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Introduction
In this task I will investigate the patterns in the intersection of parabolas and the lines y = x and

y = 2x. Based on some of these patterns I will make conjectures and attempt to prove them.
Certain conditions need to be held constant while proving the conjecture and each time I will
try to broaden the scope of the investigation by attempting to find the effect of varying the
conditions that were initially held constant such as, the placement of the vertex or the slope and
y-intercept of the intersecting lines. Then after I have proven my conjectures I will look to apply
them to cubic polynomial and try to obtain a general term or a modified conjecture which
applies to other higher order polynomials. In this process it is very possible that I might need to
reference some key mathematical theorems and formulas from a range of resources. One key
mathematical theorem for this investigation would be Vieta’'s theorem, which analyzes the roots
of polynomials, especially 2nd and 3rd degree polynomials. I will also use the program
Graphmatica for illustrating the graphs for the various functions. This step will be very
important as the position and behavior of the intercepts or roots of the function is very
important. Also I will look at the behavior of the functions and intersections in various
quadrants, therefore graphing and illustrating would be an integral part of this investigation
and I will start off by showing the graph of the intersection followed by the calculation to find
D.

1. First I will the graph the functions y = x* — 6x + 11,y = x and y = 2x. then I will use my

GDC to find the four intersections points as illustrated on the graph.[example 1]
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Graph showing the equations:
¥ =x?—6x + 11 [In blue]

¥ = x[In brown ]

¥ = 2x[In green]

Example 1

I will find the values for x1, x2,x3,x4 for the function, ¥ = x? — 6x + 11 using the “calculate
intersect’ feature on a GDCJ[ TI - 84 plus]

D= |5 —5g|

D= |[x;— x]— [xs— x3]|

D = |[2.382 — 1.764] — [6.236 — 4.618] |
D=|—-1]

D=1
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2. Now I will look at different parabolas of the form y = ax? + bx + ¢ with values of a greater
than 1. I will try to look for a pattern in these parabolas which are intersected by the lines y = x
and y = 2x and have vertices in the first quadrant. I will find different values of D for the
parabolas with values of a as 2, 3, 5 and 8.
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Graph showing the equations:

v = 2[x — 3]* + 2 [In blue]

¥ = x[In brown ]

¥ = 2x[In green]

|||||||||||||||||||||

|||||||||||||||||||||

|||||||||||||||||||||||||||||||||||||||||||

||||||||||||||||||||||

||||||||||||||||||||||

||||||||||||||||||||||

Here the value of a is 2.

D= |[x;— x1]— [xg— x3]|

D= |[25-2]-[5-4]|

D= |-05]
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D=05

Therefore here, as a is increased to 2, the value of D decreases to 0.5. now I will look at other

values of a to find a pattern.

Graph showing the equations:

vy = 3[x — 3]* + 2 [In pink]

¥ = x[In brown ]

¥ = 2x[In green]
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||||||||||||||||||||||

|||||||||||||||||||||||

D= |[x;— x1]— [xg— x3]|

D= |[257 —213] - [454 —3.77]|

D = | —0.333]



0.333
5[x — 3]* + 2 [In black]

Now I will look at how the value of D changes when I change the value of a to 5

Graph showing the equations:

¥ = x[In brown ]
¥ = 2x[In green]

D
}Z‘
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||||||||||||||||||||||

D= |[xz_ x1]— [14_ x3]|
D= |[2.64— 2.28] — [4.12 —3.58]]
D=|-02]

D=02
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the value of D decreases to 0.2. There seems to

7

I have found that as the value of a increases to 5

be a pattern developing that D and a are inversely proportional but to affirm this, I will look at

another parabola with the value of a as 8. The ‘desired’ or ‘predicted’ value of D would be 0.125.

This would follow the trend seen in the first 3 graphs of D being inversely correlated to a.

v =8[x—3]*+ 2 [Inred]

¥ = x[In brown ]

= 2x[In green]

}Z‘
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D= |[x;— x1]— [xg— x3]|

D= |[270— 2.41] — [3.84 —3.42]|

D = |—-0.125]

D =0.125

Value for a Corresponding value for D
1 1

2 0.5

3 0.333

5 0.2

8 0.125

The above table shows that as values of a are increased, the values of D decrease proportionally.

Therefore my conjecture for the value of D for the above parabolas would be:

D==
a

There are however, some conditions to this conjecture.

o This conjecture only holds for positive values of a.

e The lines intersecting the given parabola should be y = x and y = 2x.

o The vertices of the parabolas should be in the first quadrant.

e The lines, y = x and y=2x should intersect with the given parabola, twice.
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3.Now I will look at different values of a [i.e. even negative values of a because so far I have
only analyzed positive values of a] and I will also look at placing the vertex in different
quadrants.

First I will look at different values for a. I will start by making a = -1

¥y = —1[x — 1]* + 5 [In green]
¥ = x[In black ]

¥ = 2x[In red]

D= |[xz— -'X-'1]_ [x4_ xa]l

D= |[-2—(-156)] — [2.56 — 2]|
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Now I will look at the value of a = -2 and how that affects the value of D.

