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Maths Coursework
Falk Konstantin Luebbe
Shady Areas

SL Type 1

Introduction:
In this coursework we are trying to find a way to approximate the area under a curve

using trapeziums. In order to do this we are searching for a formula to express the
approximation of the area using n numbers of trapeziums

Consider the function g x = x* + 3. (Graph below)

G

The diagram above shows the graph of g. In order to find an approximate area under
the curve between the x values 0 and 1 we are going to use the trapezium rule. We are
going to start with two trapeziums, add them together to find the approximate area
under the curve.

a+c

To find the area of a trapezium we will use the formula 4 = xh.

In order to find h the length of the area, which is 1, is dived by the number of
trapeziums used. Hence,

h:l:0.5
2

In order to find the heights a and ¢ for the first- and a and ¢ for the second trapezium
assuming that c of the first and a of the second are equal, we’ll use the equation of the

graph (g x =x" +3).
The three different heights, or y-values, can be expressed by
£(0), g(0.5), g(1)

Now, in order to find the corresponding y-values, we’ll insert the three x-values into
the equation.
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2(0)=0>+3=3

2(0.5) = G) +3=3.5

g)=1+3=4

Now we’ve got the corresponding heights and are able to calculate the approximate
area under the curve
The formula for the area under the curve in this case would be:

a, +c,

2
Since c1 equals a2 we can state the following assuming that a is always the first
height, c1,2,3... the heights used by two trapeziums and b the last height. This of
course assumes as well that a,b and ¢ are already calculated y-values (or heights) of
the trapeziums.

efen]

a, +c¢
2 2><h

A= xh+

Therefore:

e h[(g(onzg(o.sng(l)ﬂ
2

Therefore:

Inserting the values of the different heights and h gives:

A=O.5K3+ 2><;.5 +4H

=0.5x 3.5+3.5
=335 uis *

We are now going to increase the number of trapeziums to 5 to find the approximate
area under the curve.

First, we need to state the data:

h:lzo.z
5

To state the six heights, or y-values, of the different trapeziums, we have to express
them in the following way:

£(0), g(0.2), g(0.4), £(0.6), 2(0.8), g(1)
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g(0)=0%+3=3
2(0.2)=0.2%+3=3.0
2(0.4)=04>+3=3.16
2(0.6)=0.6>+3=3.%
2(0.8)=0.8% +3=3.6
g)=1"+3=4

2
Applying the formula 4 = hKCH;erH as a formula for 2 trapeziums we can state

the formula for 5 trapeziums. We can see that we always have to calculate one more
y-value than the number of trapeziums. In this case it would be six heights, a start
height, a final height and n (trapeziums)-2 heights that are calculated each in two
trapeziums. We have hence created a provisional formula for the approximate. This
gives the following formula for 5 trapeziums

e h[(a-l—2c1 +2¢c, +2¢, +2¢, +bﬂ

2
The formula can then be simplified:

a b
A= h(2+c1 +c,+c, +c42j
Inserting the values for h and the different heights gives:

A:0.2@+3.04 +3.6 +3.3 +3.6 +;j

=0216.7
=33 uis *

Looking at the results for the approximate area under the curve using two and five
trapeziums we can see that the area at 5 trapeziums is a bit smaller. This is due to
increased accuracy since not as much area on top of the curve is calculated as with
two trapeziums.

In order to investigate if our theory is true we are going to do three examples with
increased numbers of trapeziums. Instead of calculating the area by hand we are going

to use autograph which will calculate the area under the curve for us.

We are going to start with 10 trapeziums:



Autograph gives us a result of 3.335 uis * for the graph of g(0) = x* +3using 10
trapeziums. This is already a bit smaller/more accurate.

We are going to continue with 25 trapeziums:

Autograph gives us a result of 3.334 uis *.

