2 0 4 16 36 64 100 144
Difference between | 1 5 9 13 17 21 25
Sequence and n2

Second difference 4 4 4 4 4 4

This second difference tells me the value for ‘b’ which is equal to 4. To find
the value of ‘¢’ I will use the previous methods:

Using n=2:
4n2+4n+c =25
4(2)2 +4(2) + ¢ =25

24 +c=25
c=1

To check that these are the correct values I used two more examples:

Using n=6
4n2 +4n+1 =169
4(6)2 +4(6) + 1 =169

Using n=5:
4n2+4n+1 =121
4(5)2 +4(5) + 1 =121

Therefore the general statement for this shape is:

4n2 +4n + 1

12
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530

This document was downloaded from www.markedbyteachers.com

£ this 1s a quadratic equation, a graph was plotted to demonstrate how it

expanded

Number of Points

1,2

0,8
0,6
0,4
0,2

0

Stage Number

This time, a shape with a p value of 5 (i.e. a 5-vertices shape), will be shown:

aBiBE

5591

i

=1

580

553 534

356
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Stage Number Number of Dots Notes and observations
590 1 None

591 6 £Adding 5 to previous
592 16 Adding 5x2 to previous
593 31 £dding 5x3 to previous
594 51 Adding 5x4 to previous
555 76 £Adding 5x5 to previous
556 106 £dding 5x6 to previous

Again, another ‘side’ association related. The relationship discovered is that
the number of dots in the next stage is equal to the number of dots in the
previous stage plus the term of the current stage multiplied by 5.

Le.. 55n=55n1+5n

For Stage 2:
590 = 5901 + 5N
532 = 591 + (5x2)
=6+ 10

=16

For stage 4:
590 = 5501 + 5n
5S4 =593 + (5x4)
=31+ 20

=51

14
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Finding a general statement:

Now that I have more terms and now that they have been drawn I can now

find a general statement for the sequence, using the previous methods.

pSn 590 591 592

593

554

555

596

Sequence 1

Difference

6 16 31 51 76 106
First G W0 B (208 (B s

Difference

£gain the second difference is the constant therefore the formula for the nth
term contains n? as in the quadratic equation: ax2 + bx + ¢

The value of ‘a’ is half the constant difference. In this example a=

Now that I know that the first part of the formula is 1271 can proceed to

find the values of ‘b’ and ‘c’.

B3| e

pSn 550 591 592 593 594 535 556
Sequence 1 6 16 31 51 76 106
§n2 0 2.5 10 22.5 40 62.5 90
Difference between | 1 3.5 6 8.5 11 13.5 16
Sequence and in2

Second difference

This second difference tells me the value for ‘b’ which is equal to

the value of ‘¢’ I will use the previous methods:

Using n=4:

nZ+:n+c=51

b3 |

(4)2 +2 (4) + ¢ = 51
50+c=51

b3 | e

15

ra |

. To find




‘ Marked by Teachers

c=1

To check that these are the correct values, two more examples were used:

Using n=1:

n2+in+1=6

2

12+ (1) +1=6

[T S O]

Using n=6:

nz2+in+1=106

(6)2+2(6) + 1 =106

[T ]

Therefore the general statement for this shape is:

n2+2n+1

b3 | o

A£s this is a quadratic equation, a graph was plotted to demonstrate how it
expanded

1,2

0,8

0,6

’

Number of Points

0,4

0,2

0

Stage Number

16



‘ Marked by Teachers

Now, a p value of 6 will be used based on a regular hexagon:

sl

630 651 632
Stage Number NumbBer of Dots Notes and observatiefis

BD6

17
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650 1 None

651 7 Adding 6 to previous
632 19 £Adding 6x2 to previous
633 37 £dding 6x3 to previous
654 61 £dding 6x4 to previous
655 91 £dding 6x5 to previous
656 127 Adding 6x6 to previous

A£gain, another pattern related to the pattern in other shapes has been
detected. The relationship discovered is that the number of dots in the next
stage is equal to the number of dots in the previo us stage plus the term of
the current stage multiplied by 6.

