Mathematics Portfolio
Type |l

Description

A geometric population model takes the form #_ . =7.U,, where r is the growth factor and u, is

n+l
the population at year n. For example, if the population were to increase annually by 20%, the
growth factor is » = 1.2, and this would lead to an exponential growth. If » = 1 the population is
stable. A logistic model takes a similar form to the geometric, but the growth factor depends on
the size of the population and is variable. The growth factor is often estimated as a linear
function by taking estimates of the projected initial growth rate and the eventual population.

Part 1
Information which has been given in Part I: -

a) 10,000 fishes are introduced into a lake

b) The population increase if 10,000 fishes are introduced into the lake would be by 50% in
the first year.

¢) The long term sustainable limit in this case would be 60,000

It has been given that the geometric population growth model takes the form u,,, =r.u, . Now,
if we have to find out the ordered pair (u,7y): -

e It is mentioned in the description that u, is the population at year n. Therefore, uy will be
the population at year 0, or the initial population of the lake which is 10,000.

Therefore, up= 10,000 e (1)

e ris the growth factor as mentioned in the description. As the population would increase

by 50% in the first year, so rp=1+1 x%

=1405
=15 e )

So the first ordered pair (ug,79) as shown in (1) and (2) would be (710000,1.5).

Candidate Name: - Sanchit Ladha
Candidate Session No.: -1070-006 1




‘ Marked by Teachers

Now, if we have to find out the ordered pair (u,, 7,): -

e [t is given in the question that u, = 60,000.

Therefore, u, = 60,000 3)

e r is the growth factor as mentioned in the description. As found out in (3) that u, =
60,000 which shows that the population has reached its long term sustainable limit where
population is stable.

Therefore, r, =1 4)
So the second ordered pair (u, , 7,) as shown in (3) and (4) would be (60000,1)
A general linear equation has the form (y-y;) = m(x-x;)

where y and x are variables, y; and x; are the coordinates of a point on the curve and m is the
slope of the curve. To find this equation we shall first find the slope ‘m’ : -

o Rize
The slope of a curve is given by =
Run
That is, the slope = Boh
-X

2 1
As we have found two ordered pairs (ug,7g) and (u, , r,) where: -

Up :X] = 10,000
ro = Y] =1.5
u, = X> = 60,000
ry = Y2 =1
Substituting these values in the formula for slope we get —2— ho_ =13 =05
X,-X, 60000-10000 50000
=-1x107

Also, we have one pair of coordinates, that is, (1, ry) = (10000, 1.5) which is equal to (x;, y;).
Substituting all these values in the general linear equation, we get : -

(y— 1.5)=-1x 10”(x -10000)
y—1.5=-1x10"x+1x 10"
y=-1x10"x+1.6

Here, the variable y can be replaced by r, which represents the growth factor at some year n and
the variable x can be replaced by u, which represents the population at some year n. Therefore,
the equation for the linear growth factor in terms of u, will be: -

o= (-1x10")u, + 1.6
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The equation of the linear growth factor in terms of u, can be also be found out by entering the
ordered pairs (10000,1.5) and (60000,1) in the STAT mode of the GDC Casio CFX-9850GC
Plus. The STAT view looks as follows:-

Lizt I|Lizt g|List J|List Y|
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The graph obtained is as follows: - Th.e !mear relation of the ordered
pair is also shown:-
LinearkEea
a =-1.g-85
b =1.&
r_=-1
=1
»=ax+h
EN IS COFT [DRAL

In the linear relation found,  is the slope m = -1 x 10° and b = y intercept = 1.6

Note: - In all these linear relations obtained from the GDC, we shall take a = m or the slope
and b = y intercept.

Also, note that y = r, and x = u,, as the variable y can be replaced by r, which represents the
growth factor at some year n and the variable x can be replaced by u, which represents the
population at some year # as inferred from the ordered pairs also.

Therefore,

re=(-1x10")u,+ 1.6
where;

u, = Population of fish in the lake at some year #.
r» = Population growth rate of fish in the lake at the same year 7.

Part 2

The logistic function model for u,+; will be a recursive function in terms of u,. We can find out
this recursive function using the initial description and our observations in Part 1.

