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Matrix Binomials

A matrix is a rectangular array of numbers arranged in rows and columns.
Numbers or letters inside the brackets in matrices are called entries. Matrices can be
added, subtracted, multiplied, divided, and also raised to a power. A common matrix can

a

look like this { } where a, b, ¢, and d are the entries.

[

. } [ calculated X2, X°, X*; Y2,

11 1
Given the matrices X = L J and Y = {

Y3, Y

Using my GDC (graphic display calculator) I evaluated these matrices.

o Vo 2 =2
12 2] -2 2
X3:'4 4] Y3:‘4 -4
14 4] -4 4

After calculating the powers of X and Y, I observed my solutions. Looking at this
I saw a trend that emerged as I increased the power of the matrix. The trend was
increasing the power of the matrix by one, caused the product to double its previous
solution. When X is to the second power, the entries of the solution are all 2°s; when X is
to the third power the entries are all 4’s; when X is to the forth power the entries are all
8’s, and so on. As for Y, the pattern is similar but some entries are negative (-). Using this
information I produced an expression to solve for X to a certain power, and it is X" =
letting “n” represent the power. For Y the expression is the same for the numbers in
position of a and d. The expression for numbers of b and c is also the same but it is
negative. As a matrix the expression is Y"= . L also calculated integer
powers of (X +Y)".
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Using my GDC I found )
X+Y) = 2 0 (X +Y) = 8 0
10 2] 10 8
4 0] 60
X+Y)y= X+Y) =
( ) 0 4] ( ) 0 16}

When I finished with these calculations, I saw another pattern that was developed.
Seeing this pattern I formed an expression to solve for the matrix (X + Y)". For the
numbers of a and d the expression is 2" and for ¢ and d it is 0. As a matrix the expression

is(X+Y)“={2 0}
0 2|

To make sure all my expressions worked correctly, I calculated each matrix to the
fifth power which was the next integer power in the sequence.

x5 = 96D 56D vS = o6 -(2(5-1)) (X+Y)5 -2
H(5-1) H(-1) -(2(5-1)) H(5-1) 0o 2°
20
=2t 2 =2 (Y =
0 2
4 A4 4 4
24 2 (2% 2

% 5 15 %]

After these calculations rose to the fifth power, the pattern still continued for each
matrix. Letting A = aX and B =bY, where a and b are constants; I used different values
of a and b to calculate A%, A3, A*: B?, B, B*. For the value of a, I used the number 2 and
the value of b, I used 3. With these values I used my GDC to solve for A and B.
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S o

8 8 -B B
A3_'2 2 B3_'1(8 -1®

2 2 I

B B -8 &8

By considering integer powers of these matrices, I came up with an expression to also
solve these matrices. For matrix A the expression is A" = (a") 2" 2" and matrix B the
expression B" = (b") 2" (20D 20D )

L(2@Dy 2D

Using my GDC I solved these matrices.

L[5 -1 s_[W =B
(A+B) —__1 5} (A+B) 5 W }
(A+B)2=_25 _D} (A+B)4=_76 _ﬁ)}

-0 X -

After solving these equations, I generated an expression to solve the matrix for
(A + B). The expression to solve the matrix is (A + B)" = (a" X") + (b" Y"). To make
sure the expression worked I plugged in number 2 and 4 for the value of n.
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(A+B?=(2" X)+(3* Y) (A+B)*=2" xH+@3" Y
. 2 % - D . 4 76 - ﬂ)
Using GDC (A +B)" = Using GDC (A +B)" =
-0 % -3 76

a+b a-b ) . . .
b} , this expression can also be derived into

Considering that M = [
a-b a+

M = A + B and M* = A? + B®. By proving the expression M = A + B, A and B needs to
be substituted for aX and »Y as well as keeping the constants as a variable. This will

a+b a-b

prove the expression M = [ } through M = A + B.

