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Modeling Polynomial Functions

Polynomial functions are power functions, or sums of two or more power
functions. Furthermore, a polynomial function must be made up entrely of
nonnegative integer powers. These polynomial functions are commonly used to
graph changes in a population or amount over a specified period of time. Derivative
functions are functions that represent the slope of an exponential or polynomial
function in relasion to time. Therefore, they can assist in the calculation of a rate of
change at a specific moment in time.

To visually see how the derivative of a function relates to the original power
function you must graph them both on the same set of axis. To graph the original
power function either input the equation into a graphing calculator or calculate the
zeros by hand and approximate. In this case, the equation for the polynomial
function is: x>+6x?+9x. Graphing the derivative function without using power rule is
more complicated in that you must use the equation f ‘(x)=f(x+0.001)-f(x)/0.001 and
plug in the original power function. This equation finds a little bit above and below
the point and calculates a close to instantaneous rate of change. This instantaneous
rate of change becomes a point on the graph of the derivative at the same time
interval as the power function. When the two graphs and graphed on the same set of

axis it resembles the following:
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The data used to graph the previous too functions is represented in the following two

tables:
B+6x24+9x Derivative
X y X y
-6 -486 -6 189
-5 -320 -5 144
-4 -196 -4 105
-3 -108 -3 72
-2 -50 -2 45
-1 -16 -1 24
0 0 0 9
1 4 1 0
2 2 2 -3
3 0 3 0
4 4 4 9
5 20 5 24
6 54 6 45
7 112 7 72
8 200 8 105

By graphing both the derivative and the original polynomial on the same set of axis,

the two graphs and juxtaposed and it is now visible how the derivative is based off of
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the slope of the graph (the derivative being the parabola). To conclude, graphing the
polynomial function as well as an estimate of the derivative function is a viable way
to see the relationship between the two graphs.

The zeros of a derivative function correlate directly with the local minima and
maxima of the corresponding polynomial because it is at the minima and maxima
where the slope, or rate of change, is zero. For example, the zeros to the derivative
function, f(x), are (1,0) and (3,0). These zeros can be found by analyzing the table
created for the approximate graph of the derivative function by using the equation f
‘(x)=f(x+0.001)-f(x)/0.001.  Furthermore, the local minima and maxima of the
polynomial occur at the same points as the zeroes of the derivative. At these local
minima and maxima, the graph is no longer increasing or decreasing therefore
making its slope zero. Because the graph of a derivative function corresponds directly
with the polynomial’s instantaneous rate of change the derivative matches up directly
with the slope of the polynomial. This is why the derivative’s zeros are located
exactly where the original power function’s slope is zero: at its minima and maxima.
Therefore, the zeroes of a derivative occur at the polynomial’s exact minima and
maxima because this is where the polynomial’s slope is exactly zero and a derivative is
simply a function of slope.

To find the function of a derivative without simply using the power rule
algebra must be used in accordance with the previously calculated zeros. Because it is

agreed that the zeros of f(x) are (1,0) and (3,0), it can be concluded that the equation
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of the derivative must be £(x)=k(x-1)(x-3) in which “k” is some number. To find k, a
non-zero point on the derivative’s graph must be used. In following case that point
will be (4,9). Therefore, after plugging in f(x) and x, 9=k(x-1)(x-3). After solving the
equation for k algebraically, k is equal to three. Now the equation of the derivative
can be found by plugging the number three in for k: £(x)=3(x-1)(x-3). Now, by using
algebraic laws of distribution, a power function is derived: 3x?>-12x+9. Therefore the
derivative of x*+6x>+9x is 3x>-12x+9. In conclusion, by plugging in three points on
the graph of a derivative function: the already calculated zeros and one random point,
an equation of the derivative function can be found algebraically.

When juxtaposing the two equations f(x)= x3>+6x2+9x and the derivative, f'(x)=
is 3x?-12x+9, it is seen that the derivative function is to one less degree than the
original polynomial. As can be seen on the graph of the polynomial function and its
equation, the function as two zeros, one of which is to the degree of two, and a total
of two minima/maxima. Furthermore, the graph of the derivative function as well as
its corresponding equation is observed to have only one local minimum/maximum
and two zeros, both of which are to the degree of one. Therefore, it is seen that the
number zeros of an equation (and their degrees) are represented by the degree of the
function. It is also seen that the amount of local minima/maxima are one less than the
degree of the equation (or the amount of zeroes). Because the zeroes of a derivative
function are based off of the corresponding minima and maxima of a polynomial, and

because there is one less minimum/maximum than the amount of zeroes of a
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polynomial, there is one less zero in the derivative function than in the initial
polynomial function. And because the degree of a function is directly based off of the
amount of zeroes, a derivative function is to one less degree than the polynomial. In
summary, a derivative function will always be to one less degree than the preliminary
polynomial.

After factorizing a function to find the zeroes of that function, it is possible to
make a conjecture about where the local minima and maxima will be located on the
graph by simply using the location of the function’s zeroes. For example, if the
equation g(x)=x*-3x>-24x>-28x were to be factored out completely, it would be
x(x+2)%(x-7). Therefore the zeroes of the function are (-2,0), (0,0), and (7,0). Because
the graph must cross the x-axis at negative two and at zero, there must be a minimum
or a maximum between the two points in which the graph changes direction. The
same thing is also true between zero and seven. Also, because (x+2) is to a degree of
two, negative two must also be a minimum or maximum. Therefore, the three local
minima/maxima of g(x)=x*-3x-24x?-28x must be between negative two and zero, and
zero and seven, and at negative two. After graphing the equation it is seen that there
is, as predicted, a local minimum at negative two, a local maximum at about negative
zero-point-seven, and a local minimum at about negative five. Therefore, it is
possible to make fairly accurate estimates regarding the locations of minima and

maxima based solely on the zeroes of a function.
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The highest possible amount of local minima and maxima that a function can
have depends on the degree of the function and visa versa. The number of minima
and maxima in one less than the degree of the function because there is only one local
minimum or maximum between every two zeroes of a function. Therefore a function
to a degree of six will have a derivative function to a degree of no more than five.
The original function to a degree of six can at have at most a total of five maxima and
minima, meaning that the function will have a slope of zero at the most five times.
Because the derivative is based off of the rate of change or slope at various points, the
derivative will only have five zeroes because the initial function only comes to a slope
of zero five times. And because the amount of zeroes of a function corresponds to the
degree of the function, a derivative function will have a degree one less than the
original function. Therefore, the derivative of a function to a degree of six has a
degree of no more than five. In conclusion, the amount of minima and maxima a
function can have depends on its degree, which is why a derivative function is to one
less degree than the initial function.

To conclude, a power function’s zeros are based directly off of the degree of
the equation, and the total number of local maxima and minima of the equation is one
less than the degree of the equation because for every two zeros there is only one
maximum or minimum. Furthermore, because a derivative function is based off of
the slope of the initial polynomial, the polynomial’s minima and maxima and the

derivative function’s zeros. Therefore, the derivative function is to a degree of no
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more than one less the degree of the original polynomial. A general equation can
therefore be created to find the derivative function for any polynomial function to a
degree of n: if a polynomial function is represented by ax"+an1x™1+...+a:x*+ax+a, then
the derivative of that function is represented as: nanx™!+(n-1)an1x"2+...+2a2x+a1. This
equation could therefore be used to find the instantaneous rate of change for any
polynomial function at any given point and could be used to track population changes

or other data based off of polynomial functions.
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