As given in the description, the population growth model takes the form u,+; = r,..u,, . Replacing
r, with the equation of the linear growth factor (r, = (-1 x 10”)u, + 1.6) found in Part I, we get
the following function: -

s = [(-1 x 10”)u, + 1.6]. uy,
=(-1x 107) u,’ + 1.6u,
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Thus, the logistic function can be modeled by the following recursive function: -
Uss = (-1 x 107°) u,” + 1.6u,

The graph obtained is as follows:- Window settings for the graph: -

Ligw Window

TEES
scalei?
Ymin
max = hIEEE
gcalet 1HARAE
..................... [THIT [TRIG[ETD RN IEW

Part 3

Entering the recursive logistic function found in Part 2 in the RECUR mode of the GDC Casio
CFX-9850GC PLUS, we can find the values of the population over the next 20 years. This can be
done by setting the range from 0 to 20. Thus, the following table is obtained: -

n+l Un+1 n+l Un+1

Table Range ntl 0 10000 10 59772
o 1 15000 11 59908

: 2 21750 12 59963

o ;éEEEE 3 30069 3 59985
ISt 4 39069 14 59994
brStri@ 5 47246 15 59997
ERED 6 53272 16 59999
7 56856 17 59999

8 58643 18 59999

9 59439 19 59999

20 59999

The following line graph is obtained using the GDC Casio CFX-9850GC Plus, which is as
follows: -

LI1ew Window

max
=cale: 1HAEEA

..................... [THIT TRIG[EZTD

Window settings for the graph
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Part 4

As speculated by the biologist, if the initial growth rates vary considerably, then the ordered pair
(ug, rg) will change accordingly.

e when initial growth rate ry =2

The ordered pair (uy, ry) for the first pair when the predicted growth rate ‘»* for the year is 2 will
be (10000, 2).

(un, v,) = (60000, 1) according to the description.

We can get the equation of the linear growth factor by entering these sets of ordered pairs in the
STAT mode of the GDC Casio CFX-9850GC PLUS. The STAT mode looks as follows: -

|Ligt I|Lizt B|List 3| List U

i| 10000 g

2| soooo| D

3

y

: 1
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Thus, we obtain a linear graph which can be modeled by the following function: -

Linearkea
a =-Z2.e-85
b 2

r oo
reE=1
»=ax+th

| = [Med 2 a3 =y ] COFY [DRAL

Therefore,

y=(2x10")x+22

Here, the variable y can be replaced by r, which represents the growth factor at some year n and
the variable x can be replaced by u, which represents the population at some year n. Therefore,
the equation for the linear growth factor in terms of u, will be: -

o= (-2x 10°)u, + 2.2

Now, to find the recursive logistic function, we shall substitute the value of r, calculated above
in the following form u,, /= r,.u,

s = [(-2 x 10”)u, + 2.2]us,

=(-2x 10”)u,” + 2.2u,
To find out the changes in the pattern, let us see the following table which shows the first 20
values of the population obtained according to the logistic function u,+;= (-2 x 10™)u,” + 2.2u,
just calculated: -
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n+l Upig n+l Unti
0 10000 10 60000
1 20000 11 59999
2 36000 12 60000
3 53280 13 59999
4 60440 14 60000
5 59907 15 59999
6 60018 16 60000
7 59996 17 59999
8 60000 18 60000
9 59999 19 60000
20 60000

The above tabulated data is represented by the following logistic function: -

Viey Window

max
scale

min
mar EZEEE
scale: 1HEEA

..................... [THIT [TRIG[ETO RN W

Window settings for the graph

Here, from the table and graph we can observe how the population rapidly grows beyond the
sustainable limit (which is 60,000) to 60440 within 4 years itself but then comes down below
60000 to 59907 in the successive year. Such an increasing and decreasing trend in the population
is observed in the following years although the population seems to come closer to the
sustainable limit, i.e 60000 all the time. In the 8" year, the population is exactly at its sustainable
limit and henceforth, the population stabilizes by only varying slightly until the 18" year.

e when the initial growth rate rp = 2.3

The ordered pair (uy, 7p) for the first pair when the predicted growth rate ‘7’ for the year is 2.3
will be (10000, 2.3).

(i, 7) = (60000, 1) according to the description.
We can get the equation of the linear growth factor by entering these sets of ordered pairs in the
STAT mode of the GDC Casio CFX-9850GC PLUS.

The STAT mode looks as follows: -
[List IList aList 3[List y

1| 10oog) 2.3
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4
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Thus, we obtain a linear graph which can be modeled by the following function: -

Linearkesa
a =-2.5E-HE5
b =2,56
ro=-1
ré=1

»=gx+h

| ® [Med [Hag [xag oy [ COFY [DRAL

y=(-2.6x107)x +2.56

Here, the variable y can be replaced by r, which represents the growth factor at some year n and
the variable x can be replaced by u, which represents the population at some year n. Therefore,
the equation for the linear growth factor in terms of u, will be: -

o= (2.6 x 10”)u, +2.56

Now, to find the recursive logistic function, we shall substitute the value of r, calculated above
in the following form u,+; = ry.uy
Unss = [(-2.6 X 10”)u, + 2.56]uy,

