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Aim:

To find the effects of increasing the number of intersecting transversal and horizontal
parallel lines on the number of parallelograms formed.

Procedure:

There are two types of lines to consider in this investigation:

Transversal Horizontal

When the lines intersect, they are able to form a parallelogram. The most basic way to
do this is without changing the orientation of the lines is shown below.

2 lines

/

S/

Let us call the parallelogram enclosed by the lines “A”.

Now let’s see what happens when we add one transversal line.

3 lines

f S/
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We now have 3 parallelograms: A, B, and A U B.

Though we can continue to add lines indefinitely, for the purpose of this investigation,
we will stop at 7 transversal lines.

/)]
AVEVEY,
[

This would give us 6 parallelograms: A, B, C,AUB,BUC,and AUBUC.

[ /)y
Y EYEVEW,
A

This would give us 10 parallelograms: A, B,C,D,AUB,BUC,CUD,AUBUC,
BUCUD,and AUBUCUD.

6 lines

/S S S S
S S S/
/7]

This would give us 15 parallelograms: A, B,C,D,E,AUB,BUC,CUD,DUE, A
UBUC,BUCUD,CUDUE,AUBUCUD,BUCUDUE,AUBUCUD
UE.
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7 lines

///// / /

AV

This would give us 21 parallelograms: A, B, C,D,E,F, AUB,BUC,CUD,DU
E_EUF, AUBUC,BUCUD,CUDUE,DUEUF, AUBUCUD,BUCU
DUE,CUDUEUF, AUBUCUDUE,BUCUDUEUF,AUBUCUDU
EUF.

After doing this, we can say that:

N° of transversal lines N° of parallelograms
1 0

2 1

3 3

4 6

5 10

6 15

7 21

By using the computer program Autograph we are able to illustrate the existing
relation between # transversal lines (x) and # of parallelograms (y) by entering the
data in the table and obtaining a graph:

30 Ty

20T
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As we can see, as we increase the # of transversal lines the # of parallelograms
increases exponentially.

This also allows us to develop a general statement:

1. We take the first three rows of the table and analyze them.

2. The pattern starts at 0 and shows that the # of parallelograms for certain # of
transversal lines is the cumulative sum of the # of transversal lines before it.
(e.g. If # of transversal lines is 4, # of parallelograms is 1 +2 +3 =6)

3. Once this is understood, we try to convert the # of transversal lines into the #
of parallelograms with a simple expression. Starting with 1, the initial
expression is p =n (n-1), where ‘n’ is the # of transversal lines and ‘p’ the # of
parallelograms.

4. Test the previous expression with the other values for # of transversal lines.
We notice than 2 does not follow the rule, since 2 (2-1) =2. Consequently, we
alter the expression to fit the correct value. The simplest way to do this is the
expression p = (n (n-1))/2.

5. After making sure that the expression is still true to previous values, we test
with the next ones.

6. We then discover that the expression is true for all present values of n. Thus,
the general formula is:

p= n(n-1)
2

Now let’s see what happens when we repeat the process but we add one more
intersecting horizontal line to the basic arrangement

2 lines

/ /
[ =/
/ 7

We now have 3 parallelograms when there are 2 lines: A, B, and A U B.

We can repeat this process like last time.
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This would give us 9 parallelograms: A, B, C,D,AUB,CUD,AUC,BUD, and
AUBUCUD.

4 lines

/
/] ]
VA

This would give us 18 parallelograms: A, B, C,D,E,F, AUB,BUC,DUE,EUF,
AUD,BUE,CUF,AUBUC,DUEUF,AUBUDUE,BUCUEUF,AU
BUCUDUEUF.

After doing, this we can say that:

/]

N of transversal lines N’ of parallelograms
1 0

2 3

3 9

4 18

We can also develop a general statement from these values:

—_—

We analyze the first three values.

2. We notice that the # of parallelograms is three times as many for each value as
# of parallelograms from having only 2 intersecting horizontal lines.

