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Parallels and Parallelograms

In this portfolio task I considered the number of parallelograms formed by intersecting

parallel lines. The general statement for the overall patternis € = w ,(h,t E W)

where C is the count, h the number of horizontals and t the number of transversals. In the
following I’ll explain how I arrived at this generalization.

Figure 1 below shows a pair of horizontal parallel lines and a pair of parallel transversals. One
parallelogram (A;) is formed.

Figure 1

A third parallel transversal is added to the diagram as shown in Figure 2. Three
parallelograms are formed: A;, A, and A; [J A,.

Task 1: Show that six parallelograms are formed when a fourth transversal is added
to Figure 2. List all parallelograms, using set notation.

If a fourth transversal is added to Figure 2, six parallelograms are formed like shown in
Figure 3. The six parallelograms are: A;, Az, Az, A1 [ Az, Ay [1 Asand A [ Ay [ As.

/ / / / Figure 3
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Task 2: Repeat the process with 5, 6 and 7 transversals. Show your re sults in a table. Use
technology to find a relation between the number of transversals and the number of
parallelograms. Develop a general statement, and test its validity.

Figure 4 shows that ten parallelograms are formed if a further transversal is added to figure 3.
These parallelograms are: A], Az, A3, A4, A1 0 A2, Az [l Ag, A3 O A4’ A1 O A2 O A}, A2 O
A3 O A4211’1dA1 OJ A2 O A3 O A4

[/ [ ) ]
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Figure 4

By looking at Figure 5 we can see that 15 parallelograms are formed if the diagram has 6
transversals: The 15 parallelograms are:

Al Az, As, As, As,

Al O A, A TA3 Az A4, A O As,

Al DA TA; A DA DAL A3 AL As,

A1 DAzDA3DA4,A2 DA3DA45A531’1(1

Al DA OA; 0 AL 0 As.

[/ /S /S ) ]

77 7 7 7 7

Figure 5

At 7™ transversal is added to the diagram as shown in Figure 5. 21 Parallelograms are formed:
Ay, Az, Az, Ay, As, As,

AT A, Ay [T Az, Az [ Ay, Ag [ As, As [ Ag,

A1 DA2DA3,A2DA3DA4,A3 [A4DA5,A4DA5DA6,

AT A TTASTT Ay, Ay TTAGTT Ay LT As, As [T Ag [T As [ A,

AT UA TATAL A, Ay LA AT As L Agand Ay DA, [ A3 Ayl As [ As.

[ /S /S S ) S ]
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Figure 6
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Task 3: Next consider the number of parallelograms formed by three horizontal
parallel lines intersected by parallel transversals. Develop and test another general
statement for this case.

m T a,
2 2 1 = +1
+2
2 3 3 =
2 4 6~ 13
yed +4
2 5 10><
+
2 6 15><> >
2 7 21/> +6
Figure 7
Legend to Figure 7:

m = number of horizontal lines
n = number af parallel transversals

a, = number of parallelograms formed

Figure 7 shows that there must always be added 1 to the previous term in order to find out the
new term u.,, . Because the gaps between the numbers are always one smaller than n, it was

found out that the formula must include (n — 1). In order to find out u,, , (n — 1)must be

added to u, which is one smaller than ,,.

m n a, S,
2 1 0 0
2 2 1 1
2 3 3 4
2 4 6 10
2 5 10 20
2 6 15 35
2 7 21 56

Figure 8
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Legend to Figure 8:

m = number of horizental lines
n = number of parallel transversals
a, = number of parallelograms formed

n

S, = sum of paralllograms formed

Note that if we define i, as the set of all parallelograms that can be formed using six
traversals and one parallelogram and u as the set of all parallelograms that can be formed
using seven traversals, the following is the case:
u, = u,U{4;, A, UA, A, UA UA, A, UA, UA UA,A, UA; UA, UA UA,, A U A,
UA;UA,UA, UA)}=154+6=21
One can derive the following general formula for the set of all fields which can be formed
using two horizontal lines and n transversals:
5, =5,.1VU{4,4, VA, .., A4, U4, U.UA,_,UA,}with S; = {} and where n
€ N\(0}
The number of elements in 5,, which will be called u,, can be expressed as follows:
U, =u, 4 +n—1withu, = 0 and where n € N\{0}
This can be simplified:
u=2—-1=1
Uz =2—-1+3—-1=1+2
u,=2-1+3-1+4—-1=1+2+3
u,=2-143-14+4—-14+-4+n—-24+n-1
=1+24+34+--4+n—-34+n—-24+n-1

n—1

_1’_‘: _ %« n—
=ZL_E.(R 1) ((n-1)+1)

i=1

1
=—%[n—1)*n
~x(n—1)

The general statement therefore is u,, = % n (n— 1).u, is called the n™ term or the general

term of the sequence.