=(-2.6 x 10™)u,” + 2.56u,
To find out the changes in the pattern, let us see the following table which shows the first 20
values of the population obtained according to the logistic function u,+;= (-2.6 x 10™)u,’ +
2.56u,, just calculated: -

ntl Upnig n+l Un+i
0 10000 10 59952
1 23000 11 60026
2 45126 12 59985
3 62577 13 60008
4 58384 14 59995
5 60837 15 60002
6 59513 16 59998
7 60266 17 60000
8 59848 18 59999
9 60084 19 60000
20 59999

The above tabulated data can be represented by the following logistic function graph: -

Uigw Window

max =

scaleid

Ymin A

max eSEEE
=cale: 1HEEA

[THTT MRIGIETD

Window settings for the graph
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Again, the table and graph show how an initial growth rate of more than 2 makes the population
grow rapidly beyond the sustainable limit (which is 60,000) to 62577 within 3 years which is
more rapid and higher than when the growth rate is 2. In the successive year, the population falls
to 58384 yet it again rises in the next year. Such a trend of increase and decrease in the
population goes on till the 17" year. Also as a result of a higher initial growth rate, it takes more
timhe for the population to become stable at the sustainable limit of 60,000. This is reached in the
17" year.

e when the initial growth rate, rp = 2.5

The ordered pair (uy, ry) for the first pair when the predicted growth rate ‘7’ for the year is 2 will
be (10000, 2.5).

(un, 1) = (60000, 1) according to the description.

We can get the equation of the linear growth factor by entering these sets of ordered pairs in the
STAT mode of the GDC Casio CFX-9850GC PLUS. The STAT mode looks as follows: -

[List IfList B List | List U
|ooon -]
0000

1
[FHT [GFHE [GFAS
Thus, we obtain a linear graph which can be modeled by the following function: -

LirnearkEea

| #  [Med o8 =3 [ ] COFY |DEAL)
y=(3x10")x+2.8

Here, the variable y can be replaced by r, which represents the growth factor at some year n and
the variable x can be replaced by u, which represents the population at some year n. Therefore,
the equation for the linear growth factor in terms of u, will be: -

Fp=(-3x 10”)u, + 2.8

Now, to find the recursive logistic function, we shall substitute the value of r, calculated above
in the following form u,; = r,.u,
Un+s = [(-3 X 10, + 2.8]u,

=(-3x 10%)u,” + 2.8u,
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To find out the changes in the pattern, let us see the following table which shows the first 20
values of the population obtained according to the logistic function u,+;= (-3 x 10”)u,” + 2.8u,
just calculated: -

n+l Upig n+l Upig
0 10000 10 58980
1 25000 11 60784
2 51250 12 59354
3 64703 13 60504
4 55573 14 59589
5 62953 15 60323
6 57375 16 59737
7 61892 17 60207
8 58378 18 59382
9 61218 19 60133
20 59893

The above tabulated data can be represented by the following logistic function graph: -

Liew Window

max =
scaletd
Ymin @
max TEEEA
scale: 16EEA
..................... [IHIT TRIG[ETD

The table and graph confirm how higher growth rates above 2 lead to less stability in population.
Here, the variance from the long term sustainable limit (which is 60000) is much more (64703 in
the 3" year) compared to when the initial growth rate was 2.3 or 2. The successive year sees a
similar larger fall to 55573 in population compared to the other two cases. Consequently, the
table confirms how a high initial growth rate leads to longer time for the population to stabilize
at the long term sustainable limit. In this case, it is not attained in the first 20 years. Rather, upon
further calculations we can find out that the population becomes stable at the long term
sustainable limit in the 41* year compared to the 17" year when the initial growth rate is 2.3 .

Part 5

Let us see what happens when the initial growth rate is 2.9

The ordered pair (uy, 7y) for the first pair when the predicted growth rate ‘7’ for the year is 2 will
be (10000, 2.9).

(un, 7,) = (60000, 1) according to the description.

We can get the equation of the linear growth factor by entering these sets of ordered pairs in the
STAT mode of the GDC Casio CFX-9850GC PLUS.
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Thus, we obtain a linear graph which can be modeled by the following function: -
LinearRes
a =-3,8e-H3
b =3,28
ro=-1
rE=1
¥=axth
[ [Med g g [ [ o COFY [DRALI

y=(-3.8x107)x +3.28

Here, the variable y can be replaced by r, which represents the growth factor at some year n and
the variable x can be replaced by u, which represents the population at some year n. Therefore,
the equation for the linear growth factor in terms of u, will be: -

ra=(-3.8x 10”)u, + 3.28

Now, to find the recursive logistic function, we shall substitute the value of r, calculated above
in the following form u,+; = r,.u,
Un+s = [(-3.8 X 10”)u, + 3.28]u,

