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The aim of this task is to investigate geometric shapes, which lead to special numbers. The simplest
example of these are square numbers, such as 1, 4,9, 16, which can be represented by squares of side 1,
2, 3, and 4.

Triangular numbers are defined as “the number of dots in an equilateral triangle uniformly filled with
dots”. The sequence of triangular numbers are derived from all natural numbers and zero, if the
following number is always added to the previous as shown below, a triangular number will always be
the outcome:

1=1
2+1=3
3+(2+1)=6

4+(1+2+3)=10
5+(1+2+3+4)=15

Moreover, triangular numbers can be seen in other mathematical theories, such as Pascal’s triangle, as
shown in the diagram below. The triangular numbers are found in the third diagonal, as highlighted in
red.

Diagram 0.1

The first diagrams to be considered show a triangular pattern of evenly spaced dots, and the number of
dots within each diagram represents a triangular number.
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Thereafter, the sequence was to be developed into the next three terms as shown below.

.
- . .
8 L . * =
. . *® & @ T
. * T o © © o o
¢ & s e L T T T

21 28 36
Diagram 6 Diagram 7 Diagram 7.1

The information from the diagrams above is represented in the table below.

Term Number (n) 1 2 3 4 5 6 7 8

Triangular Number (T),) 1 3 6 10 15 21 28 36

Establishing the following three terms in the sequence was done by simply drawing another horizontal
row of dots to the previous equilateral and adding those dots to the previous count. However, following
the method described earlier can also do this calculation, as shown in the illustration below.

T1 1=1

T2 2+1=3

Ts 3+2+1)=6

T, 4+(1+2+3)=10

Ts 5+(1+2+3+4)=15

Te 6+(1+2+3+4+5)=21

T, 7+(1+2+3+4+5+6)=28
Ts 8+(1+2+3+4+5+6+7)=36
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1 3 6 10 15 21 28
+2 +3 +4 +5 + 6 + 7
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Diagram 8

As seen in the diagram above, the second difference is the same between the terms, and the sequence is
therefore quadratic. This means that the equation T, = an’ + bn + ¢ will be used when representing
the data in a general formula. Since some of the values of T, have already been established this makes
it possible to work out the general formula. The first step is to substitute the established values into the
three quadratic equations, as shown below:

Whenn=1,T,=1
1=a(1)*+b(l)+c
l=1la+1b+c¢
l=a+b+c

Whenn=2,T,=3
3=a2’ +bQ2)+c
3=4a+2b+c

Whenn=3,T,=6
6=a(3)* +b(3)+c
6=9a+3b+c

Thereafter polysmlt on the graphic display calculator is used in order to retrieve the values of a, b, and
c. The coefficients above are simply plugged into the calculator; this can be seen in the screenshots

below

SYSHMATRIN € 22Y4) Solution
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Hence the general formula is T, = 50 + .5n, which can also be
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stated as T, =

To be certain that the general formula in in fact correct, it can also be worked out as shown below.

c=10 1 3 6 10
+ 2 + 3 4

201

Diagram 8.1

The second difference of the sequence is divided by 2, since this is the value of a, thereafter the
sequence is extended to Ty, as the number highlighted in red is c. To figure out the value of b, the
values have been substituted into the quadratic formula as shown below, after which the equation has
been solved using simple algebra.

T,=an’+bn+c
T,=%n>+bn+0
Ty = (%)(1)* + b(1)

I1=%+b
b="%
[ Ty=

As seen above, this method works out the same general formula, and this is tested below to assess the
validity.

Tah= Toh= Th=

Ts = (3%2) + (3/2)
T3 =(9/2) + (3/2)
Ts=12/2

T;=6

Ts = (5%2) + (5/2)
Ts=(25/2) + (5/2)
Ts=30/2

T5 =15

Tz = (1222) + (12/2)
Ti2 = (144/2) + (12/2)
T]z =156/2

T]z =178
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As seen above the general formula is indeed correct; however, this can also be determined by the
method continued from page 2...