In order to find a relationship between the number of transversals and the number of
parallelograms I used the computer programme Windows Office Excel 2007 and proved my
general statement like shown in Figure 9 and Figure 10.
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TL a,
0 0
1 0
2 1
3 3
4 6
5 10
6 15
7 21
8 28
9 36
10 45
11 55
12 66
13 78
14 91
15 105
Figure 9
Legend to Figure 9:

n = number of parallel transversals

a, = number of parallelograms formed

120 +

100 »

80

An=Numberof 60
parallelograms
formed 40

20 +

0 5 10 15
-20

20

n=Number of parallel transversals

Figure 10
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To test the validity of the general statement it can be shown what happens if we have 9
transversals. By using the general term formula we would get 36 parallelograms:

General term: u,, = l n{n—1)
Number of transversals n = 9

Therefore: ug = % 9(9—-1)=45(8)=36

To back up the general statement Figure 11shows the 36 parallelograms:

Ay, Ay, Az, Ay, As, Ag, Ag, Ag,

Ar T Ay, Ay A3 Az T Ay, Ay T As, As T Ag, Ag [ Ag, A7 11 Ag,

AT DA T A; A TAs T Ay, As TTAL As, Ay [T As T Ag, As [ Ag L1 Ag, Ag [T A7 Ag,
AIDA DA DAL, A DA DA DA, AsTOAT AT A, Ay T A5 A Ay, As [ Ag
AT Ag,

AlDATATDA DA, Ay DA Ay As T A6 As DAL As T Ag 0 Ag, Ay 0 As T Ag
A7 Ag,

AlUA DA DA DA UA, A UA; DA UASUAs AL A DA LDASLD A Ay D
As,

AlHAzHA3HA4 \A5 \AsHA7,A2HA3 \A4HA5\ A6HA7HAgand
AlDATDATAOAs DA A7 O As.

[ J [ S S ) ]

/////////

[

Figure 11

To verify the general statement Figure 12 illustrates how many parallelograms are formed if
we have 11 transversals and a pair of horizontal lines.

General term: u,, = 3 ni{n—1)

Number of transversals n =11
Therefore: uy; = = 11 (11 — 1) = 5.5 (10) = 55

The so formed parallelograms are: A, Az, Az, A4, As, As, A7, As, Ao, Ajo,

A1 O A Ay A3, A 1T Ay, Ay [0 As, As T Ag, Ag [ Az, A7 [0 Ag, Ag [T Ag, Ag [1 Ay,

Al DA A3 Ay DA A, As DAL As, As A5 Ag, As LT Ag L1 A7, Ag 1 A7 Ag,
A7DA3DA9,A8DA9DA10,

Al DA OA AL A DAL AT As, AsTTAL LT AT Ag, AT As 1 Ag L Ay, As [ Ag
jA7DAg,A61A7DA8[A9,A7[AgDAgDA]o,

AT DA TAIDA; A, Ay DA AL As T Ag, Ay T A4 As T Ag 0 Ay, Ay [T As [0 Ag
jA7DAg,A5DAéDA7]AgDA9,A65A71A3DA9[A10,
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A UA A TAL LA A Ay HA3 AL A Ag A7, As TAL LT ASL AgLl Ay L
Ag,A4jA5DA6[A7DAgDA9,A5DA6DA7DASDA«)DA10,

A DA DA UAL DA HUAGU A7, Ay T A LTAL LT As L Ag L Ay [ Ag, Az L1 Ay L1 As [
As 1A (1 Ag [ Ag, Ay 11 As T Ag 11 A (1 Ag [ Ag [1 Ao,

A DA DA OA DA DA A7 U Ag, Ay [T A3 Ay 1 As [ Ag [T A7 L Ag L1 Ag, Az [
Ay As T Ag T A7 Ag [ Ag [ Ay,
A1DAQDA3DA4]A5jAsDA7DAgDA9,A2DA3]A4DA5[A6[A7DA§;DA9
jA]oaIld

A1UA2UA3UA4JA5JAsUA7UAgUA9UA10.

[ [/ [ ) S ) ]

/ / SN /Am/

/ / / / / / / F1gure 12

Figure 13 below shows 3 horizontal parallel lines and a pair of parallel transversals. Three
parallelograms are formed: A, A; and A; [ As.