Le.: 6Sn=6Sn-1 + 6n

To prove this equation an existing example from above will be used.
For Stage 2:

651 = 65n-1 + 6N

652= 651 + (6x2)

=74+ 12

=19

For Stage 4:
650 = 65n-1 + 6N
6S54= 693 + (6X4)
=37+24

=61

Finding a general statement:

Now that I have more terms and now that they have been drawn I can now
find a general statement for the sequence, using the previous methods.

pSn 650 651 652 653 654 655 656
Sequence 1 7 19 37 61 91 127
First 6 28 W8 248 \ 308 \ 360

18
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Difference NN P
Second 5 6 ol 6 5
Difference

A£gain the second difference is the constant therefore the formula for the nth
term contains n? as in the quadratic equation: ax2 + bx + ¢

B3|

The value of ‘a’ is half the constant difference. In this example a= > =3

Now that I know that the first part of the formula is 3n2 I can proceed to
find the values of ‘b’ and ‘c’.

pSn 630 \ Q/%l \ Sz\ jﬁS:%\ JﬁSzx \ 5\ 6
Sequence 1 7 19 37 61 91 127
3n?2 0 3 12 27 48 75 108
Difference between |1 4 7 10 13 16 19
Sequence and n2

Second difference 3 3 3 3 3 3

This second difference tells me the value for ‘b’ which is equal to 3. To find
the value of ‘¢’ I will use the previous methods:

Using n=4

3nZ2+3n+c=61
3(4)2+3(4) +c =61
60 +c=61

c=1

To check that these are the correct values, two more examples were used:
Using n=6:

3n2+3n+1=127

3(6)2 +3(6) + 1 =127

Using n=2:

19
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=19

3n2+3n+c

3(2)2+3(2) +1=19

Therefore the general statement for this shape is:

3nZ+3n+1

£s this is a quadratic equation, a graph was plotted to demonstrate how it

expanded:
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Stage Number Number of Dots Notes and observations
850 1 None

851 17 £dding 16 to previous
852 49 £dding 16x2 to previous
853 97 £dding 16x3 to previous
854 161 £dding 16x4 to previous
855 241 £dding 16x5 to previous
856 337 Adding 16x6 to previous

Once again, another pattern was observed as the stage numbers developed.
This time, the connection discovered is that the number of dots in the next

stage 1s equal to the number of dots in the previous stage plus the term of

the current stage multiplied by 16.

Le.: 8Sn=8Sn-1 + 16n

For Stage 3:
8Sn=8Sn1+ 16n
8S3= 652 + (16x3)
=49+ 48

=97

For Stage 6:
850 = 8Sn-1 + 16n
8S6= 855 + (16x6)
=241+ 96

=337

Finding a general statement:

Now that I have more terms and now that they have been drawn I can now
find a general statement for the sequence, using the previous methods.

21
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»Sa SA_keSin B Sl e KSR e
Sequence 1 17 49 97 161 241 337
First 16 32 48 64 80 96
Difference

Second 16 16 16 16 16
Difference

£gain the second difference is the constant therefore the formula for the nth
term contains n? as in the quadratic equation: ax2 + bx +c

16

The value of ‘a’ is half the constant difference. In this example a= 2 =8

Now that I know that the first part of the formula is 8n2 1 can proceed to
find the values of ‘b’ and ‘c’.

S 80 \ g& \ S2\ jﬁSg\ JQSAL \ §§5 \ 6
Sequence 1 17 49 97 161 241 337
8n?2 0 8 32 72 128 200 288
Difference between | 1 9 17 25 33 41 49
Sequence and n2

Second difference 8 8 8 8 8 8

This second difference tells me the value for ‘b’ which is equal to 8. To find
the value of ‘¢’ I will use the previous methods:

Using n=4

8n2+8n +c¢ =161
8(4)2 +8(4) + ¢ = 161
160 +c =161

c=1

To check that these are the correct values, two more examples were used:
Using n=2:

8n2+8n + 1 =49
8(4)2+8(4) + 1 =49

Using n=3:
22
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8n2+8n + 1 =97
8(3)2+8(3) +1=97

Therefore the general statement for this shape is:

8n2+8n +1

£s this is a quadratic equation, a graph was plotted to demonstrate how it
expanded:

1,2

0,8

0,6

0,4

Number of Points

0,2

0

Stage Number

7. Hence, produce the general statement, in terms p and n, that
generates the sequence of p -stellar numbers for any value of p at
stage Sh.

Polygon

23
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When analyzing all the examples given, it is clear that there is no regular
general pattern for the values of a, b and ¢ that relate to the values of p and
n. For polygons 2, 3 and 6 it seems that the values of a and b are the equal
to the values of p. However, for polygons 4 and 5 it appears the values of a
and b are half the value of p.