50 trapeziums:



Autograph gives us a result of 3.333 uis >

100 trapeziums:

Autograph gives us a result of 3.333 uis *

Looking at the different results we notice that the way how the number of trapeziums
affects the accuracy of the measurement is disexponential. The more trapeziums we
use, the more accurate our results are. But the more you increase the number of
trapeziums, the less is the increase in accuracy. This is shown on the following
diagram.
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Development of the general expression for the area under any curve y=f(x) from x=a
to x=b using n trapeziums

To find a general expression we can start off with the expression for the approximate
area under a curve using five trapeziums:

a b
A=h(2+cl+c2+c3+c4+2j

First of all we can apply the knowledge that we already have to replace the variable h
by b-a creating A = b-a
n n
This formula assumes that a and b are already calculated y-values, but since they shall
be variables for x-values as stated in the heading we are going to name them f(a) and
f(b).
Now we need a replacement for the variable c. To show what this variable consists of
we are going to use the example of 5 trapeziums where the following expressions for
the different heights (y-values) were used:

a b
E+c1+c2+c3+c4+5 .

£(0), £(0.2), g(0.4), g(0.6), £(0.8), g(1)

Taking the example of g(0.2) we see that it consists of a+h since
0+0.2=0.2.
Taking the example of g(0.4) we see that it consists of
h(u-1)+a. The variable u in this case determines which height it is. That means, using
again the example g(0.4), that this expression shows the 3" height. Hence, u=3). The
expression for ¢ would then be f(h(u-1)+a)
Hence, g(0.4)=£(0.2(3-1)+0)
2(0.6)=f(0.2(4-1)+0)

One might think one had to write f(h(u-1)+a) in order to express f(a) or f(b), the first
and last height, but in fact it’s okay to write f(a). We will clarify this at the example of
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5 trapeziums again. In this particular case, we have a=0, b=1, h=0.2 and u=1(since g(a)
is the first height). Therefore:

(0.2(1-1)+0)=g(0)=g(a)
For g(b), we get the same result:

£(0.2(6-17+0)=g(1)=g(b)
Inserting the values we get of course 1 again. Since 0=a, we can write g(a) and since
1=b, we can include g(b) because we get the same result as well as after inserting the

values. This makes our formula simpler.

Concluding we can state the general expression for any curve y=f(x) being:

A:b;a

(f2a+fhul—l +a+fhu,-1+al +fhu,—1+a +f2an¢0
n

We are now going to consider the areas under the curves yl1, y2 and y3 using the
general statement with eight trapeziums.

For every curve we can state that:

b—a :3—120.5
8

n
We can insert those values into our general formula:

A=b_a(f2a +fhu—-1+a+fhu,-1+al +fhu,-1+a +f2b)
n

f21+f0.5 2-14+1+f0253-1+1+/f0254-1+1+/025 5-1 +1

+/025 6-1+1+/025 7-1+1+70> 8—1+1+f23
f1

T+f1.25 +f1.9 +f1.D +f2
+f25 +f25+f2D +f23

In order to calculate the areas under the curves of the three functions we should be
able to use this formula.
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We'll start with the function y = [;)

First we have to calculate the y-values in order to get the heights of the trapeziums by
inserting the x-values into the formula.

25 =(2'25j3=32
f25 =(225 3:3\/§

ram =[22] -5
o 3f-

Now, we put those values into the general formula in order to find the approximate
2

3
area under the curve y = (;j :

n

A=b_a(f2a +fhu—-1+a+fhu,-1+al +fhu,-1+a +f2b)

Inserting the values gives us the following:
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1 9

3 — 3 —

A:E 74+3§+32+3£+1+3&+3é+3m7+74
8 2 Ve Vb Ve Vet Vb6 Ve 2

To solve the value in the bracket, we’ll use the GDC giving

A=0.25(7.92)

A=1.98 uis *

We’ll continue with the function y = ox
Vx®+9

First we have to calculate the y-values in order to get the heights of the trapeziums by
inserting the x-values into the formula.

91 9
fl :f a = = —
P+9 J0O
15 = 91.5 _ 11.%5
V1549 V0.8
715 = 91.5 _ B.5
V1549 2.3
175 = 91.5 _ 5.5
V15349 JB.®
;1 92 B
V29 T
25 = 925 _ 0.5
V23719 VD3
125 = 925 _ 2.5
V2549 .8
127 = 927D _ 24P
V2519 VDT
93 i
f3=/b= ==
349 VB
Now, we put those values into the general formula in order to find the approximate
9x
area under the curve y = :
vx*+9

A=b_a£fa +fhu-1+a+fhu,-1+al +fhu,-1+a +f2bJ

A:b_a(f1+fl.5 +f15+f1D +f2+f2>5 +f25+f2D +f23j
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Inserting the values gives us the following:

