Maths Internal Assessment

Term 2 2011

STELLAR NUMBERS SLTYPEI

Aim: I this task vou will consider geometric shapes which lead to special mumbers. The simples:
exampde af these are sguware members, 1, 4, 9, 16, which can be represenied by squaves of side
12,3 ond 4

The following disgrams show a triangular pastern of evenly spaced dots. The numbers of dots in
each diagram are examples of trinngular numbers (1, 3,6, ...

]
-
- P
L] "
] LI ] " 8 -
L Ao e " & = A0 O o
wow o= = 8 & @ &
1 3 i 0 15

Question 1:
Complete the triangular numbers sequence with three more terms.
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The table below summarises the data (above) into a table so it is easier to analyse.
Term (Tn) 1 2 3 4 5 6 7 8

No. of Dots | 1 3 6 10 15 21 28 36

Question 2:



Find a general statement that represents the nth triangular number in terms of n.

The table below shows the connection and calculation between t he term and the number of
dots for the given triangular numbe rs.

Term

Row

Calculation

Answer

N1 (1st)

1st row =1

1

1

N2 (2nd)

1st row =1
2nd row = 2

1+2

3

N3 (3rd)

1st row =1
2nd row = 2
3rd row =3

1+2+3

6

N4 (4th)

1st row =1

2nd row = 2
3rd row=3
4dthrow =4

T+2+3+4

10

Square numbers are also geometric shapes which lead to special nu mbers. Therefore, we
must take into account these square numbers in order to find out the general statement.

Term

Row

Calculation

Answer

N1 (1st)

1st row =1

1

1

N2 (2nd)

1strow =2
2nd row = 2

2+2

4

N3 (3rd)

1strow=3
2nd row =3
3rd row =3

3+3+3

9

N4 (4th)

1strow =4
2nd row =4
3rd row =4
4dthrow =4

4+4+4+4

16

When we compare the square numbers to the triangular numb ers, a connection is
discovered. We can see that:

Qualitative Quantitative
N1 (triangular numbers) + N2 (triangular numbers) 1+3

= N2 (square numbers) =

N2 (triangular numbers) + N3 (triangular numbers) 3+6

= N3 (square numbers) =

N3 (triangular numbers) + N4 (triangular numbers) 6+10

= N4 (square numbers) =16




When thisis
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written as a formula...:
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Another method in finding the general statement is by using multiplication. By this | mean:

Quantitative

Qualitative
(N1 xN2)2=T1 (1x2)2=1
(N2 x N3)/2=T2 (2x3)2=3
(N3 xN4)2=T3 (3x4)2=6
(N4 x N5)/2 =T4 (4x5)2=10

.._’.Tn= f\(.;+l2

Therefore, by multiplying one term and the term next to it, then divid ing the multiplication by

2, we can determine the number of dots in each triangle.

Yet another method in determining this general statement is by thin king logically. Technically,
a triangle is half a square. Therefore, as the number of dots in a squ are number is n2, the
equation should be n2/2. Except we must take into account the dots that we ¢ ut in half and

include them in the equation. The dots that we cut in half wi Il be represented as n/2.
Therefore the statement is:
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Examples:

T = IC'+‘) T:.::'SIHZ Ta = 3(3+1) Ti = &+ )
2 2 2 2
=lx2 =2x3 = 3x% - L
>R 2 2 -
= 2= =6 = i = 20
2 > 2 2
T=1 Ta=3 Ta = 6 To = 1O
Ts = sS(S+) To= 6(6+)) Ta= 2+
2 2 PR
= _———5;6 = 6x19 = “Ix3
2 2
= 30 = &2 - 56
2 = = 3
T= = \S Te = 20 Ta = 28

Consider stellar (star) shapes with p vertices, leading to p-stellar numbers. The first four

representations for a star with six vertices are shown in the four stages S-S, below. The é-stellar
number al each stage is the total number of dots in the diagram.

Ss

S¢

Question 3:



Find the number of dots (i.e. the stellar numbers) in each stage up to S6. Organize
the data so that you can recognize and describe any patterns.

The table below organiz es the data so that we can recognise and describe the patterns.

