‘ Marked by Teachers

Math SL Matrix Binomials Portfolio

This portfolio will investigate the properties of matrix binomials in order to determine a
general statement for M" where 7 is a real number and an integer, and M is the 2 2 matrix
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Expressions for X", Y" and (X+Y)"
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Cowow
let: W = any 2x2 matrix, [w w]

_2 n—1
2."!—1

(X+Y)" = [2; ;.]

W= l,"ln,-_n_ - It is not possible to divide an integer by a matrix, n < 0 does not exist

n#0
. 10
For any matrix where n=0 W" =/ W= [ID l]
1 17_[a a
A=aX 2 a[l l] B [n a]
szxeb[ L l] = [ ° _15']
— 1 —o o
Let:a=3andb=4
A= [® 4] ]_[za- 2-:‘1] 2% 3° 2x33]=[18 18]
la  al 2a® 2a 2x3% 2x3° 18 18
Ad=[2 9[a ] [2a5 2&3] [2><3° 2><33]=[54 54]
la allg? 4f 2a® 2a? 2x3% 2x38 54 54
At=[2 @][a ag] [2.:1 2-:1‘] [zxa- zxaf]z[laz 162]
la allg?® 4f 2a* 2a* 2x3* 2x3° 162 162
B2=[b _be —1"?']=[ 2b* 2(—‘)3]%[2::@3 2(—4)3]:[32 32]
—b bll-b b 2(—b)*  2b? 2(—4)° 2x4° 32 32
Bsz[b _b][ b*  (=b)? =[ 2 2(-b)° [2 X 4° 2(—4)3]=[128 128]
b blIl(-p)* b 2(-b)®  2b° 2(—4)? 2x4%] lizs 128
B = [b —b][ b® (—b)® =[ 2b* 2(-b)* [2 X 4% 2[—4)+]=[512 512]
-b  bll(-b)P b? 2(-b)* 2b*° 2(—4)* 2x4° 512 512
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Therefore:
[a a b —b]_[a—b a b] [3—4 3—4]_[? —l]
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a—b a+tblla—b ath
_[n:—zab—b:—a:—zab—b: a’ —b*+a* —b°

a® — b% +a® — b? a’ —2ab + b +a? + 2ab + b*

=[2af—zbf 2a* — 2b°
2(3)* - 2(4)* 2(3)*+2(4)°

[2(3):—2(4): 2(3):—2@):] 50 —14]
2a’ — 2b*  2a* + 2b°

“l-14 50

3
3

ath a—b][Ea:—Eb: 2a* — 2h*
at+b

(A+B) = [* T o1|2a) 267 2a7 =257
a—o 2a- — 2b- 2a“ + 2b*

_ [4.:13 +4b®  4a® —4b?
4a® —4b?  4a® + 453

[4(3)3—4(4)3 4(3)3—4(4)3]2[354 —148]
4(3)F —4(4)® 43 +4(4)® —148 364
(A+B)4:[§_b a—b][4a:—4b5 4&2—

—b a+bll4a® —4b® 4a° +

_ [Sa*- +8b* 8a®—8b*
8a* —8b* 8a* +8b*

[8(3)+—8(4)+ 8(3)*—8(4)*]_ [ 2696 —14@@]
8(3)*—8(4)* 8(3)*+8(4)* Ll-1400 2696

Expressions for A", B" and (A+B)"

n_[Qa" 2-:1"’] n_[ 267 2(—b)"
- n n B - 1% H 1.7
2a" 2a” 2(—b)"  2b™
o [a(2a® ) + b(267)  a(2a"Y) — b(2577Y)
(A+B) = [ n—1 1 -1 n—1 7 -1
a(2a™ 1) — B2 a(2a™) + (2577
n>0,

let: W = any 2 X2 matrix, [: 2]

W= l.;’lnm -> It is not possible to divide an integer by a matrix, n < 0 does not exist
n#0

For any matrix where n=0 W"=7 W°’= L ID]
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Let: M = [“_:z z_j]M A+B and M? = A2+B?
ool = 2] mowesly I 7

a a]_[b _b]z[ atb a+ (—b)

a d

A+B =

Therefore: M = A+B

a(2a)*7M + b(20)"" a(2a)*7" - b(zb)f-i]

M= (A+B) = M2 = (4+ B)? = [a(zajﬁ‘i —b(2b)*! a(2a)* '+ b(2b)*7?