Ty 9+(1+2+3+4+5+6+7+8)=45

T1o 10+(1+2+3+4+5+6+7+8+9)=55

T 1M+(1+2+3+4+5+6+7+8+9+10)=66

T2 12+1+2+3+4+5+6+7+8+9+10+11)=78

This furthermore proves the validity of the formula, as the 12™ term is unknown, and not used in order
to determine the general formula. This means that the general formula does not just work for a limited
number of values for n.
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After establishing the general formula for the triangular numbers, stellar (star) shapes with p vertices
leading to p-stellar numbers were to be considered. The diagrams below represent shapes with 6
vertices, and the pattern involved.

i 2\/;& *

S Sz S: S4

Diagram § Diagram 9 Diagram 10 Diagram 11

After studying the relationship between these 4 diagrams, the next two terms in the sequence were

added accordingly.
S5 S;
Diagram 12 Diagram 13

The 6-stellar number at each stage represents the number of dots in each of the diagram. This
information is represented in the table on the next page. Instead of counting the dots in diagrams 12 and
13, T considered the pattern seen in the first four terms. Since the second difference (illustrated in
diagram 14) is 12, 12 was added to 36, which would then be the first difference 48, 48 is then added to
73 as this will be the 5™ term in the sequence. The same was then done with term 6.

Term Number (n) 1 2 3 4 5 6
Stellar Number (S;) 1 13 37 73 121 181
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1\/13\/37 73 121 181
+12 +24 +36 +48 +60

VVV NV

+12 +12 +12 +12

Diagram 14

As seen in the diagram above, the second difference is the same between the terms, and the sequence is
therefore quadratic. This means that the equation S, = an’ + bn + ¢ will be used when representing
the data in a general formula. Since some of the values of S, have already been established this makes it
possible to work out the general formula. The first step is to substitute the established values into the
three quadratic equations, as shown below:

Sa=an’ +bn + ¢
Therefore: quadratic
Whenn=1, S,=1
l1=a(l’ +b(l)+c
l=1la+1b+c
l=a+b+c

Whenn=2, S,=13
13=a(2)’ +b2)+¢
13=4a+2b+c

Whenn=3,S,=6
37=a(3)*+b(3)+c
37=9a+3b+c

Thereafter polysmlt on the graphic display calculator is used in order to retrieve the values of a, b, and
c. The coefficients above are simply plugged into the calculator; this can be seen in the screenshots
below
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Hence the general formula for the sequence is S, = 6n” - 6n + 1, to be certain that this is in fact
correct, it can also be worked out as shown below.

1 I 13 3JFF 73
AVAVAVAV
+0 +12 +24 +36

\VAVAV

+ 12 +12

Diagram 14.1

The second difference of the sequence is divided by 2, since this is the value of a, thereafter the
sequence is extended to Ty, as the number highlighted in red is c. To figure out the value of b, the
values have been substituted into the quadratic formula as shown below, where after the equation has
been solved using simple algebra.

S,=an’+bn+c
S,=6n°+bn+1
Si=(6)(1)*+b(1) + 1
1=6+b+1

b=-6

1S, =6n"-6n+ 1

As seen above, this method works out the same general formula, and this is tested below to assess the
validity.

|S,=6n"-6n+ 1 [S,=6n" - 6n+ 1 |
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S3=6(3"—6(3)+1 |Ss=6(5)—6(5)+1
S;=6(9)— 18+ 1 Ss=6(25)—30+ 1
S;=54-17 Ss=150-29

S; =37 Ss =121

The results derived from the general formula are the same as worked out earlier when not applying any
formula at all; hence, it is correct and can be applied to terms 3 and 5 and also other values of n.

The previous example was then repeated using other values of p; hence, the number of vertices is being
changed from 6 to 5. The 5-stellar number at each stage represents the number of dots in each of the
diagrams below.
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Vi Vs Vs Vy
Dhagram 29 Diagram 20 Diagram 31 Dhagram 32
Vs Ve
Dnagram 33 Diagram 34

The information in the diagrams above was collected and is represented in the table below.

Term Number (n) 1 2 3 4 5 6

Stellar Number (Vy,) 1 11 31 61 101 151

This information is considered and the pattern in the sequence is represented below, and a quadratic
pattern throughout the investigation has become very obvious.

10
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1\/11\/31\/61 101 131
+10 +20 +30 +40 +50

VNV

+10 +10 +10 +10

Diagram 35

As seen in the diagram above, the second difference is the same between the terms, and the sequence is

therefore quadratic. This means that the equation V, = an” + bn + ¢ will be used when representing
the data in a general formula. Since some of the values of V, have already been established this makes
it possible to work out the general formula. The first step is to substitute the established values into the
three quadratic equations, as shown below:

Ry=an’ + bn + ¢
Therefore: quadratic
Whenn=1, V,=1
1=a(l)> +b(l)+c¢
l=la+1b+c
l=a+b+c

Whenn=2,V,=13
11=a2)y+bQ2)+c
11=4a+2b+c

Whenn=3,V,=6
31=a(3) +b(3)+c
31=9a+3b+c

As seen above, this method works out the same general formula, and this is tested below to assess the
validity.