S1 |82 S3 S4 S5 S6

Layer 1 1 1 1 1 1 1
Layer 2 0 12 12 12 12 12
Layer 3 0 0 24 24 24 24
Layer 4 0 0 0 36 36 36
Layer 5 0 0 0 0 48 48
Layer 6 0 0 0 0 0 60
Calculation 1 1+12 | 1+12+24 | 1+12+24+36 | 1+12+24+36+48 | 1+12+24+36+48+60
Total no. 1 13 37 73 121 181
of dots

Excluding the first layer (layer 1), as the stage number (Sn) and layer increases by 1, the
number of dots correlatively increase by 12.

Question 4:

Find an expression for the 6-stellar number at S7.

As we discovered the connection between the number of layers and the number of dot s, an
expression for S7 can be calculated.
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Therefore, the expression for the 6 -stellar number at stage S7 is (12 x 21) +1.

Question 5:

Find a general statement for the 6 -stellar number at stage Sn in terms of n.




Similar to using square numbers to find out triangular numbers, finding the general
statement for the 6 -stellar number will require the manipulation of triangular number s.

Firstly we shall find more expressions for the 6 -stellar numbers:

S 1 2 1 W L 2 3 4 s <
S2=1+~12 Sez= 1+12+24 +36 S¢= L1123 24 +36 + 48+ 60
RGO« = 12 2+3)+) ‘_l?-(n 2+¢3+4+S)+ |
(20 + 1 =(12x@)+ | "2+ |
=12+l = T2+) 1801\

= {3 =13 = \81

When the expressions are written this way, we can relate the 6 -stellar numbers with
triangular numbers. The focus is on the circled number in the expression as they correspond

to the n-1th of the triangular term. In other words the general statement for the 6 -stellar
numbers is (12 x (n - 1)) + 1.

However, this expression is not complete as it does not apply to the 6 -stellar numbers.
Therefore, as previously stated, for the triangula r numbers, n-1 = n(n-1)/2. So if this is
substituted into the equation, the general statement should be discovered.

Examples:
5.:|1x.\.c.|3—;0.+| S;3= le-&%ﬂ).‘_l Ss = 12x 5-(§—L)+|
=(12x Qv 2% &+ = 12x 20 4
= | =(2x )+ =02 x 10)+)
= 36+ 120 + |
= 39 =12

Therefore, the general statement for the 6 -stellar numbers is 12 x ((n(n-1)/2)+1

Question 6:
Now repeat the steps above for other values of p.

The chosen value for p is 7. This means that we are exploring the 7 -stellar number
therefore, the star has 7 points.



Question 6.1:
Find the number of dots (i.e. the stellar numbers) in each stage up to S6. Organize
the data so that you can recognize and describe any patterns.

S1 |82 S3 S4 S5 S6

Layer 1 1 1 1 1 1
Layer 2 0 14 14 14 14 14
Layer 3 0 0 28 28 28 28
Layer 4 0 0 0 42 42 42
Layer 5 0 0 0 0 56 56
Layer 6 0 0 0 0 0 70
Calculation 1| 1+14 | 1+14+28 | 1+14+28+42 | 1+14+28+42+56 | 1+14+28+42+56+70
Total no. 1 15 43 85 141 211
of dots

Excluding the first layer (layer 1), as the stage number (Sn) and layer increases by 1, the
number of dots correlatively increase by 14.

Question 6.2:
Find an expression for the 6 -stellar number at S7.

\ ' N ™ 5 - 1
Sha: |+ I +28 %2 + S6 + 1O+ 8%
AN\ I\

13 ™ I 1% I L]
Snz \WoQ+2x3x4+S + 6) )
= ch‘x'. 2‘)1—'[.
= 29SS

Therefore, the expression for the 7 -stellar number at stage S7 is (14 x 21)+1.

Question 6.3:

Find a general statement for the 7 -stellar number at stage Sn in terms of n.

We must verify if the same theory, behind the general statement for the 6-stellar number,
can be used to determine the general statement for

the 7-stellar number. This means that the manipulation of triangular numbers is essential.

v 2 ' 2 3 \ vz 3 " 3 s
Saz v\ S \r il 228+ L Se =+ |46+ 2+ &2+ 56+10
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Therefore, from the examples above, we can see that the same logic from the previous
statement (6-stellar number) can be used. For example, the expression for the 7 -stellar
number at S4 is S4 = (14 x 6) + 1



It should be recognised that the '6' (circled in the calculations above) is the 3rd triangular
number. Thus, there is the same logic behind this general statement as the previous general
statement (6-stellar number). The general statement of the 6 - stellar number was 12 x ((n(n-
1)/2)+1. There was 12 more dots added onto each sequential layer and the equation
commenced with 12 x... However for the 7 - stellar number, 14 more dots are added onto
each sequential layer.