=(-3.8 x 10)u,” + 3.28u,

To find out the changes in the pattern, let us see the following table which shows the first 20
values of the population obtained according to the logistic function u,+;= (-3 x 10™)u,” + 2.8u,
just calculated: -

n+l Uil n+l Uil
0 10000 10 70738
1 29000 11 41872
2 63162 12 70716
3 55572 13 41919
4 64922 14 70720
5 52779 15 41910
6 67261 16 70719
7 48701 17 41911
8 69611 18 70719
9 44187 19 41911
20 70719
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The above tabulated data can be represented by the following logistic function graph: -

View Window

EF
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Window settingsfor the graph

We can infer from the data in the table and the graph how a high initial growth rate of 2.9 can
lead to fluctuating populations every year. The long term sustainable limit of 60,000 is crossed at
the end of the 2™ year itself, becoming 63162. But, in such a case, the environment (in this case
the lake) cannot withhold such a population and thus there are a lot of fishes either dying out or
migrating in the subsequent year which reduces the population to 55572. Yet, again in the next
year, due to high growth rate, the population reaches well above even 63162 to 64922. Such a
fluctuating trend is observed in the succeeding years until the end of the 16" and 17" year during
and after which the population fluctuates between 70719 and 41911.

Part 6

To initiate an annual harvest of 5000 fishes, let us first find out at what point the fish population
stabilizes when the initial growth rate, » = 1.5.

The following table shows the growth in the population over the first 20 years taking » = 1.5 and
thus making use of the following recursive relation as found out in Part 2:-
Unsr = (-1 x 107) u,” + 1.6u,

In this relation, the starting population is the initial population uy = 10000.

n+l Upil n+l Up+q
0 10000 10 59772
1 15000 11 59908
2 21750 12 59963
3 30069 13 59985
4 39069 14 59994
5 47246 15 59997
6 53272 16 59999
7 56856 17 59999
3 58643 18 59999
9 59439 19 59999
20 59999
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Here, we see that the population reaches a stable point, when » =/ at the end of the 16" year.
According to the question, we shall initiate the harvest of 5000 fishes every year from this point
onwards. The following changes are made in the original recursive relation:-

1. The starting population is taken to be 59999
2. In the relation u,+; = (-1 x 107%) u,” + 1.6u, , we subtract 5000 as this is the number

which is removed every year. Thus, the new relation becomes
tner = (-1 x 107) u,” + 1.6u, — 5000

It should be noted that although the start population or u is taken to be 59999, the starting year is
the 16™ year.

Entering these values in the RECUR mode of the GDC Casio CFX 9850GC Plus, we get the
following table:-

n+l Upt n+l Upig
Tahle Range ntl 16 59999 26 50041
Lart 17 54999 27 50024
a0 159999 18 52749 28 50014
0 19 51574 29 50008
i 20 50919 30 50005
EGET 21 50543 31 50003
22 50323 32 50001
23 50192 33 50001
24 50115 34 50000
25 50069 35 50000

We see that there is a declining trend in the fish population with an annual harvest of 5000 fishes
when the growth rate is 1.5. However, it should be noted that with this annual harvest, the
population finally stabilizes in the 34™ year when it becomes 50000.

The graph is as follows: -
Ui Wipdcow

max_ :
scalet?
1]

Ymin
max i THEEA
scale: 1HEER
..................... [IRIT FRIG[ETD

Window settings for the graph

Thus, we can conclude that it is feasible to initiate an annual harvest of 5000 fishes once the
stable population of 59999 is reached in the 16™ year with the growth rate being 1.5.

Initially, a declining trend in the fish population is observed as 5000 fishes are harvested every
year. Yet, from the 34™ year onwards, we observe that the new stable fish population becomes
50,000 with an annual feasible harvest of 5000 fishes.
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Part 7

Taking the same model in which the growth rate » = 1.5, we shall investigate other harvest sizes.

n+l Upig n+l Upig
0 10000 10 59772
1 15000 11 59908
2 21750 12 59963
3 30069 13 59985
4 39069 14 59994
5 47246 15 59997
6 53272 16 59999
7 56856 17 59999
8 58643 18 59999
9 59439 19 59999
20 59999

e When the harvest size = 2500 fishes

We shall initiate the harvest of 2500 fishes after the 16™ year when the population stabilizes at
59999. The following changes are made in the original recursive relation:-

1. The starting population is taken to be 59999
In the relation u,+; = (-1 x 10°) u,” + 1.6u, , we subtract 2500 as this is the number
which is removed every year. Thus, the new relation becomes
Upss = (-1 x 10) w,” + 1.6u, — 2500

