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Parabola Investigation

1. Consider the function f(x) =(x —3)2+2 =x?—6x + 11, g(x) = xand h(x) = 2x
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/ L~ - 5

Wl Equation 1: y=x*-6x+11
I Equation 2: y=x

Ml Equation 3: y=2x

To find the four intersections in the
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raph shown above using the GDC,

Press the 2nd button and then the TRACE button to select

the CALC function. Select the intersect function by pressing button 5.

T=ih-z1z+2

Firskcurye?

i. WeRELFO021E YW=Z.EBOTLEE Select the first curve of infersection and press ENTER.



Yo=i

press ENTER.
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V=3.B170Z1% Select the second curve of intersection and
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a=e 5-"'5-"'33'1 ¥=2.8787Z34 Select the area of estimation of the intersection point and

iv.
press ENTER.

N

The first intersection point between flx)and g(x) is

Inktgrsechion
V. n=e. 3H:I.EIEE Y=£. 2819868
x = 2382 and y = 2.382
Repeat the above steps i-iv, to obtain the other intersection points between

fF(x) and g(x) and between f{x) and h{x)
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A=H.B1E0ZY  YEH.E1E0ZEY

x = 4,618 and y = 4.618

S

The second intersection point between fix)and g(x)is

Inkerseckiona o o o o . .
#=1.7EX832  YW=:REZPBEM  The first intersection point of f{x) and hix)is

x =1.764and vy = 3.528

¥=1Z.472136 The second infersection point of f{x) and h(x)is

Inl:-zr's-z-:tu-:-n
H=6.cZa06H

x = 6236 and y = 12.472
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Il Equation 1: y=xF-8x+11
Il Equation 2: y=x
Wl Equation 3: y=2x

The x — values of these intersection from left to right are

x; = 1.764
xy= 2382
xg = 4.618
x5 = 6236

To find the values of 5, = x93 —x; and 5z = x4 — x5,
S, = x,—x, = 2.382 — 1.764 = 0.618
Sp=Xs— %3 = 6236 — 4618 = 1.618

To calculate the value of D = |5, — 55|,
D = |5, — Skl

= |0.618 — 1.618|

=|-1]

=1
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2. To find other values of D for other parabolas of the form y = ax® + bx + ¢, a = 0,with
vertices in quadrant 1, intersected by the lines y = x and y = 2x.

Consider the parabola y = ¥ —8x + 18 and the lines ¥ = x and y = 2x,
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Il Equation 1: y=x
Il Equation 2: y=2x
I Equation 3: y=x=-8x=13

The intersections of the parabola with the lines ¥ = x and ¥ = 2x can be calculated using both
the GDC and manual calculation.

By manual calculation,
To calculate the intersection between ¥ =x*—8x + 18 and y = x,
y=x2—8x+18....{1)
DLEES SRR .4 |

Sub (2) into (1),

x?—8x+18=x
x2—9x+18=10

(x—3){x—-6)=0
x=3orx==6

Sub x = 3 inta (2),
y=3
o (xJ }‘} = (3.13}

=~ The intersections between the parabola y = x? —8x + 18 and y = x are (3,3) and (6.,4).

Sub x = 6 into (2)
y=6
e (x.l }‘] = (555‘:)



By using the GDC,
To calculate the intersection between y = x* — 8x + 18 and y = 2x,
i. Kevin equations of y = x*—8x + 18 and ¥ = 2x info the GDC,
Flokl Flakz Flokz
~MiERe-SR+18
~MNeB2R
~Nzx=Nl
~MNy=
~Ne=
~NE=
M=
ii. Press the TRACE button to plotf the graph on the GDC,
Yi=Hz-Bh+1B

H=u t ¥=z
iii. Press the 2nd button and the TRACE button to select the CALC function. Select the
intersect function by pressing 5 to calculate the intersection between the parabola and

the linear line.
?H!!%!HHE
s alue
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Simindmum
G5 a1 mum

intersect
e TP s
relfoxids
iv. Select the first curve which is the parabola by pressing ENTER and then the second curve
which is the line v = 2x by pressing ENTER, then estimate the location of the intersection by

moving the cursor using the left and right directional buttons and then press ENTER.

Yi=Hz-AX+1A Yz= EM Nz=zh
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v. Hence, the first intersection of the parabola y = x*— 8x + 18 and v = 2x is (2.354,4.708).

Inkersechiono o o o . . .
W2 ZEYZ4ES  Y=4P0BENEPY

vi. Repeat step iii and iv fo find the second inte rsection by moving the cursor closer to the
second intersection,



Y{=hz-Hi+18 Yz=ch NE=Zh

Cond CUFYEY o o |
r.F191488 Y=14.5:B2BE W
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vii.Hence, the second intersection of the parabola y = x*—8x + 18 and ¥ = 2x is (7.646,15.292)

r.EYEPELE  YS1E EDiE0E

The x —values from left to right are:
x, = 2.354

x, =3

x; =6

x, = 7.646

Calculation of §,and 5z,

SL=% —% Sp =Xy —xg
=3-— 2354 =7.646 —6
= 0.646 = 1.646

Calculation of D = |5, — Sz |.