¥ = —2[x — 1]* + 5 [In purple]
¥ = x[In black]

¥ = 2x[In red]

D= |[x;— x1]— [xg— x3]|
D = |[-0.823 — (—0.686)] — [2.19 — 1.82]|
D= |-05]

D =05

I have observed that the value of D is positive 0.5 even as a becomes -2. Thus according to my
initial conjecture I should have got an answer of -0.5 as D = i and the value of a was -2 but I got

the answer D = 0.5 which leads be to question by initial conjecture and broaden the scope of my
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investigation. I see a trend developing that D might be inversely related to the absolute value of
a but I will look at a few examples to be sure.

Now I will look at the value of a = -5 and how that affects the value of D.

y = —5[x — 1]* + 5 [In purple]
¥ = x[In black]

¥ = 2x[In red]
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D= |[x;— x1]— [xg— x3]|

D= |[0-0] - [1.8— 18]

D=|-02

D =02

Value of a Corresponding value of D
-1 1

-2 0.5

-5 0.2

This table summarizes the correlation between a and D for different values of a. I can be clearly
seen that D is inversely proportional to the absolute value of a [i.e.|a[].

Therefore the conjecture needs to be refined to:

1

|al

Now I will look to find if changing the quadrant in which the vertex is placed, alters or refines
my conjecture. To analyze this I will place the vertex in each of the quadrants.

Vertex in Quadrant 1

I will give 1 example of a parabola which has no solutions[i.e. does not intersect the lines y = x
and y = 2x] and another example of a parabola that does intersect the given lines and has a
solution.

Example 1.

Functions in the graph:

v = [2x — 1]* + 2 [In blue]
¥ = x[In black]

¥ = 2x[In pink]
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As can be seen from the graph, no intersections between the parabola and y=x or y=2x exist.
Therefore there are no real roots or intersections to this parabola and therefore D cannot be
calculated.

Example 2
Function seen in the graph:

v =[x —3]* + 2 [In blue]
¥ = x[In black]

¥ = 2x[In pink]
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D= |[x2_ xl]_ [x4— x3]|
D = |[2.382 — 1.764] — [6.236 — 4.618]|
D=1]-1]

D=1

Graphs in the first quadrant have been analyzed before and I will state my observations.

e For graphs in the first quadrant. Placement of the vertex does not affect the
conjecture as long as the given parabola intersects the lines y = x and y = 2x,
twice.

e AlsoI found that D is inversely related to the absolute value of a and not to a
itself.

Quadrant 2

Example 1
Function seen in the graph:

¥ =[x+ 3]% + 2 [In green]

¥ = x[In black]
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¥ = 2x[In red]

Again, the parabola of the function y = [x + 3]* + 2 does not intersect the lines y = x or y = 2x
and therefore has no real roots and a value for D cannot be found.

Now I will look analyze the parabola when in intersects the lines y = x and y =2x with its vertex
in quadrant 2.

Example 2

y = —1[x + 3]* + 2 [In blue]

¥ = x[In black]
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¥ = 2x[In pink]

D= |[x2— -'X-'1]_ [x4_ xEI]l

D= |[-579—(-7]- [-1-1.21]|

D=|-1]

D=1

Thereifore, this results is in accordance with my conjecture that:
“lal

I have found that D = 1 with the help of the graph of the function ¥ = —1[x + 3]* + 2. The value
for ais -1 and therefore when a is substituted into the conjecture, then the results is

_ 1

lal

D=—>—>1>1
-1 1

Parabolas with vertices in Quadrant 3.
Example 1
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¥ = 1[x + 6]* — 2 [In red]
¥ = x[In black]

¥ = 2x[In pink]

Example 2
v = —1[x + 1]* — 4[In red]
¥ = x[In black]

¥ = 2x[In pink]

/i

i/

A
For examples 1 and 2 here, no solutions or roots can be found because the linear and quadratic
function do not intersect and it is therefore impossible to find the roots and therefore D is not
defined for these graphs.
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Example 3

v =1[x + 3]* — 8 [Inred]
¥ = x[In black]

¥ = 2x[In pink]

D= |[x;— x1]— [xs— x3]|

D = |[-4.79— (—3.73)] — [-0.268 — (—0.209)]|

D=]-1]

D=1

When the vertex is in quadrant 3, again the trend continues that

e The placement of the vertex is not important as long as the linear functions intersect the
parabola twice each.
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Vertices in Quadrant 4.
Example 1

v = 4[x — 3]* — 6 [In blue]
¥ = x[In black]

¥ = 2x[In pink]

D= |[xz_ J51]— [x4— x3]|
D = |[1.62— 1.5] — [5.0 — 4.63]|
D= |—-0.25]

D =025
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Example 2

y = —4[x — 3]* — 6 [In green]
¥ = x[In black]

¥ = 2x[In pink]

This example shows how there are no solutions xi1, X2, x3, X4 if the parabola does not intersect the
given lines, y = x and y = 2x.