Entering these values in the RECUR mode of the GDC Casio CFX 9850GC Plus, we get the

following table:-
n+l1 Uptl n+l1 Upt]
16 59999 26 55498
Cable B o 17 57499 27 55496
T 18 56437 28 55495
nd 19 55048 29 55495
159393
E:sn:% 20 55715 30 55495
A H
analrid 21 55602 31 55495
EDED 22 55547 32 55495
23 55520 33 55495
24 55507 34 55495
25 55501 35 55495
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The graph is as follows: -

View Window

max =

scalet?
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mar = THEER
scale: 1HEER
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We see that when the annual harvest is 2500, there is a declining trend which stabilizes quite
early, that is from the 28" year onwards compared to when the harvest is 5000 fishes. Also, the
new stable population, 55495 is higher compared to when the harvest if 5000 fishes.

Thus, we can conclude that it is also feasible to initiate an annual harvest of 2500 fishes and the
new stable population would be achieved from the 28" year onwards as 55495.

e  When the harvest size = 7500

We shall initiate the harvest of 7500 fishes after the 16" year when the population stabilizes at
59999. The following changes are made in the original recursive relation:-

1. The starting population is taken to be 59999
In the relation u,+; = (-1 x 10°) u,” + 1.6u, , we subtract 7500 as this is the number
which is removed every year. Thus, the new relation becomes
s = (-1 x 10”) w,” + 1.6u, — 7500

The table settings are as follows: -

Tahle Range n+l

h
a0 ]
bo i@
anSlri

brStr: @
EDEDR
Entering these values in the RECUR mode of the GDC Casio CFX 9850GC Plus, we get the

following table:-

2993

n+l Upri ntl Upti n+l Upti ntl Upti
16 59999 26 42774 36 42278 46 42249
17 52499 27 42642 37 42270 47 42248
18 48937 28 42544 38 42265 48 42248
19 46851 29 42470 39 42260 49 42248
20 45511 30 42415 40 42257 50 42248
21 44605 31 42374 41 42255 51 42248
22 43972 32 42342 42 42253 52 42247
23 43520 33 42319 43 42251 53 42247
24 43192 34 42301 44 42250 54 42247
25 42951 35 42288 45 42249 55 42247
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The graph is as follows: -

ey Wirndow
max i

Exﬁ_ scaledl
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scaleil
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The above table and graph show that when the harvest is as high as 7500, the population has an
increasing decreasing trend compared to when the harvest size is 5000. Also, the population does
not seem to stabilize by the 35 year. By further investigating, the stable population is found to
be in the 55" year.

Thus we can conclude that it is also feasible to initiate an annual harvest of 7500 fishes even
though the stable population is lower than when the harvest size is 5000.

e When the harvest size = 4000 fishes

We shall initiate the harvest of 4000 fishes after the 16" year when the population stabilizes at
59999. The following changes are made in the original recursive relation:-

1. The starting population is taken to be 59999
In the relation u,+; = (-1 x 10'5) u,” + 1.6u, , we subtract 4000 as this is the number
which is removed every year. Thus, the new relation becomes
Un+s = (-1 x 107) u,” + 1.6u, — 4000

Entering these values in the RECUR mode of the GDC Casio CFX 9850GC Plus, we get the
following table:-

n+l Un+1 n+l Up+1
16 59999 26 52375
Tahle Range n+l 17 55999 27 52369
s 18 54239 28 52365
E: 539999 19 53364 29 52363
EHETT:?E g 20 52905 30 52362
rall s 21 52658 31 52361
[aeTar 22 52524 32 52361
23 52451 33 52360
24 52410 34 52360
25 52388 35 52360
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The graph is as follows: -

Ligw Windaw
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The above table shows that when the harvest is 4000, the population has a less decreasing trend
compared to when the harvest size is 5000. Also, the population stabilizes by the 33" year, an
year earlier than when the harvest size is 5000.

Thus we can conclude that it is also feasible to initiate an annual harvest of 4000 fishes and the
stable population is higher than when the harvest size is 5000.

e  When the harvest size = 10000 fishes

We shall initiate the harvest of 10000 fishes after the 16™ year when the population stabilizes at
59999. The following changes are made in the original recursive relation:-

1. The starting population is taken to be 59999
In the relation u,+; = (-1 x 10°) u,” + 1.6u, , we subtract 10000 as this is the number
which is removed every year. Thus, the new relation becomes
i1 = (-1 x 10°) u,” + 1.6u, — 10000