D = |S, — Sg|

= 0.646 — 1.646]|
= |1

=1

Consider the parabola y = 2x2 — 10x + 13 and the lines y = x and y = 2x.
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Il Equation 1: v=x
Bl Ecuston 2: y=2x
Il Egqustion 3: v=2x"-10x=13

By using the software Autograph to calculate the intersection points,

i. Select the parabola and the line y=x to calculate the intersection points. Select the option
of “Solve Intersections”

ok

Bl Equation 1: y=x
Wl Equation 2: y=2x
Bl Equation 3: y=2x"-10x+13

ii. Repeat step i. to solve for intersections for the parabola and line y=2x by highlighting the
line y=2x instead of the line v=x.
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ii. Label the intersection
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Il Equation 1; y=x
Il Equation 2; y=2x
Il Eguation 3: y=2x"-10x+13

points.

The x —values from left to right along the x-axis are:

x, = 1.419
xy=1719
xg=3.781
x5 = 4581

Calculation of 5, and 55,
SL=x2—x4

=1.719 —1.419

= 0.300

Calculation of D,

D = |S;, — Sgl

= |0.300 — 0.800|
=|—0.5]

=05

SR =Xa— X3
=4.581 —3.781
= 0.800

Consider the parabola ¥ = 3x* — 15x + 20 and thelines y = x and y = 2x.
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Il Egquation 1; y=x
Il Egquation 2 y=2x
Il Eguation 3: y=3x"-15x+20

By using the software Autograph,
The intersections between the parabola ¥ = 3x? — 15x + 20 and the line y = xand y = 2x are
shown in the graph below:
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Il Egquation 1; y=x

| 10
Il Egquation 2 y=2x
Il Eguation 3: y=3x"-15x+20

The intersections between the parabola and line y=2x are (1.667,3.333) and (4,8).
The x-values from left to right along the x-axis are:

5

Xl = -

The intersections between the parabola and line y=x are (2,2) and (3.333,3.333).
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X
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3 =23
s=14
Calculation of §.and S
Sl. =Xz T X

SR=X4_X3
B 5 —4 31
BNl 3 2 ?
3 =§
Calculation of D,
D=|SL_SR|
_‘1 2
IRERRE]
_‘ 1 1
13l 3

Consider the parabola ¥

~x?—3x+7and theliney = xand y = 2x,

10
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I Equsation 1. y=x
Il Equation 2: y=2x
Bl Equstion 3: yv=1/27-3x+7
By using Autograph software, the four intersections between the parabola and the lines
y =xandy = 2x can be found.
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[ | Equeﬁon 1 y=x
W Equsation 2; y=2x
Hl Equstion 3: y=1/2x"-3x+7

The intersections between the parabola and line y=x are (2.586, 2.586) and (5.414,5.414)
The intersections between the parabola and line y=2x are (1.683,3.367) and (8.317,16.63)
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The x-values from left to right on the x-axis:

x; = 1.683
x5 =2.586
xg = 5.414
xs= 8317

Calculation of § and S,

S =X2—x, Sp=x4—x3
= 2.586 — 1.683 =8317 - 5414
= 0903 = 2.903

Calculation of D

D = |5, — 5gl

= |0.903 — 2.903|
=|-2|

=2

Consider the parabola y = §x2 —x + 2 and the lines
y=xandy=2x
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I Equsation 1. y=x
W Equsation 2 y=2x
Bl Equstion 3 y=1/3x"-x+2
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The four intersections between the parabola and the lines y=x and y=2x can be found via

Autograph software.
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Il Equation 1: y=x
I Equsation 2 y=2x
Hl Equstion 3. y=1/3x"-x+2

The intersections between the parabola and line ¥ = x are (1.268,1.268) and (4.732,4.732)
The intersections between the parabola and line ¥ = 2x are (0.7251,1.45) and (8.275,16.55)

The x-values from left to right on the x-axis:

x; = 07251
x5 =1.268
xg = 4732
x5 = 8275

Calculation of 5§ and 55,

‘S'.L- = x: - xl
=1.268 —0.7251
= 0.5429 % 0.543

Calculation of D,

D == |SL_5R|

= [0.543 — 3.543|
= |-3|

=3

SR = Xa— X3
=8.275 —-4.732
= 3.543

13
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Consider the parabola y = %xg —8x + 18 and the lines

y =xandy = 2x,
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Il Equation 1: y=x
W Equsation 2; y=2x
Hl Equstion 3. y=11/10x"-8x=18
The intersections between the parabola and the lines y=x and y=2x can be found using
Autograph software,
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Il Eguation 1: y=x
Il Equation 2: y=2x
Bl Egustion 3 y=11/10x-8x+18

The intersections between the parabola and the line y=x are (3.4810724, 3.4810724) and

(4.7007458,4.7007548)
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The intersections between the parabola and the line y=2x are (2.4724083, 4.9448166) and
(6.6185008,13.237002)

The x-values from left to right on the x-axis:
xq = 24724083
x, = 34810724
x5 = 47007458
x4, = 6.6185008

Calculation of 5§ and 5z:

S =X2— x4 Sp=1x4—Xx3

= 34810724 — 2.4724083 = 6.6185008 — 4.7007458
= 1.0086641 = 1.917755

Calculation of D:
D = |SL_ Sgl
= |1.0086641 — 1.917755|
= |—0.9090909|
= 0.9090909
10

11

Table showing the values of D for various parabolas of the form
v = ax? + bx + ¢,a = 0, with vertices in quadrant1, intersected by thelines y = x and y = 2x.