By taking this into account, the general statement for the 7 - stellar number is 14 x ((n(n-1)/2)
+1.

Examples:
Sz lex 1G=1)+1 Sz =z 14x3-D + | Sc = 14 x S5 -)+ \
100 20 g
= (4 xO)+ \ S &y =y x 20 +|
- 2

=
=g x D) = Qb x 1O
= 42 ) = 16O+
= 43 = iL\-]

Therefore, the general statement for the 7 - stellar number is 14 x ((n(n-1)/2 )+ 1.

Question 7:
Hence, produce the general statement in terms of p and n, that generates the
sequence of p-stellar numbers for any value of p at stage Sn

Sn for the 6-stellar numbers is 12 x ((n(n-1)/2 )+ 1.
Sn for the 7-stellar numbers is 14 x ((n(n-1)/2 )+ 1.

However, the question is asking for a general statement that generates the sequence of p -
stellar numbers for any value of p. Thus, when we compare these two statements; we can
see that the only integer which changes is t he first, and hence, finding its mathematical
relation between the first integer and its corresponding 'p' value is necessary to form this
general statement.

The 'p' value is the number of points on a star or the p -stellar number.
Therefore, in this case, the 'p' va lues are 6 and 7.

The first integer for the 6 - stellar number (p) is 12.

The first integer for the 7 - stellar number (p) is 14.

We can see that the first integer is double its 'p' value.
6x2=12
7x2=14



Therefore the general statement can be expressed like so:

Sn= 2p x (_ﬁ_(.i—_‘))*.l
Butthe simplified generalstatementis:
Sn= 2p x (%-—Q)-'r |
?p X (—Miﬂ)-rl
P x (aCa-D)~ |
Sn: Pn(ﬁ-\)i-l

Nl

Therefore, the general statement i n terms of p and n is:
Sn=pn (n-1)+1

However, when the relationship between the total number of dots and the layers are plotted
onto a graph, a new formula is formed.

6-Stellar number
The relationship between the number of dots
and the layer

300 -
y=6x2-6x+1

RZ=1 /0
200
150 r 4

100 +

250

Number of dots

50 +

Layer

A polynomial trend -line is used to determine the link between each layer to dete rmine the
formula for the 6-stellar number. This formula is y=6x > — 6x + 1. The 6 in ‘6x” and ‘6x’ from
the n-stellar number. Therefore, if it was a 7 -stellar number, the equation should be y = 7x ?
7x +1; which it is shown in the graph below. If this equation is expressed in terms of ‘p’ and
‘n’, it will be pn® — pn + 1. This simply justifies the general statement previously found which
was: S, =pn (n-1) + 1 as the statement from this graph is just the expanded version of the
found general statement. T he ‘R’ value is the accuracy of the plotted data when compared to
the polynomial trend -line. This value state 1 which means that it is 100% accuracy which
supports the equation by stating that it is 100% accurate.



The graphs below display the other valu es of ‘p’ to test the validity of this equation.

The graphs on the left have an
equation of y=7x*—7x + 1 (7-
stellar number) and y=8x% — 8x + 1
(8-stellar number). Which
furthermore proves that the even if
the ‘p’ value is different, the
general statement will still be S, =
pn?—pn + 1.

We can see that only the co-
efficient changes therefore for this
graph, the ‘p’ is the stellar point’s
number and the ‘X’ is the ‘n’ value
which is the layer number.

7-Stellar number
300
% y=7x2-7x+1
8 200 RP=1
S 100
a
£ 0
3
z 0 2 4
Layer
8-Stellar number
300 .
2 y=8x2-8x+1 »
- 200 RZ=1
g 100 //
=)
E 0
3
z 0 2 6 8
Layers
Question 8:

Test the validity of the general statement

3- Stellar, ™ layer
i~ 2 n=38

Sn = P"‘\Cﬂ-‘)"’\
Se =(@x8)(R-D+ |
Sy =(4xD*\

Sg = 168+
Qs = 164

LU )

6 - Stelor, 5™ o
pP=6 n=9%5
Sn = pnCn-D+l

Ss = (6x5)(5-V)~\
Ss =(BOJ-‘-Q+\

Ss = 120+1

Ss =12

A- Stellor, 20d lager
Ps | Az L
Ses pnCA-D¥

Sy = @)D+ \
S1:=08xND+ )