The table settings are as follows: -
Table Ranae n+l
Star-tif
=L i
ko e
amsLrig
[at=18 o
IEEREL
Entering these values in the RECUR mode of the GDC Casio CFX 9850GC Plus, we get the
following table:-

n+l 7 H n+l1 Uil n+l1 Upil
16 59999 26 31204 37 18779
17 49999 27 30190 38 16520
18 44999 28 29189 39 13703
19 41749 29 28183 40 10047
20 39369 30 27150 41 5066
21 37491 31 26068 42 -2150
22 35930 32 24914
23 34578 33 23655
24 33368 34 22253
25 32255 35 20653
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The graph is as follows: -

Licw bWindow

I [IHIT[TRIG[ETD

The above table and graph shows that when the harvest is as high as 10000, the population has
an increasing decreasing trend compared to when the harvest size is 5000 or even 7500. The
population does not stabilize at all, and in fact, dies out by the 42™ year when the value as shown
by the calculator is -2150, and when the curve crosses or cuts the x-axis, indicating that the
population is extinct or has died out.

Thus we can conclude that it is not feasible at all to initiate an annual harvest of 10000 fishes.

Part 8

We shall use the ‘Hit and Trial” method to find out the maximum annual sustainable harvest by
examining different harvest sizes: -

The same methods shall be employed as in Part 7 for different harvest sizes, that is: -
1. The starting population is taken to be 59999
In the relation u,+; = (-1 x 107) u,” + 1.6u, , we subtract x which is the harvest size taken
in the particular case and is removed every year. Thus, the new relation becomes
up+; = (-1x 10'5) u,> + 1.6u, — x
e We start by taking the harvest size, x = 7500
The new recursive function becomes u,+; = (-1 X 107 ) unz + 1.6u,, — 7500 which we shall enter in

the RECUR mode of the GDC Casio CFX-9850GC Plus. We have used the same table range as
in Part 7.

Ligw Window

"'\,H___ max =
=caleil

Yminm 10808

max THEEE
scaleil
......................................... [THIT FRIG[ETD

As found out already in Part 7, the population stabilizes in the 52" year at 42247.
Thus, there is scope for a higher harvest.
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e Next, we take the harvest size, x = 8500

The new recursive function becomes u,+; = (-1 X 107 ) unz + 1.6u, — 8500 which we shall enter in
the RECUR mode of the GDC Casio CFX-9850GC Plus.

Table Rarnae n+l
Start:d
End &3

The graph is as follows: -
Ligw Window
EETE
I\x__ scaledl
Ymin = 1EEEE
max_ = THAEA

scaleil
........................................................... [THIT FRIG[ETD

It is observed that the population stabilizes from the 75" year at 37071.
We can try further higher values.

e  When the harvest size, x = 9500
The new recursive function becomes u,+; = (-1 x 107) u,” + 1.6u, — 9500 which we shall enter in
the RECUR mode of the GDC Casio CFX-9850GC Plus. The table settings are: -

Table Eanae fi+l

tarti
End 1328
an 59999
ansLrs
brStrifA
aear
The graph is as follows: -

Liew Window
max
scale:l

“Yminn = -SEEE
max = TEHEEA
=caleil

: [TRIT RIG[EZTD

From the graph we see that the curve crosses or cuts the x-axis which indicated that the
population dies out or becomes extinct during the 54™ year.
Therefore, we should try lower values.

e  When the harvest size, x = 8900
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The new recursive function becomes u,+; = (-1 x 10° ) u,> + 1.6u, — 8900 which we shall enter in
the RECUR mode of the GDC Casio CFX-9850GC Plus. The table settings are as follows: -

Tahle Range n+l

3] H
ag 139999
b 1]

anste:

brStriA

EDEN

The graph is as follows: -
Ujcw Window
max =
cale:l

Ymin = 1lEEEA
mar | TEEEA
scaletl
[IHIT FRIG[ETD

It is observed that the population becomes stable only after the 150" year.
We can try slightly higher values.

e  When the harvest size, x = 9100
The new recursive function becomes u,+; = (-1 x 10°) u,” + 1.6u, — 9100 which we shall enter in
the RECUR mode of the GDC Casio CFX-9850GC Plus. The table settings are as follows: -

Table Ranae n+l

The graph is as follows: -

Uigw Window

max
scalesl
Yminm i -5E8A
max = THEAA

scalesl
I * [IHIT [TRIG[ETD

It is observed that the population dies out and becomes extinct during the 109™ year.
Thus, the maximum sustainable harvest size must be somewhere between 8900 and 9100.

e Let us try with the harvest size, x = 9000

The new recursive function becomes u,+; = (-1 x 10°) u,” + 1.6u, — 9000 which we shall enter in
the RECUR mode of the GDC Casio CFX-9850GC Plus. The following are the table settings: -
Candidate Name: - Sanchit Ladha
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Tahle Range n+l

h
Ao 9999
a:SLP
brStes

ERIED

]
B
5
]

