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Matrix Binomials

Question

A)Let X = G i and ¥ = ( 11 _11) Calculate X%, X3, X4 Y2, Y3, v

Solution

= G J=G 2

= )G DG D=G G D=G3

x=(; G =G o

=G )G 7)=G )

r- (G (G DG DG DG DG
r=(5 G =G 9

Question

B.) By considering integer powers of X and Y, find expressions for
Xnyn (X +¥y)"

Following the pattern in the first question and noticing from it, | deduce that the

formula for:
2?2.—1 zn—l
Xt = (2%—1 an- 1)
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Also to find the n®® power of (X+Y) | will use some examples to find the pattern in
it:

=G Do (4 -G 9

x+1n2= (G )G 2= (o 4
x+1°= (5 )G 2= G &

From the examples above, | deduced the equation of { X + ¥)™ by following the
pattern, and it is:

(X+¥)"= (zﬂ” 2{]”)

Question
4 /7 . 7/
Let A=cX and BFZY, where cfand®> are constants, use different values of cond
Y7 to calculate 42,43, 4% B2 B3 B*
Solution

First we need to find A, B:
_ 1 1Iy_/a a
A_a*(i 1)_(a a)
B 1 -1y _ (b —b
B_b*(—i 1)_(—1: b)
Find 47,43, 4%,B?, B3, B* using different values of c:/bndﬂ'

Let's assume that cé 2

a=ar(p )=2:(; =G 3)

= D€ 9-C 9
8= 90 9-@ I

Also, let’s assume that b=3
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B=b*(—11 _11)= 3*(—11 _11)= (—33 _33)
~ B = (—33 _33)* (—33 _33) = (—1183 _1138)

= (5 (e 1)=-Cie 08)

To obtain the general formula for A™,E™, {4 + B)"™ we need to find a formula for
A2, 4%, 4% B2, B3, B* without using different values of Cond?s; &&:

#-( 9+ 9-C0 )

= (2 920 20 < (4a] e

44— 2a? 2&2)

2a) 20 (2a2 2a2)_(8a4 Sa“)

2a2 2a?/ \Ba* 8a*
Bzz(—bb _.F;Jb)*(—bb _.aabjz(fzb;? _22;)

BE:(.&: —b)* 2b2 —25:9):(4.&:3 —45:5)

*

—b b —2b%  2b7 —4p3  4p°
0= (B ) (G )= o aor)

Question
Bv considering integer powers of A and B, find expressions for A®,B™, (A+ B)"
Solution

By following the pattern in the previous question, one can deduce that the
formulas are:

zn—lan 2n—1ﬂn
A" = zn—lan Zn—lan)
2n—1bn _zn—lbn
B" = _zn—lbn En—lbn )
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And to find the formula for(4 + B)™, one should give some examples and work
done on if, so the pattern can be fraced and noticed:

ave= (0 )+ 3)=GIp 2%0)

. _fa+b a—by fa+b a—by _ [(2a?+ 2b> Zaf—zbf)
R _(a—b a—i—b)*(a—b n:',+.’;tl)_(Zﬂ,g—z.b2 2a? + 2b2

+b a—»b 2a2 + 2b% 2p% — 2b° 4a3 + 4b3  4g3 — 4p3
Geron 3= )
( ) (a—b a+b)* 2a2 —2b2 2a? + 22 4a3 — 4b3  4a® + 4b3
A+E4=(2af+2bf 2af—2bf) (2af+2bf 2af—zbf)
A+B) =502 _5p2 202+ 252)*\3a2 —2p2 242 + 252
8a* +8b* 8a*—Bb*

N (Sa"‘ —8h* 8a*+ 85:4)

So, by noticing the pattern in the examples provided above, | conclude that
the formula will be:

2?2—1ﬂn + 2n—1bn zn—lﬂn — zn—lbn
(A + B}n = (2?2—1an — 2n—1bn zn—lan + zn—lbn)

Question

a+b a—>b

a—b adt b) , show that M= A+37 and that M? = A% + B2

Now consider M = (

Solution

This is solved by keeping C(’(Jnd Pz as constants, but without using number, so it is
kind of a general formula.

av5=(g J+ (5 -G, aip)-m

, _(a+bh a—-by fa+b a—b,_ (2a®+2b> 2a2—2b9)
= _(a—b a+b)*( ) (2a2—2b2 202 + 2b?

=g )G 2=0% %)
Bz=(—bb _.a:b)*(fb _.i;:b)=(—22b;? _22.?;:2:)

= ) (B )

a—b a+b

=(2a2+2b2 2a2—2b2)= e
20— 2b% 2a®+ 2b?

To make sure of it, an example is giving, where we replace a=2, and b=3

’HB:@ §)+(—33 _33):(—51 _51)
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LS (gti ilb] gtg g;g)z(_i _51)2"”5

Question
Hence, find the general statement that expresses M™ in terms of 4 and"zy.
Solution

After following the pattern in the previous question, | concluded the formula
of M™ to be:

M = zn—lﬂn + 2?2—1}_:,?2 zn—lan — 2?2—1}_:,?2
! - zn—lan_zn—lbn zn—lan+2n—1bn

To obtain the general formula of M™ in terms of C& and??yY:

el Doy )

Question

Test the validity of vour general statement by using different values of c{ﬂond
]

Solution

Let’s assume that cr=2,j53 and %3

vl Derr (L -8 DO -

And by using the formulas we got from before M? « M

+h a—~b 2af 4+ 202 2q% — 2p1
Where M = (2 "r.l‘—( . . . ﬂ)
) (—b a+b) 202 —2b2 2q? + 2b2

So, also by assuming the same variables as before 6=2, 153 and %3, and then
replacing them in the equationM? = M, we get the exact result as before:

M3=(2+3 2—3)*(8+18 8—18)=(_5 —1)*(25 —1:]):(14{] —?5)

2—3 243 8—18 &5+18 —10 26 —76 140
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