Parabola equation a b C D = |5, — 5g|
y=x—6x+11 1 -6 11 1
y=x%—8x +18 1 -8 18 1
y=2x%— 10x + 13 2 -10 13 1
2
y =3x%— 15x + 20 3 -15 20 1
1 1 :
}"=§x2—3x+? 3 -3 7 2
1, 1 -
}"=§IX-"_.'X,'+2 5 ] 2 jﬂ
B 11 8 18 o
b —mx 8x +18 10 11

From the table, there is no relationship between b and c with D = |5, — 5;|. However, a'is
inversely proportional fo the value of D = |5, — 5g|

Conjecture: For parabolas with the form ¥ = ax? + bx + ¢,a > 0, with vertices in quadrant 1,
intersected by the Iin$s v=x and y=2x, the value of ais inversely proportional to the v alue of
D = |SL_ ‘S'Rl' |e D =

.

3. Investigation of the conjecture for any real value of a and any placement of the
vertex.

To investigate my conjecture for any real value of a and any placement of the vertex, the
conditions earlier attached to my conjecture that a>0 and vertices in quadrant 1 and
infersected by the lines y=x and y=2x should be discarded, but Thle conjecture that the
value of ais inversely proportional to the value of D = |5, — 5z| = - should be kept.

15
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First, consider the parabola ¥y = —2x? + 10x — 5 and the lines
y=xandy=2x.

2Ty

15T

i}

Il Equation 1: y=x
Il Equation 2: y=2x
Bl Equstion 3. y=-2F+10x-5

The four intersections between the parabola and the two lines y=x and y=2x can be found
once again by Autograph software.

2Ty
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I Equsation 1. y=x
Il Equation 2: y=2x

Il Equstion 3: y=-2x2+10x-5

The intersection between the parabola and the line y=x are (0.6492,0.6492) and

(3.851,3.851)
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The intersection between the parabola and the line y=2x are (0.7752,1.55) and (3.225,6.45)

The x-values:

%y = 0.7752

x5 = 0.6492

x3=3.851

xy=3.225

Calculation of D = |8, — Sz 1,
D =S, — Sgl

= |(x; — %) — (x4 —x3)|

[(0.6492 — 0.7752) — (3.225 — 3.851) |
| —0.126—0.626|

= |0.5]

=05

The conjecture does not hold when a = 0, because the value of ais -2 and according fo my

conjecture made in part 2, the value of D should be
1 1

D=-=—=-05
a —2

. . 1 " . 1
Hence, | would modify my conjecture to make 0 == always positive,i.e. I = o F 0
a

Consider the parabola y = x>+ 3x — 6 and the lines y = x and y = 2x.

W Ty

\ - - -1

Il Equation 1: y=x
Il Equation 2: y=2x
Bl Equstion 3. y=F+3x-6

17
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The intersections between the parabola and the lines = y = 2x:

W Ty

\ | | | | | i

Il Equation 1: y=x
Il Eguation 2 y=2x
Bl Equstion 3. y=F+3x-6

The intersection between the parabola and the line y = x are (-3.646,-3.646) and (1.646,1.646)
The intersection between the parabola and the line y = 2x are (-3,-6) and (2,4)

x-values :
¥ =3

X, = —3.646
Xy = 1.646
Xy =2

Calculation of D,

D= |5, — 5zl

= |'|:X2 _Xﬂ - (X4 _Xa}|

= [{—3.646 — —3)—(2 — 1.646)|
= |—0.646 — 0.354|

= |—1]

=1

In this case, the conjecture holds true when the vertex is in the third quadrant, a = 0,a € R,
and the parabola intersects the lines ¥ = x and y¥ = 2x af two distinct points each.

18
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Consider the parabola
v =2x%— 8x+ 3 and the linesy = xand y = 2x,

Il Eguaton 1; y=x
Il Equation 2: y=2x
Bl Eguation 3 y=2x"-8x+3

1 20

The intersections of the parabola and the lines y =x and y = 2x
_ ;
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Il Equation 1: y=x
W Equsation 2; y=2x

Bl Equstion 3. y=2x"-8x:3

The intersections between the parabola and the line y=x are (0.3625,0.3625) and (4.137,4.137)
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The intersections between the parabola and the line y=2x are (0.3206,0.6411) and

(4.679.,9.359)

The x-values:

% = 0.3206
%, = 0.3625
%3 = 4.137
%y = 4.679

Calculation of D
D = |5, — Sg|

= “:Xz _Xl} - (Xq _X3}|
= [{0.3625 — 0.3206) — (4.679 — 4.137)|

= [0.0419 — 0.542]
= [-0.5]
=05

The conjecture holds for the case when the vertexisin quadrant 4, a = 0,a € R, and the
parabola infersects the lines ¥ = x and v = 2x at two distinct points each.

Consider the parabola ¥ = x% — 16 and the lines y = x and v = 2x.

