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#1 Series and Induction

In this portfolio, I will be investigating a pattern and forming conjectures to explain what
happens when k = 2, 3, or 4 in the 15+ 2k + 35+ 4%+ . +n* series. To do this, I will be using

the knowledge that 1 +2 +3 + ... + n="0 2”) :

1. a wherea; =1x2

n oop=l]
211:1){2
32:2X3
a3=3x4
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a4=4x5

Expression seems to show that a, = n(n+1)

2. Consider S, = a; + a; + a3 + ... + a, where ai is defined in #1 [ax = n(n+1)]
a) Determine several values of Sy, including Sy, S,, Ss, ..., S¢

S] =a; = 1x2=2
SS=a;a=S;ta,=2+2x3=8
Ss=ajsataz=S+ta3=8+3x4=20
Ss=aj+aptaztaz=S3+a;,=20+4x5=40
Ss==aj+aytaztastas=S;+as=40+5x6=70
S¢=aj+artastastastag=Ss+ag=70+6x7=112

It seems that for every increasing value of k, the sum of the previous numbers plus the new

number yields the new sum. All sums are multiples of 2.

b) Thus, the conjecture is that: S, = Sp1 + a,
¢) Prove conjecture by induction:
Step 1 Assume the conjecture to be true forn =1
As shown above,
S] =a; = 1x2=2
S,=aj+a,=2+2x3=8
S;3=aj+ataz3=8+3x4=20

Step 2 Assume the conjecture to be true for n =k (done in part a of 2)
SoSk=a;+ay+az+...+ag= Sk +ax

Step 3 Observe forifn=k + 1
Should be: Si+1 = Sk + Ak

So substitute Sy ; + ax for Si (in step 2) and k(k+1) for ax where n =k (refer to #1):
Skii=ar+azt+az+... +ag + ag
= Sic1 T akt agr = Sk + ak

We got the answer that we wanted, so the conjecture is true!

d) Using the above result, calculate 1> + 2% + 3% + 4% + ... +n’
It can be seen that the differences of consecutive terms (squares) turns out to be a common
number of 2:

35 7 9 11 13
2 2 2 2 2

Also, taking the terms a;= 1 x2,a=2x3,a3 =3 x4, a, =4 x5... from #1, the differences of
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consecutive terms also turns out to be a common number of 2:

2 6 12 20 30 42
4 6 8 10 12
2 2 2 2

Taking the sums of these terms that were investigated in part a, it can be seen that:

2 8 20 40 70 112
6 12 20 30 42
6 8 10 12
2 2 2

In the last case, the numbers in my first two rows of differences are not all the same, but in the
third row of differences, the differences are all the same. Because the difference is 2 after
three rounds of subtracting in this fashion, the equation that I will set as my conjecture will be
of degree 3, in the form S, = an’ + bn®> + cn + d. There are 4 unknowns, so I set up 4
equations:

S; =a+ b+ c+dwhich we know equals 2 (from part a)
S, =a2’ +b2* +2c+d
=8a+4b+2c+d=28
S;=a3’ +b3’+3c+d
=27a+9b+3c+d=20
Sy=ad’+bd* +4c+d
=64a+16b+4c+d=40

1 1 11 2
. . g8 4 2 1 8 .
These values were entered into the GDC as matrix A and B and 1t was
Z 9 31 D
g b 4 1 Ziy)
determined by reduced row echelon form that a =; ,b=1,¢ =§ ,and d = 0.

Therefore, S, = ;n3 +n2+ in

Sa=aismtaztast .. +a=1x2+2x3+3x4+ . +nmt) =Y nm+1l) =D’ +n
i=1 i=1

Thus, inz =S, - Zn:n
i=1

i=1

We know that Zn =1+2+3+...+n= 1(112+1) and that S, = ;n3+n2+§n, so plug these

i=1

values in and:
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" =S, " ; :1n3+n2+ gn_ i +) _ P +@ +4 -h’-3n _ n(n+1)(2n+])
par P 3 3 2 6 6
Thus, my conjecture is that: Zn:nz = w
i1
Check:
n=1; Yr=1=1
P
now try this with the above equation... MEXIJFI)= 1 [it fits!]
n=2Ypr=12+2’=5
pr
now with the above equation... 22+ 1X62 x2+D) _ 5 [it fits!]
n=3 Yr=1+2+3 =14
p
now with the above equation... 36+ 1X62 x3+1)_ 14 [it fits!]