Nevertheless, I noticed that some shapes (such as polygon 2, 3 and 6) can be
considered to have double their number of vertices, if we include the points
that go in i.e. the concave lines. This arouses the question: what are
vertices? £ vertex should be considered “the common endpoint of two or

more rays or line segments (...) ‘)'ertex typically means a corner or a point
where lines meet.” 2 If we took this and followed it exactly then polygon 2
would have 12 vertices, instead of 6, polygon 3 would have 8, instead of 4,
and polygon 6 would have 16 vertices, instead of 8. Using this these terms I
can now find a general statement:

General
Statement

3Sn % g 1 %n2+ _n +1
12.5h 6 6 1 6n2+ 6n + 1
35, 4 4 1 4n2+ 4n + 1
5:5n g g ! ? A ? n+1
6Sn 3 3 1 3n2+ 3n + 1
16Sh 8 8 1 8n2+ 8n + 1

Green indicates the modified terms according to the definition of a vertex.

It is plainly indicated that the ones that changed were the stellar (star)
shapes as they are the ones with concave and convex lines.

It can clearly be seen that in almost all the cases ‘a’ and ‘b’ are half the

[N

values of p. Therefore for these types of shapes I can conclude that a = 2 and

=)
that b =2. All the way through, c is constantly equal to 1. 2l the general
statements that were derived were a quadratic one, consequently, so is the

3. Definition from http://www.mathopenref.com/vertex.html

24
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general rule, hence the general rule for the shapes is:

P P
2

pSn: n2+2n+1

bLnother extra statement that can be formulated relates to the ‘side’
equations found out.

pSn Side Equation
35n N/A
125n 1250 = 12511 + 12n

SSn 8Sn = SSn-l + &n

5Sn 5Sn = 5Sn'1 + on

6Sn 65n= 635n-1 + 6n

165n 1650 = 16Sn-1 + 16n

If we take the exact definition of a vertex as before we can consider another
expression to find the nth term:

pSn — pSn-l + Prn

Polygon 1 does not fit into any of the rules and this will be discussed in step
9.

25
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8. Test the validity of the statement.

Let’s firstly consider this general rule above and confirm it.
£ shape of p value of 7 was created:

794

56

26
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Once again, another pattern was observed as the stage numbers developed.
This time, the link that was found was that the number of dots in the next
stage is equal to the number of dots in the previous stage plus the term of
the current stage multiplied by 7

Le.: 7Sn: 7Sn'1 + Tn

For Stage 5:
790 = 7501 + Tn
785 = 784 + (7x5)
=71+ 35

=106

For Stage 6:
7Sn=7Sn1 + Tn
784 = 7S5 + (7x6)
=106+ 42

=148

Finding a general statement:

Now that I have more terms and now that they have been drawn I can now
find a general statement for the sequence, using the previous methods.

pSn 750 791 792 793 794 795 796
Sequence 1 8 22 43 71 106 148
Firs N AP RGPS
Difference

Second TN \ T \T AN \ TN \ T A
Bifferehaember “Ntmber of Dots Notes and observations
750 1 None

791 8 Adding 7 to previous
759 22 Adding 7x2 to previous
753 43 Adding 7x3 to previous
754 71 Adding 7x4 to previous
7S5 106 27 £Adding 7x5 to previous
756 148 £dding 7x6 to previous




‘ Marked by Teachers

Again the second difference is the constant therefore the formula for the nth

term contains n? as in the quadratic equation: ax2+ bx + ¢

The value of ‘a’ is half the constant difference. In this example a=

Now that I know that the first part of the formula is *n? I can proceed to
find the values of ‘b’ and ‘c’.

b | -

Sequence and 2n?2

»Sn S0 | BN Se\ xSs\ Sa\ | 0S5\ Se
Sequence 1 8 22 43 71 106 148
Ed 0 3.5 14 31.5 56 87.5 126
22

Difference betv_veen 1 4.5 8 11.5 15 18.5 22

Second difference

(]

[S S|

[

Ba | =)

B3 | =)

[ |

This second difference tells me the value for ‘b’ which is equal to 2, To find

the value of ‘¢’ I will use the previous methods:

Using n=4:

Ba =1 ka ]| -a

70+c=171
c=1

To check that these are the correct value, two more examples were used:

Using n=1:

n2+*n+c=71

W2 +7 (4) +c=T1

28
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1ora| -

nz2+*n+1=8

F (1247 (D=8

Using n=6:

n2+>n+1=148

1ora| -

; (6)2 +§ (6) +c =148

Therefore the general statement for this shape is:

[

7
Zn2+Zn+1

This proves that my general equation works. But, e ven though the general
statement has been verified with 5 different shapes and an extra one, it does
not apply to all shapes. For example for polygon 1 the rule does not apply,
therefore there must be exceptions to the rule which derive other general
equations. Let’s explore those exceptions.

The first thing investigated was how the rule changed when the line length
increased by a factor more than 1.