a-b a+b

M=aX+bY

a+b a-b 1 1 1 -1
=a +b

a-b a+b 1 1 -1 1

a+b a-b _|a a N b -b

a-b a+b a a -b b

a+b a-b B a+b a-b

a-b a+b a-b a+b

S M=A+B

We can also prove that M>=A>+B? to later help find a general statement for M", in terms
of aX and bY.
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M’=A’+B’

a+b a-blla+b a-b ~ (aX) + (bX)?
a-b a+b|la-b a+b

(a+b a+b)+(a—b a-b) (a+ba-b)+(a—b) a+b) _ 2 2 2 2 2 =2
(a—b a+b)+(a+b a—-b) (a—b a-b)+(a+b) a+b) 2 2 -2 2

(a® + 2ab + b%) + (a’ + 2ab + b?) (@ —b*) + (@> - b)) 2a° 2a’
(a>—b%) + (a* - b%) (@’ +2ab+b%) +a’+2ab+b’) = 2a’ 2a’ +

2b% 207

26 2b°

22 +2b% 22267 24’ +2b° 24’ - 2b’
222 - 2b% 2a%+2b* = 22— 2b° 2a’+2b°

.. Hence, the general statement that expresses M" in terms of aX and bY can be expressed
as:

M" = (aX)" + (bY)"

To test the validity of my general statement by using different values of a, b, and n.

First I will use the general statement M" = (aX)" + (bY)" and verify it by using the
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expression M" ={

n
a+b a-b
a-b a+b

Leta=-1,b=0.5,and n=2

M® = {aX)™ + (bY)"

M2 = (—1%)2+ (0.5Y)2
e

) )

-

1)+ 77)

M2 = [

=(Z
c
=5(
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Q_EJ\II n

a—hb a+b’’
1+0.5 —1—051
1-05 —1+4+0.5/

0.5 —15-|
15 0.5/

5

1.5
< |

2.5/

0.5 CIS-I
0.3 0.5/

By finding if there are any limitations within this expression: M" = (aX)" + (bY)", [ am

going to change the constants ‘a

fractions and negative exponents.

> and ‘b’ as well the power raised to ‘n

> into , decimals,

The first example I am going to prove that this general statement has some limitations:

Let a=0.3, b=0.32, and n=-3

M= =(0.3X)™ + (0.32Y)

-3

= )
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As I plug this equation into my calculator it comes up with: (error domain). As a result
this equation cannot be solved because the matrix cannot be raised to a negative power.
Therefore the limitation in this expression is that ‘n’ cannot be a negative number.

In this second example I am going let ‘n’ equal to a positive integer and the constants a
and b equal zero:

Leta=0,b=0,n=3

M’ = (0X)’ + (0Y)’

The limitation for the expression M" = (aX)" + (bY)" is that ‘n> cannot contain a negative
exponent nor a decimal value or a fraction because if we multiply an exponent raised to a
negative number it would make the value flip. However, both of the constants ‘a’ and ‘b’
can equal to any set of real numbers. Therefore the limitations and scope are:

a&belR

To conclude this assignment, last I will explain how I arrived at my general statement
using an algebraic method.
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11 1 -1
Letn=2,a=a,b=b,X={1 J,Y={ }

N N {aer a—b}
(aX)" + (bY)"=

a-b a+b

2 2 2 2 =2 a+b a-blla+b a-b
a =

2 2 -2 2 a-b a+blla-b a+b
222 222+ 2B -2b°

a2 222 B2 b2 :[(a+bXa+b)+(a—bXa—b) (a+bXa—b)+(a—bXa+b)}

(a=ba+b)+(a+b a—-b) (a—b a—-b)+(a+b a+b)

2a’ +2b° 2a°—2b* = (a’+2ab+b%) + (a®+ 2ab+b%) (a® —b%) + (a* - b%)
2a% —2b° 2a’ +2b° (a> — b)) + (a’ - b?) (a® + 2ab + b%) + a’ + 2ab + b?)

22 +2b% 22 -2b% 24’ +2b° 24— 2b’
2a> —2b% 2a%+2b% = 2a% - 2b7 2a’+2b°

b n n n . n a + b a— b
Therefore the equation M" = (aX)" + (bY)" equals with M" =
a-b a+b

Arriving at this general statement, it can help solve for the value of M in any equation.
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