Let’s check if this conjecture works all other values of n using an induction proof:
Step 1 Assume the conjecture to be true forn =1
As shown above,

in2=12= 1(1+1X§x1+1):1

i=1

Step 2 Assume the conjecture to be true for n =k
k
So Sk = k(k+1( 2k +1)
i=1 6

Step 3 Observe for ifn=k + 1

k+1

Z (k+1)>=1+ 22+ 3%+ . +k* + (k+1)* which, according to the formula, should equal

i=1
(k+1(k+1+1) 2k +2+1) _|(k+1Xk+2) 2k +3)
6 a 6
k(k +1Y 2k +1)
6

k+1

D (k+1)* = §k2+(k+1)2: k(k +1) 2k +1) + 6(k +1)*

6
_ (k+kQCk+D)+6(k+1)] (k+1Y 2k* + Tk +6) _ (k+1k+2)2k+3)
6 6 6

+ (k+1)?=
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true.

(k+ 1k +62X 2k+3) is equal to the equation above, so Zn:nz = w is
i=1

3. Consider T,, = 1x2x3 + 2x3x4 + 3x4x5 + ... + n(n+1)(nt2)
a) Determine several values of T including Ty, Ts, T3, ..., Ts
Ti=a;=1x2x3=6
T2231+32:T1+32:6+2X3X4:30
T3=a1+a2+a3=T2+a3:30+3x4x5=90
Ts=a;atas+tau=T:3+a4,=90+4x5x6=210
Ts==a;;+aytaztaztas=Ts4+as=210+5x6x7=420
T6=a1+az+a3+a4+a5+a6=T5+a6=420+6X7X8=756
T7=a|+a2+a3+a4+a5+a6+a7=T6+a7=756+7x8x9= 1260
It seems that for every increasing value of k, the sum of the previous numbers plus the new
number yields the new sum.
b) Thus, the conjecture is that: Ty = Tk + ax
c¢) Prove conjecture by induction:
Step 1 Assume the conjecture to be true for n = 1
As shown above,
Ti=a;=1x2x3=6
T,=a;:a,=6+2x3x4=30
T3=a1+a2+a3:30+3x4x5=90
So Tp="Thpi1+ an

Step 2 Assume the conjecture to be true for n =k (done in part a of 2)
SoTy=T1+To+ T+ ... + Ty =Tk + ax
Ti= Ty + a

Step 3 Observe forifn=k + 1

According to conjecture it should be: Ty = T + ax+;
So substitute Ty.; + ax for T (in step 2):

Tie1 = (Tia + ) + arr = T + ag + a(ay)

d) Using the above result, calculate 1° +2° +3* +4° + ... + n’

Taking the sums of terms a;= 1x2x3, a, = 2x3x4, a3 = 3x4x5, a4 = 4x5x6... from part a, it can
be seen that, as it was with the differences of squares, the differences of consecutive terms
(cubes) turns out to be a common number. Except this time, this number was 6 after 4 rounds
of subtracting in this fashion:
6 30 90 210 420 756 1260
24 60 120 210 336 504
36 60 90 126 168
24 30 36 42
6 6 6

The equation that I will set as my conjecture will be of degree 4, in the form S, = an® + bn® +
cn® +dn + e. There are 5 unknowns, so I set up 5 equations:
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T, =a+b+c+d+ e which we know equals 6 (from part a)
T,=a2' +b2° +c2* +2d +e¢

= 16a+8b+4c+2d+e=30
T;=a3"+b3’+c3*+3d +e

=8la+27b+9¢c+3d+e=90
Ts=a4' +b4 +c4’ +4d +e

=256a+ 64b + 16¢c +4d +e =210
Ts=a5"+b5 +c5°+5d+e

=625a+ 125b+25¢+5d +e =420

1 1 1 11 6
6 8 4 21 D
These values were entered into the GDC as matrix A | & Z 9 3 1|and B| 9 |and it
X% 6 b 41 20
& B 5 5 1] g
. 1 3 1 3
was determined by reduced row echelon form that a :Z ,b= 5 c= R d==,ande=0
Therefore, T, = 1 n'+ £l n’+ 11—nz +E n
4 2 4 2
Th=aj+raxtaztas+...+a,=T,=1x2x3 + 2x3x4 + 3x4x5 + ... + n(n+1)(n+2)
=Y n(n+1(n+2) =D (0’ +3n’ +2n)
i=l1 i=l1
= Zn3 +Z:3n2 +Z2n
i=1 i=1 i=1
Thus, ' =Ta— Y 3> = 2
i=1 i=1 i=1
We know that Z":nzz n(n+1)é2n+1) 0 S22 = 3n(n+16x2n+1): n(n+1X22n+l) and that
i=1

i=1

Zn: 2n =2+4+6+8+...+2n can be rewritten by factoring out the 2 to make it 2(1+2+3+...+n). We