20

e

¥

Il Eguaton 1: y=x
Il Equation 2: y=2x
Bl Equstion 3 y=x°-16

20
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The intersections of the parabola and the lines y=x and y=2x are:
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I Equation 1. y=x
W Equsation 2; y=2x
I Equstion 3: y=x*-16

The intersections between the parabola and the line y = x are (-3.531,-3.531) and (4.531,4.531)
The intersections between the parabola and theline y = 2x are (-3.123,-6.246) and
(5.123,10.25)

The x-values :

% =—3123
%, = —3.531
%y = 4531
%, = 5123

Calculation of D

D= |5 —Sg|

= (% — %) — (x4 —x3)|
=[(—3.531+3.123) — (5123 — 4.531)|
= |—0.408 — 0.592|

=|-1]

=1
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Consider the parabola y = x*—x +1 and the lines y = x and y = 2x

2Ty 7

Il Equation 1: y=x
W Equsation 2: y=2x
Bl Equstion 3 y=xF-x+1

The intersections of the parabola and the lines v=x and y=2x:
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I Equsation 1. y=x
Il Equation 2: y=2x
Hl Equstion 3: y=x"-x+1

The intersection between the parabola and the line y=xis (1,1)
The intersections between the parabola and the line y=2x are (0.382,0.7639) and (2.618,5.236)

The x-values:
Since there is only one real intersection between the parabola and y = x, the values of

%, and x5 will be repeated.

% = 0362
=1
=1
Xy = 2.618

Calculation of D,

D= |(X2 _X1} - (Xq _X3}|
=[{1-0.382) - (2.618—1)]
= |0.618 — 1.618|

=|-1]

=1

The conjecture still holds true for when the intersect between the parabola and the line is
repeated.

Consider the parabola y = 2x? — 2x + 2 and the lines y = x and y = 2x.
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I Equsation 1. y=x
Il Equation 2: y=2x
Bl Equstion 3: y=2x"-2x22

The intersection between the parabola and the lines y=x and y=2x.
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I Equsation 1. y=x
Il Equation 2: y=2x
Bl Equstion 3: y=2x"-2x22

There is only one point of real intersection between the parabola and the line y=2x at (1,2).

Hence, to find the intersections between the parabola and the line y =x, i.e. to find the
imaginary intersections between the parabola and the line y=x.
v=2x"— 2%+ 2 v e (1)

T =X eer ver verven ven vae eemvnren e (2]

Substitute (2) into (1),
x=2x*—2x+2
2x2—-3x+2=0

—b + vb? — dac
=

2a
3+.,/(=3)2—2(2)(2)
N 202)
3+9-16
- 4

317
4

Letv—1 be i,

_Ei*ﬁ]

S B
_3+\-"?i _ I —4/7i
T4 T4

Therefore, x-values:
Xl = 1
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34T
X3 = 4‘_

_3+x-“?1
X3 4
X‘;:i

Calculation of D,
D =[5, — Sg|
= “:Xz —lel - (X4 _X3}|

3471 34+47i
|3 =+Ti 1 3+4/7i
Tl 4 4
T4
=|—-0.5]

1
T2

Therefore, the conjecture of D = ﬁ holds true when the parabola only intersects one line.

Consider the parabola ¥ = %% +x + 4 and the lines

y=xandy=2x

.\ P e f}a’ 7
\ )
\ /
I'\,I f,';
‘m\\ 1
15T v /
& !
) o
4 J
\'\... __.'J
\\I llr'll
LS /
.
o 10 =
\ Vi L
X —=
g / / _ |
LY o e
\-. /_; et
= 51— zd =
sl - s fom
e =
.—"'-’- -f-J.
.-"_'—(-_
.-"-J—-J_. x
-5 = 5 10
/'

I Equsation 1. y=x
Il Equation 2: y=2x
Il Equstion 3 y=x"sx+4

There are no real infersections between the parabola and the lines y = xand y = 2x.
There are two distinct imaginary intersections between the parabola and the line

¥ =xand y = 2x each.
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To find the imaginary intersections between the parabola and the line y =x,
v=x+x+4...0(1)

Substitute (2) into (1),
X +x+4=x

¥2+4=0
_ bt +b? —4dac
N 2a
=0+ /07-4(1)(®)
B 2(1)
_ +—16
-2
Let \."—__'l be i, -
4/ 161 4/ 161
X= orx= —
2
x=2iorx=-2i

To find the imaginary intersection between the parabola and the line y = 2x,
yv=x+x+4...0(1)

Substitute (2) into (1),
¥ +x+4=2x

¥ —x+4=0
—bh+ 4b? — dac
e 2(2)
1+ DT-4(1)@)
2(1)
1+ v—15
B 2
Let v—1bei,
1+ 4/15i
X=—2_ L
1 +4/15i 1—+/15i
X = T arx =——

Hence, the x-values are:

1 —+/15i
X = —2
X, = —2i
¥y = 2i

1 ++/151
Xg = —2

Calculation of D,
D = |SL - SR'
= |'|:X2 _X13' - (X4 _X3}|

1 —+/15i 14 4/15i
=|=-2i— = —7i
(-2-257)-(F37-)
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1—+4/15i 14 +/15i
2 2