The graph in the range 700™ and 800™ year is as follows: -

Ligw Window

max =
scalei]
Ymin A
max  eEEEE
scaleil

[THIT TRIG[ETC EiP ChEN

Let us also see some of the table values in this range: -

el dn+l

nl An+1 ntl Ant1 nt 1 An+
,_m: :g::l'] o a0 BT i g1 amiay
30133 el 30126 198 30123
o2 301u0 g 30133 TE2 30126 199 30123
3 3010 ENTEES h:ERENTE T a3miea

TEE T43 TEA 2EE
[FAEICEL WEE G-COH[GFLT [Form [0 [WEE F-Con[GFLT [FoRt (0P [WEE G-Con[G-FLT [FoRr [P [WEE E-CoH [G-FLT

These values show that the population is decreasing in this range but at a very slow rate.
Therefore, let us see whether the population becomes extinct during the 1700™ and 1800 year:-

Lliew Window

max H

Also, some of the table values in this range are: -

n Aned N+l Ans 1 n Ant 1 Nl An+a

T 30062 T  aoos0 IET 30058 IEE aoose
1601 30062 1641 30060 IGA1 30059 1698 30058
1602 30062 IGY2 30060 IGAZ 30059 1699  30nsA
1603 30062 16Y3 30060 IGA3 30059 100 30058

16868 164H 1626 1697
IETAZICEL J [WEE G-CoH [G-FLT [Fokri (WP WEE R-CoR[GFLT [FoRH [P [WEE F-CoH [G-FLT [FoRM [P WEE G-CoH [GFLT

The graph and these values above again show that the population is more or less stable between
high years between the 1600™ and 1700™ year.

It is seen that the population does not die out even beyond the 1700™ year or so. Moreover, the
rate of decreasing of the population keeps on decreasing. Hence, we can assume that the
population eventually becomes stable.

e To prove that 9000 is the maximum annual sustainable harvest, we shall check whether
Candidate Name: - Sanchit Ladha
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the population dies out or not when the harvest size, x = 9001

The new recursive function becomes u,+; = (-1 x 107) u,” + 1.6u, — 9001 which we shall enter in
the RECUR mode of the GDC Casio CFX-9850GC Plus. The table settings are as follows: -

Table Eanae fi+l

ETR=1 A
brSLriA
-EC-I-EII

The graph between the 1% year and the 100" year is as follows: -

Ligw Window

max
EEEIE 1
VYmin @
max ?EEEE

|HI | r-tI GETD B

The following graph shows the values from the 950" to 990" year: -

i Wifndow

[EES =§EEE
scaleil

Ymin  f-11612.963
max -4838? a9eT

% =calet
[IHIT FRIG |5Tl:l

The population is found to die out during the 1003™ year which proves that 9000 is the maximum
sustainable harvest which is possible.

Part 9

Using the first model, that is, with the initial fish population of 10000, we shall determine
whether it will be feasible to harvest immediately from the 1* year with different harvest sizes: -

e Let us start by taking the maximum sustainable harvest of 8000 (as calculated in Part 8)
and check whether it is feasible to start harvesting from the 1% year itself.

The new recursive relation will be u,+; = (-1 x 10°) u,” + 1.6u, — 8000
We set the following range for the table:
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Tahle Bahge n+i

Lart:
End =3
Sn 1 BEEE
anolLis
bmEtet @
EDED
Entering the values in the RECUR mode of the GDC Casio CFX-9850 GC Plus, we get the following
table: -
n+1 Un+1
0 10000
1 7000
2 2710
3 0

Lligw blindow

max_ :
scale:l
Ymin 1 -5SEEE
ll"'-., max & 15EEE

scale:

1
[IHITTRIG[ETD

The table and graph show how the population dies out or becomes extinct during the 31 year and thus it
would not be economically beneficial with a harvest size of 8000.

e Let us try with a lower value such as 6500

The new recursive relation will be u,+; = (-1 x 10'5) u,” + 1.6u, — 6500
We set the following range for the table:
Table Eange n+l
Start:
End =4
=L I 18EEE

Brctrd B
ERLED
Entering the values in the RECUR mode of the GDC Casio CFX-9850 GC Plus, we get the following
table: -
nt+l Un+1

0 10000

1 8500

2 6378

3 3297

4 0
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LUigw Window

max
scaledl
Ymin i -SEEE
max = 15888

not be beneficial.

scalesl
[IHIT [TRIG[ETD

Again the table and the graph show how the population dies out during the 4™ year proving that it will

e Let us try with further lower value such as 5000.