Let’s consider the following shape with a p value of 4:

_ 459
433 49 Adding 8x3 to previous
4S54 81 Adding 8x4 to previous
4S5 121 £dding 8x5 to previous
456 169 £dding 8x6 to previous
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s
[#7]
s
¢ 2]
o

We can clearly observe that there is a difference in this shape. The
subsequent stage increases the line length by 2 points instead of 1. Thus,
the general statement was calculated for this shape to see if there was a
difference between it and the one set in step 7.

Once again, another pattern was observed as the stage numbers developed.

Using the second rule in step 7 (pSn = pSn-l + pn) this formula should be:

Le.: 4Sn: 4Sn'1 + 8n

Notice that this time we are multiplying the current term by 8. In the last
shapes it would be equal to p but this time we are multiplying by 2p
therefore we can see the effect of changing the length of the line by 2 on this
formula.

Finding a general statement:

Now that I have more terms and now that they have been drawn I can now
find a general statement for the sequence, using the previous methods.

pSn 430 451 432 453 454 455 456
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Sequence 1 9 25 |49 |81 121 | 169
Firs AN P> AN A
Difference

Second 8 8 8 8 8
Difference \} \} \} \} &

Again, the second difference is the constant therefore the formula for the
nth term contains n? as in the quadratic equation: ax? + bx + ¢

by |

The value of ‘a’ is half the constant difference. In this example a= > =4

Now that the first part of the formula is 4n2 the values of ‘b’ and ‘¢’ can be

found.

pSn 450 451 452 453 454 4S5 456

Sequence 1 9 25 49 81 121 169

4n? 0 4 16 36 64 100 144

Difference between | 1 5 9 13 17 21 25

Sequence and n2

Second difference 4 4 4 4 4 4
Uals U U U U

This second difference tells me the value for ‘b’ which is equal to 4. To find
the value of ‘¢’ I will use the previous methods:

Using n=2

4n2 +4n+c =25
4(2)2 +4(2) + ¢ =25
24 +c=25

c=1

To check that these are the correct values, two more examples were used:

Using n=3:
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4n2 +4n+1 =49
4(2)2 +4(2) + 1 =49

Using n=4:

4n? +4n + 1 =81
4(4)2 +4(4) +1 =81

£ccording to the general rule formulated in question 7, the general
statement should be 2n2+2n+1.

Yet, the general statement for this shape is:
4n? +4n + 1

Therefore an increase in line length along the sequence by more than one
point will prove to generate a new formula where a and b are both equal to

p.

£mnother factor was considered: what if the number of dots in the centre of
the shape varied? An extra shape was created to find out what could be the
effect on the general rule:

Considering another p value of 4:

Stage Nu umber o Dot

4SO 451 1 \ /
C———,

4S2 9

4S3 16 w3 ALre all square nimbers.
454 25 45

4S5 36

456 49
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It was observed that this time a ‘side’ formula could not be generated as

clearly for this shape as with the other ones.

Finding a general statement:

Now that Lha
find a geperal statement for the sequence,

ik

vious methods.

more terms and now that they have‘been drawn I can now

A

pSn

Je

4Sl

48%

A(S3

Y

435

456

Ségueﬁ\ce

X1

Fir
Difference

s AR A

Second
Differeée v

The value of ‘a’ is half the constant difference. In this example a=1

/s RN s

£gain the Md difference is the constant th

1455 . . c .
term contains n2 as in the quadratic equation: ax?

efore’the fortaula for the nth
bx +c

Now that I know that the first part of the formula is n2 I can proceed to find
the values of ‘b’ and ‘¢’

pSn 4S50 451 452 453 454 4S5 656
Sequence 1 4 9 16 25 36 49
n? 0 1 4 9 16 25 49
Difference between | 1 3 5 7 9 11 13
Sequence and n2

33




‘ Marked by Teachers

Second difference @\2} % @ \% \2}

This second difference tells me the value for ‘b’ which is equal to 2.
To find the value of ‘c’ I will use the previous methods:
Using n=5:

nZ+2n +c¢ =36
(5)2+2(5) + c =36
35+c=236

c=1

To check that these are the correct values I used two more examples:

- Using n=1
nZ+2n+c=4
D2z+2(1)+1=4

- Using n=3:
nz2+2n +c=16
(3)2+2(3) +1=36

With enough proof that the general statement works I conclude that it is:

nZ+2n+1

According to the general rule formulated in question 7, the general
statement for this case should be 2n2+2n+1. However this time the central
dot did not stay consistent. & central dot did not exist when n would equal
an odd number. There seems to be a pattern with odd numbers in this shape
since on its first table this was underlined as well. Not having a consistent
central dot also shows that a ‘side’ formula cannot be developed 1 ike the
other polygons. Another issue applied here is that the in the sequence, the
next level does not enclose the previous shape, in other words, the previous
shape does not fit into the next shape like all the other.
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Lastly, a polygon similar to poly gon 1 was drawn, but, since polygon had no
consistent central dot, one was drawn that always had a dot in the middle.