=|-2i—
2
-
=|-1]
=1

+2i|

The conjecture still holds true when the inte rsections are not real numbers, for real values of a

and a>0.
To prove the conjecture using the general equation of y = ax? + bx +rc,

Let the roofs of the general equation be « and 3.
ax’+hx+c=alx—a)(x—p)

ax—a)z—p) =0

ax? —(a+fx+af) =0

ax? —ala+Bx +alap) =0

Hence, it can be deduced that,

—ale+B)=h
(a+l3}=—g
alop) =c¢
e
txﬁ—a

Since D = |§; — Sgland 8, = x; — x; and S5 = x; — X3,

D = |5, — 5]

. |(X: _X1} - (Xq _X3}|

=|x; — % — Xy + X

= [(x; +x5) — (% +x.)], Where

(35 + x5)is the sum of the x — value of the intersections between the parabola y = ax® + bx + ¢
and theline y = x

(3; + x4 )isthe sum of the x — value of the intersections between the parabolay = ax® + bx + ¢
and theline ¥y = 2x.

To find the x-values of intersections between the parabola y = ax? + bx+ ¢ and the lines
y=xand y = 2x,

v=ax’+bx+c....(1)

V= 2% e e e e e (3)

Substitute (2) into (1),
axl+bx+c=x
ax?+(b—1x+c=0

Hence, since the roofs of the equation are x, and x,
. b-
The sum of the roots of the equation, i.e. x; +x3 = L

a

Substitute (3) into (1),
ax?+bx+c=2x
axZ+(b—2)x+c=0
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Hence, since the roots of the equation are x; and Xﬁ"
The sum of the roots of the equation, i.e. % +xy = —

-
&

a

D= |(X2 +X3} _(Xj_ +X4}|

_‘b—'l h—2|
| oa a
1
“la
== ,a=0

|al

Hence, the conjecture is proven for all real values of a, a = 0.
4. Investigating the conjecture when the intersecting lines are changed.

To investigate whether the conjecture still works when the intersecting lines are changed, |
will be using the same parabola while varying the intersecting lines.

To vary intersecting lines, the intersectings lines all follow the general equation of y =mx+ ¢,
where m is the gradient and c is the constant. Hence, for the two infersecting lines, | wil | be
varying the m value and the c value.

The equation of the two intersecting lines will be as follows:

Line equation 1: ¥y =myx + ¢4

Line equation 2: ¥ = max+ ¢

The values of my,ms, ¢, and c; will be varied.

Consider the parabola y = x*+ 3x — 6 and the intersecting lines of y = 4x and y = —x,
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M
.

Il Equation 1: y=x"+3x-6
Il Equation 2: y=4x
Il Equation 3: y=—x

The intersections between the parabola and the intersecting lines can then be found via
Autograph software:
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* |'I
(-5.162, B.1G2) ™

I f
-20

y“f“y 162, -1.162) 10

Il Equation 1: y=x"+3x-6
Il Equation 2: y=4x
Il Equation 3: y=—x

The intersections between the parabola and the line y = 4x are (-2,-8) and (3,12)
The intersections between the parabola and the line ¥y = —x are (-5.162,5.162) and (1.162, -
1.162)

Let the x-values of the intersections between the parabola and the line y = 4x be x; and x5.
Let the x-values of the intersections between the parabola and the line y =

1= —x be xyand xa
Hence, the x-values:

x; = —5.162
Xg=—2
x3=73
xg=1162

Calculation of D:

D = |SL - SR'

- |(X2 _1"—'1:’ - (X4 _1"—'3}|

= |[(—2+5.162) — (1.162 — 3)|
=|3.162 + 1.838|

=|5]

=5

The conjecture does not hold when the intersecting lines are changed. The D value was
. . 1 . .
suppose to be 1 with the conjecture that D = Tal However, | cannot modify my conjecture

vet as there is insufficient cases to be able to come up with a conjecture that can suit the
purpose.
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Consider the parabola y = x* + 3x — 6 and the lines ¥ = —2x and
}.‘ = 2'

x
20 20
Il Equation 1: y=x"+3x-6
Il Equation 2: y=-2x
Il Equation 3. y=2
The intersections of the parabola and the lines can then be found by the Autograph
software.
1 20
x
-20 20

=20

I Equation 1: y=27+3x-6
Il Equation 2, y=-2x

Il Equation 3: y=2
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The intersections between the parabola and the line y = —2x are (-6,12) and (1,-2).
The intersections between the parabola and the line y = 2 are (-4.702,2) and (1.702,2).

Let the x-values of the intersections between the parabola and the line y = —2xbe x; and x
Let the x-values of the intersections between the parabola and the line y = 2 be x;and x5.

The x-values:

xy=—6

X, = —4.702
x3=1702
xg=1

Calculation of D:

D = |5, — 8g|

- |(X2 _1"—'1:’ - (X4 _1"—'3}|
=[{—4702+6)—(1—-1702)|
=|1.298 + 0.702|

= |2

=2

Once again the conjecture does not hold when the intersecting lines are changed as the D

value was suppose to be 1 according to the conjecture that D = l—:l

Consider the parabola y =x*+3x —6 and the lines y = —2x—3and y = 4x + 1.

I
-20

4

Il Equation 1: y=x+3x-6
Il Equation 2, y=-2x-3
Il Equstion 3: y=4x+1
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The intersections between the parabola and the lines can be found via Autograph software
and is shown below:

I
-20

Ay !
A | J

(-2,193, -7.77M_"
i

=20 -

Il Equation 1: y=x"+3x-6
I Equation 2 y=-2x-3
Il Equation 3: y=dx+1

The intersections between the parabola and the line ¥ = —2x — 3 are (-5.541,8.083) and
(0.5414,-4.083).