_ [zaf +2b* 2a* —2b°
2a® — 2b* 2a* +2b°

An:[Ea" za“]%Azz[gﬂ: Eﬂ:] B“=[ 2p® 2(-b)" 267 2(-b)?

2a" 24" 2a° 247 2(-b)*  2b”

2a’ 2&3]_[ 2b° 2(—b)*

2a® 4+ 2B 2a% + —2b°
A2+B2=[ . . . =[
2a® 2a° 2(=b)*  2b?

2a® + —2b% 247 +2B°

[zaf—zbf 2a%—2b*
2a’—2b* 2a% 4+ 2h?

Therefore: M* = A*+B?

wocelt - D e -zt 2]

= 1 -b b
2b%Y= 207 | _ll]=[_7"-;ﬂ —zil'f']

B2=[b _be _b]=[2b:ﬂ _EM] M? in terms of aX and bY = M? = 2a’X + 2b*Y
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M? = 2a’X + 2b°Y = a(2a)*'X + b(2b)*'Y

a(2a)* a(g.a;.i]_[b@.b;.i —b(2b)Y] _ [2&:—2%:-3 20725
a(2a)! af2a)? —b(2b)! Bb(2b)? 2a?—2b* 2a® + 2b°

M" in terms of aX and bY
M= (A+B) = M" = (A+ B)" =

M= M= [ TG S
O O s i

a(2a)** a(2a)"?

b(2b)" —b(zb)”‘i}

n- — n-1[ 1 1] _
b(2b) IX_ b(zb) [—l 1 ] - [_b[zb)n—‘l b(zb)n—‘l

= [H(Ea)n_i H(E-al""'_i] - [ b(2b)" —b(z.b)'"'_i]
a(2a)* a(2a)* " " l-b(2b)** b(2b)**

. a(2a)” 1+ b(2b)*! a(2a)*! —b(2h)*1 B )
- [H(E—H)H_i — b(zb)"_i H[Q-a)"_i n b(zb)"_i] = (_Fl + S)

M? =a(2a)*'X + b(2b)*'Y
a(2a)* a(g.a;.i]_[b@.b;.i —b(2b)Y] _ B e
a(2a)! af2a)? —b(2b)! Bb(2b)? 2a?—2b* 2a® + 2b°

Therefore the general statement for M™ M" = a(2a)™' X + b(2b)™'Y
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Testing the statement M" = a(2a)™'X + b(2b)""'Y with real numbers

Let: a=2
b=3

n=4

1 1
a+b a—=b
:[ } 1]
a—b a+t+b

—b

a+b a—b]a—b a—b”a—b a—b”a—b a
a—b at+blla-b at+blla—b at+blla-b a+bk

%[5 —lHS —lHS —lHS —1]

—1 s5ll1 sll1 sl s

_[26 —10] 26 —1G]=[?T5 —52::1]
-10 261l-10 261 l-520 776

|

M* = a(2a)’X + b(2b)’Y

—2(2x2)° [i ﬂ +3(2x3)° [—11 —ll] _ [128 128] N [ 648 —648

128 128 —648 643

_[776 —52{?]
=520 776

General statement is valid
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Scope and limitations:

The preceding calculations determined general expressions for the defined matrices A",
B", (A+B)" and M". The mentioned matrices however, were all 2 2 square matrices. Although
the determined expressions are valid for 2 2 matrices, they may not be valid for square matrices
with more columns and rows, or non-square matrices. The value of » must also be greater than
zero. It cannot equal zero because any matrix raised to the power of zero would equal / the
identity matrix, and it cannot be less than zero, because that would be the same as one divided by
the matrix raised to the power of n. Since it is not possible to divide an integer by a matrix, it is
not possible to raise any matrix to a negative exponent and this #» must be greater than zero.
Therefore the expressions determined in this portfolio are valid for 2% 2 matrices, where the

value of n is greater than zero