Figure 13

If a third parallel transversal is added to the diagram as shown in Figure 13, nine
parallelograms are formed. These parallelograms are:

Ay, Ay, Az, Ay,

Ay 0 Az, As [T Ay, Ay 1T Az, Ay [ Agand

AU A AL Ay
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A, Ay
Figure 14

A further transversal is added to Figure 14. Now we have four transversals and nine
parallelograms are created. The nine parallelograms are:

Al Az, As, Ay, As, As,

AT A, A3 DAL As T Ag, A T A3, Az T As, Ay 1T Ay, Ay 11 A,

A1 uA2UA3UA4,A3 uA4UA5UA(,al’Id

AT TA DA TAL0 AT A,

ofn /]
.
/S

Figure 15

If we have five transversals 30 parallelograms are formed like shown in Figure 16. They are:
Al Az, Az, Ag, As, Ag, Az, As,

Al T A2 A3 Agy As [T As, A7 [T Ag, At [T Az, As T As, As 11 Ag, Ay T Ay, As 1 A, As [
As,

AL A0 As, A3 11 As T Az, Ay [ Ag T Ag, As [ Ag 1 Ag,

Ay A AT Ay As TTAL LT As T A, As 1T Ag LT A7 Ag, Ay 1T AT As [T A7, Ay [ Ay
O A6 O Ag,

AT AT A0 Ay As T Ag, As [ Ay As 11 Ag [ A7 [ Agand

A1 DA2DA3DA4]A5DA6DA7[A8.

/[ / /S ]/
YL
// Az// A4//A6 //AS //

Figure 16

If we have six transversals 45 parallelograms are formed like shown in Figure 17. They are:
Ay, Az, Az, Ag, As, Ag, Ag, Ag, Ao, Ay,

Ay T A2, As T Ay, As [ Ag, A7 [T Ag, Ag 11 Ao, Ay [T A3, Az [T As, As [1 Az, A7 [T Ay, Ay [
A4, A4 O A(,, A6 O Ag, Ag O Al(),

Ay AT As, A3 11 As T Ag, As [T A7 1 Ag, Ap [ AL T Ag, Ay 11 Ag [ Ag, Ag [ Ag [T Ay,
Al DA AT Ay, As DAL As T A, As [ Ag L1 A7 L1 Ag, A7 L] Ag L] Ag [] Ao,

10
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A DA UAs A7, As AL A7 Ag, Ay LT AL Ag L) Ag, Ay [ Ag 1 Ag [ Ay,
A1DA3DA5DA7DA(),AQDA4[A6DA8DA]0,

A UA A3 UAL AU A, As AL AL Ag L A7 L Ag, As LT Ag LI Ay L1 Ag L Ag L
Ajo,
A1DAQDA3DA4]A5DA6DA7[A8,A3[A4DA5]A6DA7[A8DA9DAloandA1
A AT AT As U Ag U A7 L Ag U Ag [T Ao

/f /S S S )]
fafw)a ) w)af
// AZ// A4// As //AS // Al0//

If we have six transversals 63 parallelograms are formed like shown in Figure 18. They are:

Ai, A, Az, As, As, As, A7, Asg, Ao, Aro, Ai1, A2,

Ay Ay, As D Ay, As [ Ag, A7 U1 Ag, Ag [T Ao, A1 U Ara, Ar U1 A3, Az U As, As [ Aq, Ay
[ Ag, Ao [ Aj1, Ao [J As, Ag L] Ag, As [ Ag, Ag [ Ajo, Ao [ A,

Al DA A5, As DA A7, As A7 Ag, A7 [ Ag [ Aqp, Ay 1 Ag [ Ag, Ay [ Ag U Asg,

As 1 Ag I Aio, Ag [ Aig [ Al

Al DA OASOAL A DAL As O Ag, As L Ag L A7 Ag, A7 L Ag L Ag L Ajo, Ag L1 Agp
OAN T AAL DA As AL As TAs D A7 Ao, As [T A7 Ao A, Ao (1 As 11 Ag |

Ag,A4jA6DAg[A10,A6DAgDAloDAlz,

AT DA TAsTA A A3 A A7 Ay DAL, Ay TAL T Al Ag [ Ajg, Ay [ Ag [
Ag [T Ao L Ap,

AlDAOAs DA DA A LA DA As D Ag L Agl) A, Ay Ay A3 [ Ay As

DA(),A3[A4DA5DA()]A7DA3,A5DA6DA7DA85A9]A10,A7[AgDAgDA]Q

AR Ap,

Al DA DA DAL DA DA A7 Ag As AL T As T Ag A7 0 Ag [ Ag [ Ay, As [
Alo,A3HA47A5HA6TA7HA8HA9HA1()HA11HAIZ andAlﬂAzﬂA37A4ﬂA5T
AéDA7DAgDA9DA10[A]1DA]2.

/[ S S S S
o) )os ) n) ) af
// AZ/ A4// As //AS // Aw/ AIZ/

Figure 17

Figure 18

11
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m n e,
3 2 3 <3
+6

3 3 9~

3 4 18— "
e +12

3 5 30—

3 6 45><> +15

3 7 63/> +18

Figure 19

Legend to Figure 19:
m = number of horizontal lines

n = number of parallel transversals

a, = number of parallelograms formed

By looking at Figure 16 I realized that there are always gaps by 3 in order to get the next u :
3,6,9,12,15,18...