The intersections between the parabola and the line ¥ = 4x + 1 are (-2.193,-7.77) and (3.193,
13.77).

Let the x-values of the intersections of the parabola and the line ¥ = —2x — 3 be x; and x..
Let the x-values of the intersections of the parabola and the line v = 4x + 1 be x, and x5.

The x-values :

xy = —5.541
xy = —2.193
xg = 3193

xy = 05414

Calculation of D:

D = |8, — Sl

= “:Xz —Xl} - (X4 _X:a}|

=[{—2.193 + 5.541) — (0.5414 — 3.193)|
= |3.348 + 2.652|

= |6

=6
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The conjecture does not hold once again as the value is supposed to be 1 according to the

conjecture of D = Ta

Consider the parabola y = x2+3x —6 and the line ¥y = 2and y = —3.

| 20Ty ]
1 )
|I I|
| |
III I|
/
|II II|
'. ]
I| II
{ 10T {
|I I|
1 I
|II II|
I|I I|I
II|I I|II
g =
! I.' x
: : o | |
-20 -10 \ "/ 10 20
- i
-"'. 1
\ /
\ ,
Nl
10T
=20

Il Equation 1: y=x+3x-6
Il Equation 2; y=-3
Il Equation 3 y=2

The intersections between the parabola and the lines can then be found via Autograph
software and its shown below:
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1 20 T1v |
! )
|I I|
I|I I|I
1 |
1 )
1 )
II I|
II II
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{ 10T f
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4.702,2) | j (2,3
III l:l— .
: ; : / : |
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LY J
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20+

I Equation 1: y=x"+3x-6
Il Equation 2: yv=-3
Il Equaticn 3 y=2

The intersections between the parabola and the line ¥ = 2 are (-4.702, 2) and (1.702,2).
The intersections between the parabola and the line ¥ = —3 are (-3.791, -3) and (0.7913, -3).

Let the x-values of the intersections between the parabola and the line ¥ = 2 be x4 and x 4.
Let the x-values of the intersections between the parabola and the line ¥y = -3 be x; and x5.

The x-values:
x, = —4.702
xy=—3791
x5 = 0.7913
xs = 1.702

Calculation of D

D = |8, — Sgl

= |(X2 —lel - (X4 _X3}|

=[{—3.791 + 4.702) — (1.702 — 0.7913)|
=|0.911 — 0.911|

=10]

=0

L

Hence the conjecture of D = —is once again not proved with this case. The D value is

lal

supposed to be 1 according to the conjecture.

Consider the parabola ¥ = x2+ 3x — 6 and the lines y = 6 and y = 4.
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Il Equation 1: y=x"+3x-6
Il Equation 2: y=6

Il Equation 3; y=4

The intersections between the parabola and the intersecting lines can then be found via
Autograph software and is shown below:
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I| 20T ¥ |
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Il Equation 1: y=x"+3x-6
Il Equation 2: y=6
Il Equation 3; y=4

The intersections between the parabola and the line y = 6 are (-5.275,6) and (2.275,6).
The intersections between the parabola and the line v = 4 are (-5,4) and (2.4).

Let the x-values of the intersections between the parabola and the line y = 6 to be xyand x..
Let the x-values of the intersections between the parabola and the line y = 4to be xand x3.

The x-values :

x1 =-—5275
Xa=-—5

Xz =2

x5 = 2275

Calculation of D:

D= |5 —Sg|

= |’|:X2 _'—"—'1) - (Xq _1"—'3}|

= [{-5+5.275) — (2.275 — 2)|
= |0.275 — 0.275|

= 0|

=10

1

|al

Hence the conjecture of I} = —is once again proven wrong in this case.
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| will now form a table to show the parabolas and different values of my,ms, ¢q and ¢; and the
value of D.

In this table, | will also include two cases from part 3 to show when the intersecting lines were
y =xandy = 2x.

Parabola Equation of | Equation of | my Ms o Ca D = |5, —Sg]|

first second

intfersecting | intersecting

line line
y=x%+3x—6 y=-x y =4x -1 4 0 0 5
y=x+3x—6 y=—-2x y=2 -2 0 0 2 2
y=x?4+3x—-6 |y=-2x—3| y=4x+1 |2 4 -3 1 6
y=x*+3x—6 y=2 y=-3 0 0 2 -3 0
y=x+3x—6 y=6 y=4 0 0 6 4 0
y=x"—6x+11 y=x y=2x 1 2 0 0 1
y=2x"—8x+3 y=x y=2x 1 2 0 0 1

2

Observing the table above, it can be observed that conjecture from earlieris non -
applicable when the intersecting lines are changed. It can also be observed when the

my and m, values are altered, the D value changes but when the ¢, and ¢; values are altered,
there is no change in the D value. Hence, | will fry to find the relationship between the

m,; and m, values and the D value and from there modify my conjecture.