The new recursive relation will be u,+; = (-1 x 107) u,” + 1.6u, — 5000
We set the following range for the table:

Table Range ntl

il
a0

1
o HIS)
anstrid
brStriA
|-E|n|-E||

Entering the values in the RECUR mode of the GDC Casio CFX-9850 GC Plus, we get the following

table: -
nt+l Un+]
0 10000
1 10000
2 10000
3 10000
4 10000
5 10000
6 10000

Liew Window

max =

scalet

Yminn = -SEEA

max = 15880
scalesl

[IHIT FRIG[ETD

Hence we see that the population sustains from the 1% year of harvest itself.
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To check whether 5000, is the maximum harvest that can be done from 10,000 so that the population
sustains faster, we can take a slightly higher value and check whether that will be sustainable.

e Let us check with 5001

The new recursive relation will be u,+; = (-1 x 10° ) u,’ + 1.6u, — 5001
We set the following range for the table: -

Tabhle Ranae n+l

20 lAmEe
b id
anZlrid
brnStriE
ERED
Entering the values in the RECUR mode of the GDC Casio CFX-9850 GC Plus, we get the following
table: -
n+1 Upiy n+l1 Upt]
0 10000 13 9803
1 9999 14 9723
2 9998 15 9611
3 9996 16 9453
4 9983 17 9230
5 9976 18 8915
6 9984 19 8469
7 9976 20 7832
8 9966 21 6916
9 9951 22 5587
10 9930 23 3626
11 9901 24 669
12 9860 25 0

Lliaw Window

max :%E
scaleil
VYmin @ -SEEE
max = 15860H

1 scaleil
[IHIT TRIG[ETD

The graph and table shows how the population dies out during the 250 year itself. Thus, even 5001 is not
sustainable.
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e We start by taking the initial population size = 10000 fishes and initiating a harvest of
8000 fishes from the 1% year itself.

The new recursive function becomes u,+; = (-1 x 10° ) u,> + 1.6u, — 8000. Also, the starting
population, #y = 10000. This shall be entered in the GDC Casio CFX-9850GC Plus.

Ligw blindow

max

| \‘-.,\ max =1EI 515
scal
[IHIT[T F:I |5T|:-

In this case, we find out that the population dies out during the 3™ year which means that such a
combination is not sustainable.

e Let us increase the initial population size = 16000 fishes and initiate a harvest of 8000
fishes from the 1% year itself.

The new recursive function becomes u,+; = (-1 x 107° ) u,> + 1.6u, — 8000. Also, the starting
population, #y = 16000. This shall be entered in the GDC Casio CFX-9850GC Plus.

Uigw Window

Mmax
scaleil
Ymin & -1HEE8A
" =k =EEEEE
scales
[IHIT TRIG |5T|:-

In this case also, we find that the population dies put during the 7" year which means that such a
combination also is not sustainable.

e Let us try with an initial population size of 19000 fishes and initiate a harvest of 8000
fishes from the 1% year itself.

The new recursive function becomes u,+; = (-1 x 107) u,” + 1.6u, — 8000. Also, the starting
population, uy = 19000. This shall be entered in the GDC Casio CFX-9850GC Plus.

Liew Window

max =§g
scalefl

Ymin :-lE886
max =ESEEE

K =cal
[THIT [T RI |5TI:|

The graph and GDC show that the population dies out during the 14™ year which means that this
combination is not sustainable.
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e When the initial population size is 20000 fishes and a harvest of 8000 fishes is initiated
from the 1% year itself.

The new recursive function becomes u,+; = (-1 x 10° ) u,> + 1.6u, — 8000. Also, the starting
population, #y = 20000. This shall be entered in the GDC Casio CFX-9850GC Plus.

Uigw Window

max
scaleil

Ymin & -1H8E8A
max =ESEEE

scal
[THIT[T RI |5T|:-

Using this combination, we have found out using the GDC that the population remains constant
and stable starting from the 1% year itself. It neither depletes nor increases. Thus, this
introductory fish population size of 20000 is the most sustainable for harvesting 8000 fishes.

e To prove that an initial population of 20000 fishes is the most suitable and sustainable for
a harvest of 8000 fishes every year, we shall investigate using 1y = 19999.

The new recursive function becomes u,+; = (-1 x 107) u,” + 1.6u, — 8000. Also, the starting
population, uy = 19999. This shall be entered in the GDC Casio CFX-9850GC Plus.

Vigw Windaw

max %!
=caleil
Ymin i -1EEEA

[[=F ESEEE
x scalel

[IHIT [TRIG |STI:l

The GDC shows that in such a case, the population has a decreasing trend which slowly
increases with increasing number of years and finally, dies out during the 52m year. Hence, an
initial population size of 19999 is not sustainable.

These results help us to infer that a minimum initial population size of 20000 fishes is required to
sustain a harvest of 8000 fishes every year from the 1% year.
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