9 7

A:3—1 \/EJF 1.5 N B.5 5.5 B D> 2.5 248 +J§

+ + + + +
81 2 Vo® Vv Ju®» Jr JVom Jae VW 2

To solve the value in the bracket, we’ll use the GDC

A=0.25(32.98)
A=8.245 uis *

We will continue with the function y =4x’ - B x> +H x - B

First we have to calculate the y-values in order to get the heights of the trapeziums by
inserting the x-values into the formula.

fl=fa=41"-31"+H1-B =3

15 =415 °-31%5 +4 135 -8B =3.85
f15=415"-B315"+49 15 -8B =35
f1B =415 -3 1.5 *+H 1.5 -B =3
f2=42"-32+H2-B=2

25 =423 -B 2% +H 2> -B =115
[25=425"-B25+425-8B =075
2B =425 =827 +H 2D -8B =15

f3=fb=43"-B33+4H3-8B=3

Now, we put those values into the general formula in order to find the approximate
area under the curve y=4x’ - B x> +Hx-B :

A:b_a£f2a+fhul—l ta+fhu,~1+al +fhu,~1+a +f2bJ
n

_b-a
n

A (f21+f1.25 +f15+f1D +f2+f2>5 +f25+f2D +f23j

Inserting the values gives us the following:

A:38_1(;+3.875 +3.D +3+2+1. 5 +0.D +1.5 +;j

To solve the value in the bracket, we’ll use the GDC

A=0.25(18.75)
A=4.69 uits *
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We are now trying to find the area under the curves of the last three functions using
integration:

2

. . 3(x )3
We’ll start with finding .[1 (2) &
2 2

3(x )3 3| x3 1 . .
.[1 (] = J; — | Now we can exclude —- from the integration.

2 23 23

5 3
) 2 s s

IS OE P P T | EEE _m (1)33:-3

24 Y4) 5 Va4 )| s 5 V4 5

1
Using the calculator at this point gives us the following solution
=1.98 units"2 (3sf)

This solution matches with the solution using trapeziums. We can therefore state that
the trapeziums give a quite accurate solution if we use enough trapeziums.

9x

Vvx*+9

Since integration seems not to be possible to solve with our current knowledge we
will use the calculator to solve it.

We’ll continue with finding .[1 3(

. . 3 9x .
Below we can see the way to calculate the integration of ( Jdc using the
J.l Vx® +9
GDC.
Press MENU

-> Press “Right Arrow” 4 times
(Opening the menu GRAPH)
->Press EXE

> Type O%)/(y/ ((x*)9))

-> Press F6 to draw the graph
->Press SHIFT,

Then F5,

Then F6,

Then F3

-> Press “Right Arrow” 10 times
-> Press EXE

(Confirming the lower x value, a)
-> Press “Right Arrow” 20 times
-> Press EXE
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(Confirming the upper x value, b)

Now we can see a graph with a shaded area, the area under the curve, between x=a
and x=b

->The calculator gives us the answer:

A =8.25973122425 units"2 or
A =826 (3s)

The answer using the trapezium was A=2.245 units"2, converting it to 3sf gives 2.25
which differs only 0.01 units"2 from the answer using the GDC for integration.

We’ll now continue with finding f 4 -Bx*+Dx—B &

3
J.l3 4 - Bx*+Dx-B & = [x4—2§x3+$x2—18x} =

1
[81 —% 7 +18 —54}—[1—?%0 —18} 0-—46
— 4.6 uis > 3

This solution differs 0.2 units*2 from the solution using 8 trapeziums which was 4.69
units”2. This is still quite accurate but not as accurate as the two ones before. As we
see in this graph there are some points where there is too much area over or too less
area under the curve taken into account by the trapeziums. But why is it still that
accurate?-Because in this case the inaccuracies nearly offset each other.
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Furthermore, if you look at the three graphs one after another you can see a
development.

(i)

y=4x-Bx*+Hx-B

We can see that the parts of the curves calculated for the area under the curve differ a
lot from each other. On the first graph this part is nearly straight; hence changing the
amount of trapeziums shouldn’t change the accuracy much.
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W

On the next graph, only 2 trapeziums are used for y = (;j

Using two trapeziums autograph gives a result of 1.97 units"2 which differs 0.01
units”2 from the result using integration, 1.98 units"2. This shows that if we are

calculating the area under quite straight lines, accurate results can also be got using
few trapeziums.