It can be observed that the D value is the value of |m; —my| when the value of a =1 as
shown in the first 6 cases in the table. Hence, | would modify my conjecture to be:

Conjecture : D is the absolute value of the difference of m,and m, divided by ain the
mz —m1

general equationof y =ax? +bx+cie. D = , where a = 0,a € R.

a

To prove this conjecture algerbraically using general equation of
y=ax?+bx+eoy=mx+toandy =mox+cy .

Let the roots of the general equation be o and 8.
ax?+bx+c=alx—a)(x—p)

alx—a)x—p) =0

ax? —(a+Bx+af) =0

ax? —alo + plx +alap) =0

Hence, it can be deduced that,

—alo+B) =1
(u+l3]'=—g
alap) =c
e
aﬁ—a

Since D = |5, —Sgland Sp = x; — 3 and Sg = x4 — X3,

D = |S]_ - SR'

= (%2 — %) — (x4 —x3)|

=[x — 3 — Xy + x5l

= (3, +x5) — (35 +x.)|, where

(3; + x3)is the sum of the x — value of the intersections between the parabola y = ax® + bx + c
and the line v = myx + c.

(3 + %, )isthe sum of the x — value of the intersections between the parabolay = ax? + bx + ¢
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and the line y = m,x + c,.

To find the x-values of intersections between the parabola v = ax? + bx + ¢ and the lines
¥ =myX+ cq and y = msx+ ¢y,

v=ax’+bx+c....(1)

V=X + Cf cer veeeeen s (2)

¥ =MX+ Cgueeeee eurn (3)

Substitute (2) info (1),
ax?+bx+c=myx+o
ax?+(b—mdx+{c—c) =0

Hence, since the roots of the equation are x, and x,
. . b—m,
The sum of the roofts of the equation, i.e. x; +x3 = =

Substitute (3) into (1),
ax? +bx+c=mx+c,
ax?+(b—mylx+{c—cy) =0

Hence, since the roofts of the equation are x; and x.,
The sum of the roofts of the equation, i.e. x +xs = L

D= |(X2 +X3} _(Xl +X4}|
_‘h_ml h_m2

da a
mg—my
= ’

a+0,aclk

a

Hence, the conjecture is proven for all real values of a and a # 0.

5. Determine whether a similar conjecture can be made for cubic polynomials.
The general equation of a cubic polynomialis y = ax® + bx? + cx + d.
Consider the cubic function ax®+bx*+cx +d=0,a > 0
The cubic function has three distinct roots which will be labelled as @, g and y respectively.

ax*+bx’+ex+d=alx—a)x—pfx—y)=0
allx?—(a+fx+af)(x—y)]l=0

alx®— (a+ g +y)x* +(af + By + ay)x —afy]l =0

ax®*—alae+ 5+ y)x?+ alaf +fy +ay)x —alafy) =0
ax?—ala+p+y)xi+alaf + fy +ay)x —alafy) =ax® +bx?+cx +d

From the above equation:
—ala + f +y)x? = bx?

(a+ﬁ+?’}=—g

alaf + By + oy)x = cx
(aﬁ+ﬁy+w}=§

—alafy) =d
@py) =2

a
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To find the intersections between the cubic equa tion and the linear lines of
Y =Mmyx + ¢y and ¥ = MaX + Cq,

y=ax®+bx?+ex+d....(1)

Y =myx +6g . (2)

¥y =mzx+cz.m...(3)

Let the infersections between the cubic function and the line ¥y = myx + ¢4 o be x5, x5 and xg.
Let the intersections between the cubic function and the line y = mox+ ¢, 1o be xq, x4,and xz.

To find the intersections between the cubic equation and the line ¥ = myx + ¢4,
Substitute (2) into (1),

ax*+bx’+ex+d=mx+g

axP*+bx?+c—mdx+{d+c)=0

Hence, since the x5, x5 and x, are roots to the equation of ax®+ bx?+ (c —my)x +{d +¢,) = 0,
. b
The sum of roofs, i.e. xz +xz3+x,= —=

a
The sum of the product of two roots, i.e. xaxz + X3Xg + X2%g = %

The product of all three roofts, i.e. xaxgx,= — e

[l

To find the intersections between the cubic equation and the line ¥ = myx+ ¢4,
Substitute (3) into (1),

axP*+bx’+teox +d=mox+c;

ax*+bx?+{c—mylx+({d—c)=0

Hence, since x4, %, and x5 are roots to the equation of ax®+ bx?+ (¢ —mylx +(d — ) =0,
. b
The sum of the rootfs, i.e. x4 + xs+ x5 = .

c—mg

The sum of the product of two roofts, i.e. xyxs + xaxs + x3%5 =

(d+eg)

[

The product of all three roofs, i.e. xyxsxz = —

To apply the conjecture to cubic polynomials,
D= |5, —Sg — Syl

. |(X: _X13' - (Xq _Xa} - (Xs _X5}|

=|xy — % — s+ X3 —Xg+ x|

= [(x2 +x3 +x5) — (% +xg +x5]]

= |{sum of intersections of the first line) — (sum of intersections of the second line) |

b b

0]

| will also prove this conjecture graphically.
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Consider the parabola y = x? —2x? —4x + 4 and the lines ¥ = x and y = 4x
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Il Equation 1: y=x"-2x"-4x+4
Il Equation 2: y=4x
Il Equation 3: y=x