11
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Thereafter polysmlt on the graphic display calculator is used in order to retrieve the values of a, b, and
¢. The coefficients above are simply plugged into the calculator; this can be seen in the screenshots
below

SYSHATRIN C 3x4) Solution

EP 1 1 1 1 x185
[ . 1 11 ) wz2=-5
[9 3 1 S [

1,1=1
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Hence, the general formula for this sequence is R, = 5n-5n+ 11

VNS
+0 +10 +20 +30
+10 +10 +10
E Diagram 35.1

V, = an’+bn+c
V,=6n>+bn+ 1
=(5)(1)* +b(1) + 1

e

1=5+b+1
=-5

1S,=5n>-5n+1

Vo=5n"-5n+1 Vo=5n"-5n+1

Vi=53)Y=53)+1 |[Vs=55)-505)+1

V3=509)-15+1 Vs=5(25)-25+1

Vi=45-14 Vs=125-24

V, =31 Vs =101

The results derived from the general formula are the same as worked out earlier when not applying any
formula at all; hence, it is correct and can be applied to terms 3 and 5.

12
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This was repeated using yet again another value for p, this time changing the p value from 5 to 4,
resulting in the diagrams below.

.4>4§

R R, R, R,

1 2
Diagram 22 Diagram 23  Diagram 24 Diagram 25
R:T' ) Rf]
Diagram 26 Diagram 27

The information from the diagrams above was collected and is represented in the table below.

Term Number (n) 1 2 3 4 5 6

Stellar Number (R,) 1 9 25 49 81 121

13
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+16 +24

+ 32 +40
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Diagram 28

As seen in the diagram above, the second difference is the same between the terms, and the sequence is
therefore yet again quadratic. This means that the equation R, = an’ + bn + ¢ will be used when
representing the data in a general formula. Since some of the values of R, have already been established
this makes it possible to work out the general formula. The first step is to substitute the established
values into the three quadratic equations, as shown below:

Ro=an’ +bn + ¢
Therefore: quadratic
Whenn=1,R,=1
1=a(1)*+b(l)+c
l=1la+1b+c
l=a+b+c

Whenn=2,R,=13
9=a(2)* +b2)+c
9=4a+2b+c

Whenn=3,R,=6
25=a3) +b(3) +c
25=9a+3b+c

As seen above, this method works out the same general formula, and this is tested below to assess the

validity.

14
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Thereafter polysmlt on the graphic display calculator is used in order to retrieve the values of a, b, and
¢. The coefficients above are simply plugged into the calculator; this can be seen in the screenshots

below

EYSMATRIR ( 2xY4)
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1,1=1

MAIN] NEW [CLRILOAD[SOLVE WAIN[EACK[STOsvs[ST0x |

Solution
1 1 x184
I ey

This resulted in the general formula R, = 4n® - 4n+ 1

\/\/\/\/

+16 +24

\/\/\/

Rn=an2+bn+c
Rn=4n2+bn+1

= @) (1) +b(1)+1
1=4+b+1
b=-4
OR,=4n’-4n+ 1

& +8

Diagram 28.1

Vo=4n" -4n+ 1
Vi=43)Y —4(3)+ 1
V3=4(9)-12+1
V;=36-11

V3:25

Vo=4n" -4n+ 1

Vs =457 —4(5)+ 1
Vs=4(25)-20+1
Vs=100- 19

V5 =81

The results derived from the general formula are the same as worked out earlier when not applying any

formula at all; hence, it is correct and can be applied to terms 3 and 5.

15
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This was repeated using yet again another value for p, this time changing the p value from 4 to 3,
resulting in the diagrams below.

LA A

U, U, U, U,
Diagram 14 Diagram 15 Diagram 16 Diagram 17
US
Diagram 18 U

6

Diagram 19

The information from the diagrams above was collected and is represented in the table below.

Term Number (n) 1 2 3 4 5 6

Stellar Number (U,) 1 7 19 37 61 91

16
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As seen in the diagram above, the second difference is the same between the terms, and the sequence is

therefore yet again quadratic. This means that the equation U, =
representing the data in a general formula. Since some of the values of U, have already been

an’ + bn + ¢ will be used when

established this makes it possible to work out the general formula. The first step is to substitute the

established values into the three quadratic equations, as shown below:

Un=an’ +bn +c
Therefore: quadratic
Whenn=1,U,=1
1=a(l)> +b(l)+c¢
I=1la+1b+c
l=a+b+c

Whenn=2,U,=13
7=a2) +bQ2)+c
7=4a+2b+c

Whenn=3,U,=6
19=a(3)’ +b(3)+c
19=9a+3b+c

As seen above, this method works out the same general formula, and this is tested below to assess the

validity.