) @ +) @ +)
2 2

already know 1+2+3+...+n= s0, 2 times becomes simply n(n+1). Also, we

know that T, = _Lllln4+ in3 - >

1)
in3:Tn7 Z:3n2 —2271 = ln4+ 3n3+ £n2+§n, nn+1X2n+1)
i=1 i=1 i=1 4 2 4 2 2

2 +2é n so plug these values in and:

n(n+1)

_h'+@ 4+l P +& -22n° +3n° +n)—4n’ —4n _
4
h'+@m’+In >+ -227° +30° +n)—4n’ —4n _n'+2’+n’ n’@’+2 +)
4 4 4
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'@ +)’
4
2 2
. . n e
Thus, my conjecture is that: 2”3 = H(HTD
i=1

Check:
n=1; 3w =1=1
i=1

now try this with the above equation... 12(1:1)2 =1 [it fits!]
n=2 Y =1+2"=9
P
now with the above equation... 22(2:1)2 =9 [it fits!]
n=3 Yn=1+2+3=36
pr
now with the above equation... 326:1)2 = 36 [it fits!]

Let’s check if this conjecture works all other values of n using an induction proof:
Step 1 Assume the conjecture to be true forn =1
As shown above,
. 2 2
$popo PO
p 4

Step 2 Assume the conjecture to be true for n =k
k k2 2

So Zk3 = (1(4+D
i=1

Step 3 Observe for ifn=k + 1
k+1
Z (k+1°=1"+2°+3’ + ..+ + (k+1)’ which, according to the formula, should equal

k+)°k+2°
4

S k1) = 3K+ () - kz(k;D S k)=

Kk +) > +4k° +Rk* + R k+4
4

K 426° + k2 +4° +R k> +Dk+4 K +68° +BE +Rk+4 |k +D’k+D’
4 - 4 4
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1S true.

’ ’ n 2 2
W is equal to the equation above, so > n’ = %
i=1

4. Consider U, = 1x2x3x4 + 2x3x4x5 + 3x4x5x6 + ... + n(n+1)(n+2)(n+3)
a) Determine several values of Uy including U;, Uy, Us, ..., Ug
U=a=1x2x3x4=24
UW=ajra=U ta=24+2x3x4x5=144
U3=a1+a2+a3=U2+a3= 144+3x4x5x6=504
Us=ajraptaztas=Us;+a,=504+4x5x6x7=1344
Us==a;axtaztast+tas=Us+as=1344+5x6x7x8=3024
U6=al+a2+a3+a4+a5+aG=U5+a6=3024+6x7x8x9=6048
Us=ajtaptaztastastagta;=Ug+a;=6048 +7x8x9x10=11088
Ug=aj+artazstastastagta;+tag=U7+ag=11088+8x9x10x 11 =19008
It seems that for every increasing value of k, the sum of the previous numbers plus the new
number yields the new sum.
b) Thus, the conjecture is that: Uy = Uy + ax
¢) Prove conjecture by induction:
Step 1 Assume the conjecture to be true forn =1
As shown above,
U=a,=1x2x3x4=24
Uy=aisap=T1+a=24+2x3x4x5=144
Us=arax+tas=Tr+a3=144+3x4x5x6=504
So Up=Uyq +ay

Step 2 Assume the conjecture to be true for n =k (done in part a of 2)
So Uk:Ul +U2+U3 + ... +Uk=Uk—1 + ax
Ux= Uy +a

Step 3 Observe for ifn=k + 1

According to conjecture it should be: Uy = Ux + ax+)
So substitute Uy.; + ax for Uy (in step 2):

Ugs1 = (Ut + ax) + akr = Ui + ax + a(ay)

d) Using the above result, calculate 1* +2* +3* +4*+ .. +n*
Taking the sums of terms a;= 1x2x3x4, a; = 2x3x4x5, a3 = 3x4x5x6, a5 = 4x5x6x7... from #5,
it can be seen that, as it was with the differences of cubes and squares, the differences of
consecutive terms to the fourth power turns out to be a common number. Except this time, this
number was 24 after 5 rounds of subtracting in this fashion:

24 144 504 1344 3024 6048 11088 19008
120 360 840 1680 3024 5040 7920
240 480 840 1344 2016 2880
240 360 504 672 864
120 144 168 192
24 24 24
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The equation that I will set as my conjecture will be of degree 5, in the form S, = an’ + bn* +
cn’ +dn? + en + f. There are 6 unknowns, so I set up 6 equations:

U;=a+b+c+d+ e+ fwhich equals 24 (from part a)
Upy=a2’+b2* + 2> +d2% + 2e +

=322+ 16b+8c +4d+2e + =144
Us=a3’+b3*+c3° +d3° +3e+f

=243a+81b+27c +9d + 3e + f=504
Us=ad’ +b4* +c4’ +d4’ + 4e +

=1024a + 256b + 64c + 16d + 4e + f= 1344
Us=2a5" +b5* +c5° +d5° +5e + f

=3125a+ 625b + 125¢ + 25d + 5¢ + £= 3024
Us = a6 + b6* + ¢6° + d6° + 6e + T

=7776a+ 1296b + 216¢ + 36d + 6¢ + £ = 6048

1 1 11 1 1] Ty ]
RY 6 8 4 21 w
. 2B 8 Z 9 31 Lo
These values were entered into the GDC as A and B and
o 26 6 b 4 1 e
B & BB 51 I
e 6 B 6 1] (&8
it was seen by reduced row echelon form that a =; ,b=2,c=7,d=10,¢ =2; ,f=0.
Therefore, U, = ;ns +2n*+7n® +10n” + 2; n
U, = 1x2x3x4 + 2x3x4x5 + 3x4x5x6 + ... + n(n+1)(n+2)(n+3)
=Y 1 +0n +20 +3 = ) (n*+6n’ +1n’ +6n)
i=1 i=1
= Zn4 JrZ:6n3 +le n’ +Z6n
i=1 i=1 i=1 i=1
Thus, in“ =U,— Z:6n3 —ZH n’ —Z6n
i=1 i=1 i=1 i=1
e _nes)’ s hla+)’
We know that 3= ———~ 50 n’=———"—
;” 4 Z, 2
n 2 1 2n+1
Also, we know Zn2= n(n+1§2n+1) ) ;H n = n(n+1X2n+1) and that
i=1 B

i 6n =6+12+18+...+6n can be rewritten by factoring out the 6 to make it 6(1+2+3+...+n). We

i=1

already know 1+2+3+...+n=rﬁ12+1) so, 6 times 1(112+1) becomes simply 3n(n+1). Finally, we
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know that U, = gns +2n* + 70’ +10n* + 2; n so plug these values in and:

n n

3
Zn4=Un— E 6n’ —
i=1 i=1

n n 1
le n’ —Z6n= gn5+2n4+7n3 +10n% + G

2 2
2 he+d
i=1 i=1 5 2

11n(n+16X2n+1)3n(n+1)

_ G +Gh ‘+20n C+Th P+ n—bnt (P +2n° +1)-FQ2n’ +4n’ +n)-Dn’> -Dn
D
_ n(n+1(2n+1)3n” +3n-1)
D

n 1\ 2n+1Y3n* +3n-1
Thus, my conjecture is that: Zn4= n(n +1X ""‘I)X n_+3n-1)
i=1

Check:

n
n=1; Ypt=1*

i=1

1

2 —_—
now try this with the above equation... I+ 1X2x1+1X3x17 #3171

1 [it fits!
3 [ ]
n=2 Y nt=14+24=17
i=l1
2 —
now with the above equation... 2(2+1X2x2+1§)3x2 £3x2 1)=17 [it fits!]
n=3 S at=1"+2'+3"=08

i=1

2
now with the above equation... 3341 2x3+ 1;3 X3 +3x3-1)

98 [it fits!]

Let’s check if this conjecture works all other values of n using an induction proof:
Step 1 Assume the conjecture to be true for n = 1
As shown above,

i 4_14_1(1+1X2><1+1X3><12+3><1—1)_
nt=1"= -
i=1 RY)

Step 2 Assume the conjecture to be true for n =k
So Z":k4 _ k(k+1 2k +1Y 3k* +3k—1)
i=l1 I)

Step 3 Observe for ifn=k + 1
k+1

i=1

Z (k+1)*= 1*+2*+3*+ .+ k*+ (k+1)* which, according to the formula, should equal
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e+ 1k +2) 2k +3]3(k+1)% +3k+2]  |(k+1(k+2) 2k +3)Y 3k +9%k +5)

RY) R

& P s k(k+1Y 2k +1)3k* +3k-1)
;(kﬂ) = Zk + (k+1)*= 0
Ck(k 1Y 2k +1X 3k + 3k 1)+ D (k+1)* (k+1)*
- D
(k+1) k+2) 2k +3)3k* +9k+5)
ki)

+Hk+1)*

(k+1) k+2) 2k +3)Y3k> +9k+5)

2 is equal to the equation above, so

" n(n+1Y2n+1Y3n* +3n-1) -

Soat= g

i=1

ruc.