3. Thus, the general expression is simply:

p= 3(m(n-1
2
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After all this we see another pattern unfolding, this being the relation between the # of
parallelograms as we increase the # of horizontal lines. For example, let us observe

the following table:

N’ of parallelograms formed

N of transversal lines | 2 horizontal lines 3 horizontal lines 4 horizontal lines
1 0 0 0

2 1 3 6

3 3 9 18
4 6 18 36
5 10 30 60
6 15 45 90
7 21 63 126
8 28 84 168
9 36 108 216
10 45 135 270

By extending the results and using Autograph to produce a graph we obtain:

300 Ty

260 T

260 T

240 T

20 T

200 T
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120 T

100 T

g0 T

60 T

40 T

20

|
9 10

Where the x-axis represents the # of transversal lines and the y-axis represents the #
of parallelograms. Each line represents the trend when a certain # of horizontal lines

is present, with the # color coded next to it.

By selecting the line and using the Display Information tool of the program, we can
see the equation that defines each line.

N° of horizontals Equation
2 y=0.5x2-0.5x
3 y=1.5x%-1.5x
4 y=3x>-3x
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We then notice that the equations present a pattern since they are being multiplied by
an increasing amount (let us call it °k”), every time a horizontal line is added. The
general expression for this is thus:

p= kn’-kn

This allows us to find k by using Autograph again with the following data:

N of horizontals K
1 0
2 0.5
3 1.5
4 3
3TV
5
.
¢ .. } } x:

1 2 3 4
Where the x-axis represents the # of horizontal lines and the y-axis represents k.

By using the Display Information tool we find that the equation that defines this trend
is:

y=0.25x2-0.25x
Thus, k = 0.25m>-0.25m

Now we simply replace k in our last expression and we obtain the general formula for
any n transversal lines or m horizontal lines:

P= < m (;n-l)>< n (121-1)>
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We can test the validity of this statement by trying to arrive to the same expression
without the use of technology and simply using mathematical reasoning. Let us look

at the table again:

N° of parallelograms formed

N of transversal lines | 2 horizontal lines 3 horizontal lines 4 horizontal lines
1 0 0 0

2 1 3 6

3 3 9 18
4 6 18 36
5 10 30 60
6 15 45 90
7 21 63 126
8 28 84 168
9 36 108 216
10 45 135 270

We can see then that the value shown for 2 transversal lines when there are 3
intersecting horizontal lines is 3 times what it was when they were only intersected by
2 horizontal lines. Similarly, when intersected by 4 horizontal lines the value is 6
times what it was, and so on.

From this we can get yet another general expression:

1. First we notice that the multiplication factor increases in a series very similar
to the series that occurs when there are 2 intersecting horizontal lines. This
seriesis 0, 1, 3, 6...

2. Thus the expression for this sequence is the same: (n (n-1))/2

3. Since we had already identified how the addition of intersecting horizontal
lines affects the # of parallelograms, we understand that its basically the
multiplication of the value obtained through the expression (n (n-1))/2 by a
value obtained through the same expression but considering the value of the #
of horizontal lines, ‘m’: (m (m-1))/2.

4. Thus, the general statement becomes:

P:

Evaluation:

n (n-1)

(mam)(

)

The general statement was tested with all the previously seen combinations of
intersecting transversal and horizontal lines and it provided the correct answer for
each one of them. For this experiment, this is enough to validate the statement as it is
far too time consuming to simply sketch a diagram when, for example, there are 300
intersecting horizontal and transversal lines.
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The program Autograph was used to illustrate the relation between two or more
variables through graphs. It also provided a means of easily obtaining the equation of
a trend in the form of the Display Information tool. This was crucial when validating
the results.

Conclusion:

The general statement can be used in almost any situation since ‘n’ is a value decided
by the individual, in the sense that when asking “how many parallelograms are there
when there are m horizontal parallel lines and n transversal parallel lines” the ‘m’ and
‘n’ values act as independent variables while the # of parallelograms is dependant.
However, it cannot be reversed (such as if given only the # of parallelograms and told
to find the values of m and n) since there are two variables and none of them cancels
out.

This investigation was carried out by analyzing three different variables and trying to
understand the mathematical relationship between them. The statement was found
after first observing the effect of an increase in the # of parallel transversal lines on
the number of enclosed parallelograms and then doing the same for the # of horizontal
lines. Finally, an analysis on the effects of the # of one type of line on the other helped
to develop an equation that included them both.



