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LOGARITHM BASES SLTYPE I

This task consists of two parts. While both parts consider logarithms with different bases of the same argument, these
parts are not necessarily directly related to each other.

PART 1 Exploring log , m"

Determine the numerical values of the following sequences. Explain how you got these values. Justify your answers
using technology.

kg 28’kg 48’ kg 88’kg 1687kg 3287"
kg3815kg9&,kg2781,kg&81,...
kgszﬁkgﬁﬁammﬁ,kg(ﬁz,m

Use of Technology

log,8 =x logs8 =x logs8 =x log;68 =x logs»8 =x TogcEr loaczy . Togcgs-logiss
2"=8 4*=8 8*=8 16"=8 32%=8 logias-10ac4) lagcai-laadlas
2X 23 22X 23 23X 23 24X 23 (2)5X_ 23 1- N
= AnskFrac 205 AnskFrac 2rd
x=3 2*=3 3*=3 4*=3 5*=3
— 3 = _ -3
x = fz x=1 R 3{4 x= f5 loa¢a)/1oad3z)
AnskFrac
343
10g381 =X 10g981 =X 10g2781 =X 10g8181 =X 1og9c81 310932 IDQ{BI}EIEEE%E%S
3*=181 9*=281 27*= 81 81*=81 logc8la 1oa09) Az kFrac
3X 34 3= 34 3P =34 34X 34 ? leatsnyslsacats”
1
10g525 =x 10g2525 =x 10g12525 =x 10g62525 =x 109(252-109(5) 1lo9i{253,10301252
=125 25%=1925 125%= 25 625%= 25 109‘125)»’109(25)1 HnSPF;‘gEEEEEEEE?
Sx: 52 52)(: 52 53x — 52 54)(: 52 247
= = — =1
x=2 x=1 x= Efg . fz 1690253 -10ac625)
AnzrFrac 5
142

Write the next two terms in each of these sequences, in both logarithmic and numerical forms. Explain how you got these

values.

The next two terms for the first sequence is based off this equation: log,~ 8

In this case the next two term numbers are 6 and 7.

log,e 8 and log,7 8

= log648 = 10g1288

10g648 =X 10g1288 =X
64*=8 128*=8
26X 23 27X 23
6x=3 7x=3

where n represents the term number.
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The next two terms for the second sequence is based off this equation: logys
number. In this case the next two term numbers are 5 and 6.

log,s 81 and logs 81
= 10g24381 = 1Og72981
10g24381 =X 10g72981 =X
243*= 81 729*= 81
35X: 34 36X: 34
5x=4 6x =4
— 4 — —
x="/5 x=4fg=2/3

The next two terms for the third sequence is based off this equation:
number. In this case the next two term numbers are 5 and 6.

log s 25 and log.s 25
= 10g3|2525 = 10g1562525
10g312525 =X 10g1562525 =X
3125*=25 15625*=25
5x=2 6x =2
— 2 _ —
e f5 L zfﬁ = 1f3

Write the nth term of each of these sequences, in logarithmic form and in the form P , Wae

you got these values.

3 _
The nth term of the first sequence is: logyn 2" =x

In the form p/q:

log,» 28 =x
2nx:23
nx =3
x = Efn

The nth term of the second sequence is: log,» 3* = x
In the form p/q:
log» 3t =x

311)(: 34

nx =4

x= 4/’71

The nth term of the third sequence is: loggs
In the form p/q:

52=x

log.n 5 =x
SnX: 52
nx =2

x= zf{n

log.n 25

81

where n represents the term

where n represents the term

p.q € Z. Explain how
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- k k K k
Now consider the general sequence, kg , m",kg .m", kg .m kg .m",.vwe keZ

Determine the values of the first five terms. Explain how you got these values.

logmm® = x log, » mk = x log, s m* = x log, s m* = x log, s m* = x
mx: mk m2x: mk m3x: mk m4x: I’Ilk mSX: mk
x=k 2x =k 3x=k 4x =k 5x=k
_ _ — _ k

x= K/, x= K/ x= K/, x = K/

Write the nth term of this sequence, in logarithmic form and in the form E, Wae Pp.q € Z. Explain how you got this

value.

The nth term of this sequence is:

logmr. mt = x
nx _ k

m"=m
nx =k
x = k/’n

What must be the relationship between the argument and first base if each term in the sequence is to have the form

E,Wae p,.qe’L?
q

7 o—
The relationship is that both the sequences have the form l0g,.s M* = X yhere m? equals the base and m” equals
the resultant number of the logarithm. When both the base and resultant number are turned into the same base

m to the power of p and q, the answer will be in the form of p/q.

