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Introduction

In this investigation quartic functions will be explored, in particular
quartic functions with a unique “W" shape. These quartic functions will
have two points of inflection, which will be referred to as Point Q and Point
R. When Line QR is drawn it intercepts the quartic function twice more;
those interceptions will be referred to as Point P and Point S. The ratio of
PQ:QR:RS will be investigated and any findings will be formally proven.

This investigation will include the given function Fx) = x¥~ 8x3 + W8x2 — W2x
+2%and the chosen function Tx) = x7+ 3x3-5x . These functions will be

depicted with graphs.
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Method
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Find Q and R

Find First Derivative:

IX) = X7~ 8x3 + WBx2 — WOx +2%

F(x) = 43— 24x2 + 36x - 12
Find Second Derivative

P(x) = Wox2— 46X + 36
Sef to Zero

0 = w2x2— ¥Bx + 36

Apply Quadratic Equation
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Find Y

—<owHQ =23

—<OWI”  3) =37-8(3)3+ W8(3)2-W2(3) + 2%~ W5

Inflection points are:

Q (%23 (3 ¥5)

Line QR

Equation of a Line Passing through Two Points:
V—Vw= (V2 —Va)/(X2 — Xwp * (X — Xw}

Plug in Known Values
v —¥5=(23-95)/(%3) * (x-3)

y=--£(+27

Find P and S
Set f(x) Equal to g(x) and Then to Zero
YK+ 27 = X7~ 8x3 + W8x2 — WX +2%

X¥-8x3+ ¥8x2-8x-3=0
Divide by Root 1

x3-7x2+ WK +3 =0



‘ Marked by Teachers

Divide by Root 3

X2 — X -w=0

Apply to Quadratic Equation

Xw2 =2 45
Find Y

<OV T2 -5) = (-.236)7- 8(-.236)3 + WB(-.236)2 - W2(-.236)+ 257~
27.9

—<HWFS T2 +5) = (.236)7- 8(.236)3 + ¥8(.236)2 - W2(.236) + 257~
22.%

—7=(-.236, 27.9) S=(.236,22.1)
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Find the Ratio PQ:QR:RS

Use the Distance Formula

d = \[[xz - xl):l +[y:: _J”ljg

PQ:

EEAN((1- (-236))2 + (23-27.9)2)
QR:

FENGB-1)2+ (15-23)2)

6=2
RS:

EEN((236-3)2 + (22.1-15)2)

PQ:QR:RS = 1.24:2:1.24
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Divide by PQ
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Tx) = x7+ 3x3 -5x
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x ™ 4+3F " 3-5Fx

Find Q and R
Find First Derivative:
TX) = x¥+ 3x3 -5x

Fx) = X3 +9x2 -5



Find Second Derivative
Z(x) = ¥2x2 + ¥Bx
Set to Zero
0 = ¥2x2 + ¥8x
Apply Quadratic Equation
=-1.5,0
Concavity Checks
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Find Y
—<OWFQ W) = (-W5)7+ 3(-W5)3- 5(-w5) = 2.7
oW J)=0
Inflection points are:

Q524 0,0

Line QR
Equation of a Line Passing through Two Points:
V= Vw= (V2 = V2)/ (X2 = Xwp * (X = Xwp

Plug in Known Values
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v—0=(2.%0)/(-w5-0) * (x-0)

y = -Ww6x

Find P and S
Set f(x) Equal to g(x) and Then to Zero
-WBX = X¥+ 3x3 -5x

X¥+ 3x3-3.4 =0

Reduce to a Quadratic and Apply to Quadratic Equation

sz = —2.7, \ 4

Find'Y
—<SOwWW”  T2.7)=(-27)%+3(-2.7)3-5(-2.7)=7.6
=0 wFS T = (W 7+ 3(W 8- 5(W=-W

—~r=(-2.7,7.6) S=(1,-1)

Find the Ratio PQ:QR:RS

Use the Distance Formula

d = \/(xz - xl)r; +[.J”2 _.3"1):4

PQ:

EEN ((-1.5- (-2.7))2 + (2.4~ 7.6)?)
=534

QR:
EEN (0- (-1.5)2 + (0-2.4)2)
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¢ =8.97
RS:
EEN((1-02+(1-0)2)

6= 5.3—.«1

PQ:QR:RS = 5.34:8.97:5.34

Divide by PQ
(5.3%15.3%(8.97/5.3%(5.3¥5.3%
L3 A
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Starting With the General Equation:
IX) = cé’/+?75<3 +cx2 +&+ e
Take the First Derivative
F(x) = 543 + FI2 + 2cx + &

Take the Second Derivative

P(X) = w2 + @3 +2¢ = 0

Set the Two Derivatives Equal To Each Other (Horizontal Inflection Points
Occur When Either the First or Second Derivative Equals Zero)

Y3 + FTO + 20x + FE Wl +3% +2¢

Set It Equal to Zero
953 +wo B0 + T2 + I + 20x + 20 + FE O
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é. Extend this investigation to other quartic functions that are not
strictly of a “W” shape.
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xna+4% |,
eé“d »IX) = X7+ XK.
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