17
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Thereafter polysmlt on the graphic display calculator is used in order to retrieve the values of a, b, and
¢. The coefficients above are simply plugged into the calculator; this can be seen in the screenshots
below

SYSHATRIN ( 3xY4) Solution

:P 1 1 1 1 x183
[ F 1 ? ] x2=-=3
[a 3 1 19 1 ys=1

11=1
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Thus the general formula for this quadratic sequence U, = 3n%-3n+1

\/\/\/\/

+12 +18
'%H +6 } +6 +6
= %:

Diagram 20.1

Sn=an2+bn+c
Sn=3n2+bn+1
Si=(3)(1)° +b(1) +1
1=3+b+1

b=-3
0S,=3n"-3n+1

Up=3n"-3n+1
Us=3(3) -3(3) + 1
Us=3(9)-9+1
U;=27-8

Us; =19

Un=3n"-3n+1
=3(5%-3(5)+1
=3(25)-15+1

Us=75-14

Us =61

The results derived from the general formula are the same as worked out earlier when not applying any
formula at all; hence, it is correct and can be applied to terms 3 and 5.

18
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As mentioned earlier, a pattern can be detected when working with stellar numbers. It has become
clear that in the quadratic equation 7, = an’ + bn + ¢, aand b are the same coefficients; however, a
is positive and b is negative. Furthermore the value of the coefficient is in both cases simply the p-
value, for example when p=3 S, =3n” - 3n + 1, and when p=5 S, = 5n” - 5n + 1. (I will now use S, to
define all the terms, as [ am trying to produce the general statement that generates the sequence p-
stellar numbers for any values of p at stage S, ) It can thereby be claimed that when p=7 S,=7n° - 7n +
1, even though this has not been tested and drawn, but this seems to be a logical formula when studying
previous results and applying mathematical reasoning. Therefore, it can be claimed that p replace a and
b; hence, the general statement that generates the sequence p-stellar numbers for any values of p at
stage Spis S, = pn’ - pn + 1. The relationship between p and n can further be studied and tested in excel
as seen below.

As seen on the left, the values in the

| Term Number (n} L | 2 3 table on the top correspond to the excel
| Stellar Number (3.) L |13 37 document on the bottom. I plugged in
-=--—-—the general formula discussed above on
fx = E5*D5SA2-(E5*D5)+1 the far right hand side, and the outcomes
. . were as displayed on the left. Using
C | D i E | L5 | other values of p and n, which would

allow for a more detailed observation,
extended this study, which can be seen
below. To ensure that the formula in

n P excel did indeed calculate the correct
| B i values, I set up the previous results up to
2 6 I 13! compare, and they did correspond.
3 B 37
Toroy Rumber{n) _ } B IS } 6 [TermNumber(m) [T ]2 Tﬁ'—ll_'lf_c,rmjumberw e [5 _T6
Stellar Number (V) 61 101 151 Stellar Number (R} 1 ] [ 25 | [ Stellar Number [U.) [ 37 [ 61 |51
fx| = E4*D4A2-(E4*D4)+1 fx| = E6*D6A2-(E6*D6)+1 fx| = E4*Dar2-(E4*D4)+1
C [ p [ E HEEEENC [ o [ E EEENc D | E 3
n p n p n p
4 5 1 4 1 4 3
5 5 101 ? 4 g 5 3 61
6 5 151 3 4 2] 6 3 91

This investigation has considered geometric shapes in order to determine how many dots are in the
different types of shapes, in this case from triangular to stellar, furthermore extending the investigatory
work by changing the stellar number (the value of p). The limitations of this investigation is that the
value of n must always be equal to or greater than 1, as it is impossible to have a negative triangle or

19
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stellar shape, as it is a physical entity, and it is therefore also impossible to achieve a negative value. In
this instance, the values have to be whole numbers as all the dots are whole numbers, and by adding
whole numbers together it is impossible to achieve the result of a decimal or a fraction that cannot be
simplified. Additionally, all the values of n have not been tested, which means that we cannot be
certain that it works for all the infinite values.
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