PART 2 Exploring kg _ x, kg x, kg , x

Determine the numerical values of the following sequences. Explain how you got these values. Justify your answers
using technology.

g, 6. lg 6.k, 6
g,¥9.kg,¥. ke

Use of Technology
logs64 = x logs64 = x logs,64 =x logied ) 1oaid)
4*=64 8 =64 32%=64 logteddsloale)
4= 4 27 =43 27 =43 .
22— (223 2= (22)} 2% = (22} B aElaLs,
Arz+Frac
2x=6 3x=6 5x=6 65
x=3 x=2 - 6{5
log;49 =x logs049 = x log34349 = x 1oged9r-109¢7) 5
7 =49 49*=49 343*=49 loged9r-109C49)
x=2 Ix =2 3x=2 1og9cd 91033430
X x= 2,
273
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10g1f,f5 125=x

logy, 125=
o8y . x

logi, 125=
o8y . x

%09(125)-’10'9':1!'5

X x x =
12{5 =125 12{125 =125 12{525 =125 %g?(l?ﬁ)flngﬂlf?
53x_ 53 5x_ 53 54x _ 53 -1
x=3 3x=3 4x=3 - A
x=-3 X=- - - :
= 3;(4 Ans*Frac 24
logg512 =x log,512 =x log6512 = x 109¢5123-1098 )
8"=512 2"=512 16"=512 109¢5125-103¢2>
2% = (2%’ 2= (2%’ 2% = (2%’ loge512-1090160
2.25
3x=9 x=9 _ 9 4x=9 Ans*Frac ara
x=3 x="/4

The third answer in each row can be obtained from the first two answers in that row. Explore several of these examples
to conjecture a way to combine the first two answers to get the third. Confirm this conjecture in the remaining examples.
Create two more examples to test your conjecture.

The formula that combines the first two answers to get the third is: (ab)/(a+b) where a is the first answer and b
is the second answer of the sequence.

Proof:

First Sequence
First answer: 3
Second answer: 2

Second Sequence
First answer: 2
Second answer: 1

Third Sequence
First answer: -3

Second answer: -1

Third answer: ©/ s Third answer: 2,"3 Third
answer: _3f4 2x1_ Ezf L e —3;
3 % 2 6 2+1 3 -3+ (—-1) 4
3+2 /s
Fourth Sequence
First answer: 3
Second answer: 9
Third answer: 93" 4
IX9 _ gg"
3+9 4
Two more examples:
logs 81, logo 81, logy7 81
log; 81 =x loge81 =x log,781 =x

3* =81 9* =81 x—4f 27*=81

3X — 34 32X — 34 - 3 33)(: 34

x=4 2x =4 3x=4

x=2

First answer: 4
Second answer: 2
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Third answer: 4," 3

4x2
— 8/ _4
442 l6="15

logs 216, logs 216, logr16216

loge216 =x logs6216 =x logy16216 = x
6°=216 36*=216 216*=216
6)(: 63 62X: 63 63X — 63
x=3 2x =13 3x=3

First answer: 3
Second answer: 3{'2
Third answer: 1

3><3/2:92,f2/9 .
/2

3+3/,

Now consider the general case of kg , x, kg ,x, kg , x.
Let kg ,x=c,kg ,x=d
Determine the general equation for kg , x interms of ¢ and d .

— cd
The general equation for log,, X in terms of ¢ and d is: x= c+d

Proof:

1y
— Cc_ — e
log:x=c,a"=x,a="%*

1."
logex=d, b'=x,b=x"'4d

logax =y
logapx =y
(ab)’=x

l 1r
[xif'f Xxid) =x
(xif'f""'if'rn’]} =x
(Ye+g)y=1
Y=
B ( 1J"rc+ 1,"{,_.‘4]'
1
Y =teFay

/(ea)

y= Cdz’(c +d)
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Test the validity of this equation using other values of @, b, and x.

Testing the equation: ¥ = C‘if (c +d)
10g11 1331, 10g121 1331, 10g13311331

10g111331 =X 10g1211331 =X 10g13311331 =X
11*=1331 121*=1331 1331*=1331
11*=11’ 11*=11° 11*=11°
x=3 2x=3 3x=3
x = 3,’2 x=1

First answer: 3
Second answer: 3/2
Third answer: 1

3x3, %,
3+3) 9,

Discuss the scope/limitations of a, b, and x.

Limitations:
ab,abis>0and =1
a, b, ab:
- has to be always bigger than 0 but not equal to 1 because we cannot evaluate the logarithm of a negative
base
- cannot equal to 1. Using the change of base formula, the logarithm of the bases is the denominator of
|
]_Dg}‘x = E
the equation, logy When y equals to 1, the denominator is 0 as the logarithm of 1 is 0. Any
number divided by 0 is undefined.

x =0
X:

- is bigger than 0 because we cannot evaluate the logarithm of a negative number
Use the rules of logarithms to justify this equation.

Given: log,x = ¢, logyx = d, log,x =?

_logx
log x = loga
logx
loga =

log, % (equation 1)
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_ logx
log, x= logh
|
logh = o8x

log, x (equation 2)

1 _ logx
O8ap* = log ab

logx

- loga + logh

log x
logx | logx
log,x " log, x (from equation 1 and 2)

logx

1 1
logxtlogﬂx i log, x)
1
IR T
log,x log,x