Therefore a shape with a p value of 3 was drawn:

A S/N

/\

Stage-Nu'méer' \ / Numloer ot Db{s

/ *Notes antl oBserva'ciohg

330 _ s, | R

None
353

5w
351 4
A

Adding 3x1 to P/vé}(?&ﬁ\\.

10

Adding 3x2 t%)f'?{

N
S YA

BZAN\N
AN
=Y,

R
PJ_O_H

g

N;%
-
/a/
=

SR, A e

‘,V

384 385

336

Once again, another pattern was observed as the stage numbers developed.

Using the second rule in step 7 (pSn = pSn-l + pn) this formula should be:

Le.: 35n= 35n1 +3n
Let’s verify this:

For Stage 3:
330 = 3Sp1 + 3n
393 = 352 + (3x3)
=10+9

=19
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For Stage 6:
391 = 35n1 + 3n
356 = 355 + (3x6)
=46+ 18

=64

Finding a general statement:

Now that I have more terms and now that they have been drawn I can now
find a general statement for the sequence, using the previous methods.

pSn 350 351 359 353 354 355 336
Sequence 1 4 10 19 31 46 64
First NN AN NN NP
Difference

Second 3 3 3 3 3
Difference \} \} \} \} \}

Again the second difference is the constant therefore the formula for the nth
term contains n? as in the quadratic equation: ax? + bx + ¢

by | B

The value of ‘a’ is half the constant difference. In this example a=
Now that I know that the first part of the formula is 21 can proceed to
find the values of ‘b’ and ‘c¢’.

pSn 7So 751 7S 7S3 754 7S5 756
Sequence 1 4 10 19 31 46 64
= 0 1.5 6 13.5 24 37.5 54
2p?2

Difference between | 1 2.5 4 5.5 7 8.5 10
Sequence and n2

[
|
| waf
| e
1w
| e

a
a
a
a
a
a

Second difference %% \} \é \\} M

ra | w

This second difference tells me the value for ‘b’ which is equal to *. To find

the value of ‘c’ I will use the previous methods:
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Using n=2:

B |3

=]
o
+

5 S

n+c=10

2(2)2+ 2(2) + ¢ = 10
9+¢=10
c=1

To check that these are the correct values, two more examples were used:

Using n=3:

(%]

n2+2n+1=19

3

2(3)2+2(3) +1=19

(35 B O 5 )

Using n=5:

[2%]

nZ+n+1=46

|wa ki |oa

25)2 + 2(5) + 1= 46

Therefore the general statement for this shape is:

3 3
n2+2n+1

This time, the rule generated in step 7 does apply to a shape with 3 vertices.
This evidently shows the effect of having a constant central dot. Changing

this factor seems to have changed the value of b, given that in polygon 1 it
1

was 2.

9. Discuss the scopes or limitations of the general statement.

When reviewing the general statement, some exceptions can obviously be

found. Many factors affect values in the general statement of the shapes.

Increasing the length Iine by more than 1, having a number other than one

as central dots, having altering central dots, having none at all and seeing
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whether the shapes fit on top of each other are all aspects that are needed to
be taken into account when formulating the overall expression. Therefore
this statement will only work for shapes that have a constant central point,
increase the length line by 1, and the previous shape must enclose inside the
next one.

Axccepting that all points at which lines meet as vertices is also important
for the matter, as a stellar shape is assumed to be one that has the same
number of concave and convex points. Another limitation is that the values
in the sequence, the values of p and the values of n all have to be positive, as
a negative value in each of these would be impossible to draw.

10. Explain how you arrived at the general statement.

Initially 1 attempted to see whether there was a relationship between the
number of dots and the values of ‘a and ‘b’. Seen there was none, 1 decided
to create a table so that the ideas were more organized. 1 then, started to see
the connection.

Lt first 1 did not consider the concave points in some of the polygons to be
vertices; If we were strictly speaking they are p-pointed stars. However
when 1 considered these to be vertices and altered my general table 1 could
see the immediate relationship between the values of ‘a’ and ‘b’ and the
value of p. Since ‘a was equal to ‘b’ in most cases it was simple to find the
relationship.

£s afinal point ¢ was continuously 1 therefore 1 believe it to be 1 for the
general expression derived.
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