We will clarify this on the graph of y=x, a straight line, we’ll only use one trapezium:

Autograph gives us 4 units"2 as a result for the area under the curve. This exactly
matches the result using integration, 4. Therefore, if we are calculating the area under
a straight line, one trapezium is enough.

On the second graph, y = , the calculated part lies directly on a maximum

9x
Vx® +9
turning point; therefore using less trapeziums should affect the accuracy quite a lot
since the line is not straight.
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9x

vx*+9

On the next graph, only two trapeziums are used for y =

G : !

Using two trapeziums autograph gives a result of 8.039 units"2 which differs
0.221 units” from the result using integration, 8.26. This shows that when we are
calculating the area under a turning point the result becomes quite inaccurate using
less trapeziums.

As another example for a graph with one SP we are going to use the graph y=x"2:
We are calculating the area under the curve from x=-2 to x=2.

The result using 8 trapeziums is A=5.5 units"2. The result using integration is
A=5.333...; we can see here that it’s already quite inaccurate to use 8§ trapeziums. It
should get even worse using less trapeziums.

Now we are going to use two trapeziums to approximate the area.
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Using two trapeziums, Sunits”2 is the result we get for the area under the curve. The
difference to the result using integration is more than 2.5. Here we can see that our
general formula can fail quite badly if the wrong number of trapeziums is used.

We would have to use more trapeziums to get an accurate result.
Now we are going to use 100 trapeziums:

The result we get using 100 trapeziums is A=5.334 units"2. This result can be
described as accurate enough. But still, it’s going to take way to much some time to
calculate the area with our general formula since we would have 101 heights to
calculate.

On the third graph, y =4x’ —3 x* +4 x -8 , the calculated part is including two
turning points, a maximum and a minimum.

On the following graph, only two trapeziums are used for y =4x’ — B x* + 4 x - B

Using two trapeziums autograph gives a result of 5 units 2 which differs 0.33 from
the result using integration, 4.67 units"2 . This shows us that calculating the area
under even two turning points the result becomes very inaccurate using les trapeziums.

To clarify we are going to use the example of the curve y=10sinx.

We are going to calculate the area under the curve between x=0 and x=10, therefore
we include 3 SV’s into our calculation. First we are going to approximate the area
using two trapeziums:
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The result for the area using two trapeziums is -61.55 , whereas the result using
integration (GDC) is A=18.39 units"2. Here we can see even more clearly that using
to few trapeziums can result in a totally wrong answer.

Now we are going to try to approximate the area under the curve using 20 trapeziums.

The result using 20 trapeziums is 18.01units"2 which still differs about 0.4 units"2
from the result using integration. We can see that the more SV’s are included in the
calculation, the more trapeziums are needed to get an accurate result. We would need
at least 150 trapeziums to get the accurate result as shown in the next graph:
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Furthermore it’s not possible to use the trapezium rule for the equation y=x"-1

If we want to calculate the area under the curve from for example x=-1 to x=1 the
result is invalid. This is because the two parts of the curve never touch x=0; they get
closer and closer but never touch it. Therefore it’s not possible to calculate the area
under the curve of y=x"-1.

Concluding we can say that the more turning points are included in our calculation of
the area under a curve the more trapeziums are needed to give a decent approximation.
That means that our general formula can give a very inaccurate, even a completely
false result if it’s used in the wrong way and too few trapeziums are used. Therefore,
the formula always has to be adapted at the shape of the graph; if the graph is a
straight line, it’s sufficient to use only one trapezium. But if the area under the curve
includes many stationary values, many trapeziums are necessary to produce an
accurate approximation as seen in the last example.

In the end we can state that the accuracy of our general formula depends on the shape
of the graph. However even quite complex curves with more than one turning point
can be solved accurately using enough trapeziums; the more trapeziums we use the
more accurate result we get. But nevertheless, it takes way too much time to calculate
100 or even more trapeziums with our formula. Therefore we can say that our formula
is not suitable for the calculation of the area of curves with more than two stationary
values.