The x-values of the intersections :
% = —2.279 x, = —1.856 x; = 0.6783 x, = 0.4594 x; = 3.82 x, = 3.177

Calculation of D:

D: |S]__SR_S_\;|

=[xz — %) — (xg —%3) — (x5 —x5)|

=[xy — ¥ —Hg Xz —¥g + X

= |(x; +x3 +xg) — (g +xy +x)l

= |(—1.856 + 0.6783 + 3.177) — (—2.279 + 0.4594 + 3.52)|

=12-2|

= o]

=0
However, the intersecting line may be quadratic in the case of cubic polynomials.

v=ax®+bxl+cx+d...... (M

y=kyx?+ji x4+
y=Kox? +jox+ Lo (3)

Let the intersections between the cubic function and the line ¥ = kyx? +j,x +1; to be
Xo,Xgand Xg.
Let the intersections between the cubic function and the line v = kax% +j.x+ 1; to be

Xy, Xg,0nd Xc.
To find the intfersections between the cubic function and the first quadratic curve,
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Substitute (2) into (1),
ax®+ bl +ex+d=lkxi+jx+]
ax?+(b—k)xi+(c—jx+@-1)=0

Since the roots of the equation are x4, x5 and x,,
. bk,
The sum of roofts,i.e. x; + %3 + x5 = —

To find the intersections between the cubic function and the first quadratic cu rve,
Substitute (3) into (1),

ax?+bx? +ox+d=kx+ijx+1;

ax?+(b—k ) +(c—jlx+({d-1)=0

Since the roots of the equation are x,x,, and xg

. b—
The sum of roots, i.e. % + Xz +x = L
Since
D = |{sum of intersections of the first line) — {sum of intersections of the second line)|
‘ b - kl b - k:
= |- +
a a
|k — ks
. a

This can be proven graphically,

Consider the cubic function ¥y = x* — 2x* — 4x + 4 and the quadratic equations
v=x?—x+2and

yv=x%+x—2

10

Bl Equation 1; y=x-2F-4x+4
I Eguation 2; y=xF-x+2
Il Equation 3: y=xF+x-2

The x-values:
¥ =—1.145 x, = —1.764 x; = 0.8748 x, = 0476 x; = 3.669 x, = 3.889

Calculation of D:
D= |S]__SR_S_\;|
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=02 — %) — (x4 —%3) — (x5 — %)l

= (%2 +x3 +x¢) — (3 +xy +x5)

= |{—1.764 + 0.8748 + 3.889) — (—1.145 + 0.476 + 3.669)|

=|3-3]

=0

Alternatively,

D= % where k;is the coefficient of x%in the first quadratic equation and
k,is the coefficient of x%n the second quadratic equation.

1-1
=T
=10l
=0

Hence, the conjecture that can be made for cubic polynomials is that D = 0 for all cubic
polynomials that are intersected with linear lines, however, when the cubic polynomial is
. . . . ki—kg

intersected with quadratic equations, D = |T‘ where

kyis the coefficient of x%in the first quadratic equation,

k,is the coefficient of x%in the second gquadratic equation.

6. Consider whether the conjecture might be modifired to include higher order
polynomials.

To consider higher order polynomials,
The general equation would be ¥ = ag +a;x + --- + a,x® where n is the highest degree.
Alternatively, it can be written asy = ax® + bx® 1+ -+ rx + k.

The roots of the equation would be ry,rg, 13, ..., Iy

Hence,

ax”+bx" Tt tjxtk=malx—n ) x-r)x-rg) . (x—r) =0

af(x* —(ry +ry+rg+ o+ Jx® + (ryry + rarg + yrg + e rpy g x 2
—(ryrarg + rorgrg + -+ Ty 5Ty 4T )X 3 + oo — (ry1yrg .1, )] = 0

. b .
The sum of roofs will be - as proven earlier.

When the polynomial ¥ = ax® + bx® 1 + --- + k infersects with a line that is at least two degrees

lower than the polvnomiali.e. ¥ = kx* 2+ Ix* * + ...+ p, the two equations can then be
equated to find the points of intersection which will be the roots of the new equation.
Hence the sum of roots will then be —E

Hence when the parabolais intersected with two linear lines, the value of D will be
D = |(Sum of intersections withthey = kyx® 2 + Lx® 3+ -+ py )
— (Sum of intersections withy = kox" 2 + Lx" 3 + «e. + p5 )|

I
=

Therefore, the conjecture that D = 0 will hold as long as the polynomial is intersected with a
line that is at least two de grees lower than the polynomial.

However, when the polynomial is intersected with a line that is one degree lower,i.e.
Equation of polvnomial: y = ax™ + bx™ 1+ ..+ k
Equation of intersecting line: y = kx® 1+ Ix®* 2 + .-+ p,
. . b-k .
The sum of roofs of the new equation will be - as according to examples above.

When the polynomial is intersected by two lines that are one degree lower than the
polynomial, the value of D will be

45



‘ Marked by Teachers

D = |(Sum of intersections withy = kyx™ 1+ Lx" 2+ .+ )
— (Sum of intersections withy = kox® 1+ L,x® 2 + -- + p, )|
b-ki bk

Hence when the higher order polynomials of degree n is intersected with lines that are one
degree less, the conjecture willbe D = |—"“—:‘=
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