All these gaps are always three times bigger than n. Therefore: (nn — 1) X 3
In order to find out u,, we have to add (. — 1) X 3 to u,_,. This is called a dependent
variable because we have to know u to be able to work out ,,.

To get the new general statement for the number of parallelograms formed by three horizontal
parallel lines intersected by parallel transversals I used the statement developed for the
relationship between the number of transversals and the number of parallelograms and

multiplied it by 3 becasue we have got three horizontals.

12
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Now we have u,, = u,_, + (n- 1) X 3.

To test my general statement for the number of parallelograms formed by three horizontal

parallel lines intersected by parallel transversals I give two examples:

Example 1:
General statement: @, = u,_; + (n—- 1) x 3
Number of transversals: . = 5
Uy = Uy + (5-1) % 3
=u,+ (4) X 3
=18+ 12

= 30

Figure 16 underlines that my example is right.

Example 2:
General statement: u«,, = u, 4+ (n-1) x 3
Number of transversals: i = 7
Sy = U+ (7-1) X 3
=ug,+ (6) X 3
= 45+ 18

= 63

Looking at Figure 18 the correctness of example 2 can be seen.

13
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Task 4: Now extend your results to m horizontal parallel lines intersected by n parallel
transversals.

The number of parallelograms visible, when k horizontals and ¢ transversals are intersected,
1, (h,t) can be determined considering the following:

The overall sum of parallelograms is equal to the sum of the number of parallelograms for of
all possible sizes. The maximum size of a parallelogram is (h — 1) X (t — 1).

My Example Figure 20 examines the case that there are five vertical and four horizontal lines:

Subpart size (in fields)

width (x) height (¥) Number of possible parallelograms z

gu=12=4%3=(5—-1)(4—1) |12

q;=8=4%2=(5-1)(4—2) |20

gz =4=4x1=(5-1)(4—3) |24

4, =6=3%2=(5-2)(4—2) |38

(
(
gy =8=2=%4=(5-2)(4—1) |32
(
(

Gs =4=2%2=(5-3)(4—2) |42

g =6=2%3=(5-3)(4—1) |48

gz =4=2%2=(5-3)(4—2) |52

Gz =2=2%1=(5-3)(4—3) |54

Gy =2=1%+2=(5-4)(4—2) |59

N N S UL I IETCY Q) ) ) S P
Wit | W R w| e e w| ] e

(
(
gy =3=1=3=(5-4)(4a—1) |57
(
(

Gquz=1=1%1=(5—-4)(4—3) |60

Figure 20
The example shows that the number of parallelograms (g,,,) of a certain size (x X y) can be

determined using the following rule:
Gry = (h—x)(t—¥)
If one adds all g u,,(h,t) is obtained:

14
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un(hﬁ:f Eqn— =?§ rilih—xJ(t—}’)
=hz_:1 (h—xj*i(t—v]

=i(t—}ﬂ*§(h—x)

i(n+1j—i=2i

i=1

s, (h,v) =Z[(r—1}+ l—y)*Z[(h—lj—F 1—x)

=§(}f]*§(x]
§i=%*(n—1]*[(n—1)+1)
=%*(ﬂ—1)’“ﬂ

su,(ht) = (3* (v -1 =t) (3x(h— 1) =h)
_ (h— 1)(t—1)ht
4

To verify my general statement I’ll show how it works by using two examples.

Example 3:
(h—1)(t—1)ht

General statement: u,, = "

Number of transversals: t = 5

Number of horizontal lines: h= 3

_(3-1)(5-1)3x5

u?ﬂ
4

(2)(4) x 15

U, =— ——
4

8 X 15
Up =

120
U, =——

4

15
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Figure 17 also verifies that my statement works.

Example 4:
(h—1(t—ne

General statement: u,, = "

Number of transversals: t = 5

Number of horizontal lines: h=2

_(h—1)(t—1)ht
U, = 1

_(2-1(-12x5

U, 4
(1)(4) x 10
Uy, =—————————
4
4 % 10
U, = P
40
Uy —T
u, = 10

Figure 4 underlines the correctness of my general statement.

Scope and Limitations:

By looking at all my work I made some observations in order to find out the scope and
limitations:

a. We cannot have negative numbers.

b. There are no negative transversals or horizontals .

c. There are no transversals or horizontals with a fraction.

~hteN

16
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Figure 21

Figure 21 shows the graph I have plotted in order to visualize the general statement and its
limitations.

The following sheet (Figure 22) shows a part of the the table I have used to plot the graph.

17