OS2 = 18+\

Sa= |1

b - Srelar, T loyer
= W ~=%
6‘1=?¢'\Cﬂ—\)+\

S =G xV)O-)x)

Sq = (38 x&)+\

S ° \eR+)

Sq =169

- Stelov | 4™ lagRr
P: ‘-, =l
Sn= podn-)*I|
S 4= (&)l \)*)

Sk = (28 x D+
Sy = 8k )
Su= VS

\O - Stelloy, 1 layer
p= 10O nz\
Sa =pn(n—-\§*\
S :GQ‘\}(\-\)#\
S = (lOx0) )
S = O+
S\~ O

S- Svellor, 6™ layer
= 5 a6
Sa= Pn(.r\-\) ~|
S = EBx)C6-Dr\
S¢ =@Oxs)*)
Se *1SO+)
Q¢ = \5)

- Stellor ;37 lager
P=3 ned
Sn= Pn(n-l)*l
Sz:= ®«)(3-D+\
Sa:Qu4 x)+ |

Sa 4R+

S3: 49




Question 9
Discuss the scope and limitations of this general statement

A few limitations come with the use of this general statement.

There are three positive numbers that cannot be used in this general formula for the values
of 'p'. They are: 0, 1 and 2. The simple reason is because stellar -numbers are presented in
the shape of a star. Therefore as the 'p' value represents the number of poin ts on a star, -
e.g. for a '2-stellar’, this would take the form of a straight line which does not fulfil the
definition of 'stellar number'.

However, as stellar numbers must take the form of a star; p = =2 (infinity) cannot be applied
to the general statement as the shape would be a circle.

As stated in the previous limitation, that p= == (infinity) will be a circle; this indicates that the
higher the 'p' value is; the harder it will be to create that 'n - stellar number' and thus harder to
prove.

With logical reasoning, it is obvious that no decimal numbers can fill the 'p' value when
creating the diagram for it. There is no such thing as 'half -a-dot' (p+0.5) nor 'a-quarter'
(p+0.25). Although these numbers can be substituted into 'p' when working out how many
dots are in that stellar -number, there is no way to calculate if the number of dots is correct.
Therefore, a 'decimal numbered stellar' cannot be created.

Similar to the reason behind why decimal numbers cannot be a ‘p’ value of the stellar
number, negative numbers cannot take the value of ‘p’ because there is no such thing as a
negative dot. It would simply mean that there is no dot.

E.g. -3 Stellar, layer 3
S,=pn(n-1)+1

Sn = ((-3)x(3))(3-1) + 1
Sh=(-9)x(2)+1

Shn=-18 +1

S,=-17

= drawing -17 dots is impossible.

Question 10:
Explain how you arrived at the general statement.
The results from a few different techniques were required to arrive and form the general

statement. Firstly, it started with the trian gular number formula which was supported by the
geometric reasoning behind the formation of square numbers. It was essential to understand
and explore these triangular numbers as without this, there would be the need to write out
the sequential sum for the further layers.

Secondly, the knowledge of the triangular shapes was also applied to the creation of the 6 -
stellar numbers to discover the connection between the number of dots and the layers. By
finding this link, it was possible to create an expression for the 6-stellar number which linked
with the triangular numbers. All these previous steps led to the formation of the general
formula which was 12 x ((n(n-1)/2)+1.



Then, by drawing the diagram of the 6 -stellar number a particular pattern emerged. It wa s
about the consistent addition in the number of dots as the layers increased. In other words,
the first 'star' consisted of one dot, the second layer (star) contained 12 dots, the third had 24
dots, the fourth layer had 36 dots. As one can see, the number of dots is increasing by 12
excluding the first -> second layer. Without exploring the triangular numbers, it would have
been difficult to express this abnormality.

Fourthly, the relation between the 'p' value and the first integer of the general formula must
be determined. This was found by comparing the 6 -stellar and 7 -stellar numbers, and was
found that the first integer was always equal to 2 x p.

As all of the steps above was completed, what one needed to do now was just combine the
results from the steps above to determine the general statement. Therefore, by doing so the
general statement was found to be: Sn =pn (n -1) + 1.

The final step was to test if the general statement could be applied to the stellar numbers in
terms of 'p' and 'n'; which was successful; however with some few limitations such as the 0,
1, 2 and decimal numbers substituting the 'p' value.