Therefore, through analysis of the above examples I have found that it does not matter, where

. . 1
the vertex is placed or what the value of ais, D = —

lal
Even this conjecture has some restrictions though, these conditions are that:
o The lines intersecting the function must be y = x and y = 2x.
e The lines should intersect the parabola in 2 places each.
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Proof showing that the conjecture[D = I_ll ] is true.
a

The equation of any parabola is y = ax? + bx + ¢. [t is given that parabola intersects the lines y=x
and y=2x.

Therefore in order to find D, their intersections must be found. Their intersection can be found be
equation the function of the parabola and the function of the line.

ax?+bx+c=x

ax?+bx—x+¢c=0

axi+[b—-1lx+c=10

The intersection of the functions y = x and ¥ = ax*® + bx + ¢ must the roots of
ax?+[b—1lx+c=10

—b ++b%*—dac
r=—
2a
N
2a
Therefore the 2 intersections of the parabola with the first line[y=x] are:

_—[b—-1]%,/[b—1]* —4ac

_ —lo-1- /-1 —%ac
2a
_ —[v-1]+,/[B-1]*-4ac

2a

X2

X3

Now the roots of the intersection of the second line must be found. In order to use the formula,
D = |[x;— x,]— [xs— x3]] where x2 and xs are intersections of the first line with the parabola and

x1and x4 are intersections of the second line with the parabola. Thus I will now find the
intersections of the second line with the parabola.

ax®+bx +c=2x
axi+bx —2x+c=10
axi+[b—-2lx+c=0

_ —[b—-2]+,/[b—2]* —4ac
e 2a

Therefore the 2 intersections of the parabola with the first line[y=x] are:
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_ —[p-21-p-21"—4ac

X1=
2a
X, = —[p—2l+/[b-2]7—4ec
2a
Now substituting values of xi,x2,x3, xsinto the formula: D = |[x;— x;] — [x4— x3]]

D= |[—[b—1]—1,-'m_ —[a—zHﬁ‘ﬂ B [-[a-z]h-m_ BN i |
2a 2a 2a 2a

D=
| [—1+,f[b—2]2—4ac+J[b—1]2—4ac J _ [+[l]+,f[.b—1]2—4ac+\f[b—2]2—4ac]|
Za Za
D= [—1+,/[b—217—2ac+/[b—-1]°—aac —[1]—,,([1:—1]2—-—.Lac—,,.f[b—z]z—amc]l
o L 2a
D= | '—2+J[b—zlz—wc__—J[5—2]2—4%]l
| Za
D

| [ e — ———

1 1
> — Therefore D =—
lal la|

Even though this conjecture has been proven, still there are some limitations

e The lines intersecting the function must be y = x and y = 2x.
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e The lines should intersect the parabola in 2 places each.

4.My conjecture has been proven to be true but one of the conditions that was held constant was
that the lines intersecting had to be y = x and y = 2x. Now I will investigate to see if my
conjecture holds if the intersecting lines are changed[i.e. changing their slope and y-intercept]

Graph showing the equations:
v = 4[x — 2] + 3 [In black]
¥ = 4.5x[In red ]

¥ = 3x[In blue]

D= |[x2— -'X-'1]_ [x4_ xEI]l

D= |[143—1.21] - [3.91 —3.32]|
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D = | —0.375]
D = .375
Example 2

Graph showing the equations:
¥ = 4[x —3]* + 1 [In black]
¥ = 0.5x + 1[In brown]

¥ = 2.5x+2[In blue]

D= |[:7C2— xl]_ [x4_ x3]|
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D = |[2.45— 1.82] — [4.80 — 3.68]|

D= |-0J5

D =05

Another pattern seems to be emerging here, as seen in examples 1 and 2 of changing the
intersecting lines. The conjecture made earlier is violated and a new conjecture can be made

because D seems to be related to the slope of one intersecting line subtracted from the slope of
the other intersecting line all over the absolute value of a.

Example 3

v = 4[x — 3] + 1 [In red]
¥ = —2x + 10[In purple]

¥ = —x + 5[In green]

D= |[xz— -'X-'1]_ [x4_ xa]l

D = |[2.36 — 1.85] — [3.65 —3.39]]|
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D = |0.25]

D =0.25

From this example I can see that D would equal the absolute value of the different of the slopes
of the intersecting lines divided by the absolute value of a rather than only the difference of the
slopes over the absolute value of a.

Some general conclusion that can be drawn from the analysis of changing the slopes of lines.

e A change in the y-intercept of the intersecting lines has no affect on the
conjecture
¢ Changing the slope of the lines

Therefore I have tested lines with different slopes and different y-intercepts and as long as the
. . . | n—ml
lines intersect the parabola at 2 points each, the value of I} = al where m and n are the slopes

of the intersecting lines.

|n—ml

Now I will look to prove my new conjecture of I = il

The equation of any parabola is y = ax® + bx + c. It is given that parabola intersects the lines
y=mx+d and y=nx+e.

Therefore in order to find D, their intersections must be found. Their intersection can be found be
equation the function of the parabola and the function of the line.

ax?+bx+c=mx+d

ax?+bx—mx+c—d=0

ax?+x[b—m]+[c—d] =0

The intersection of the functions y = mx +d and y = ax* + bx + ¢ must the roots of:
ax®+x[b—m]+[c—d] =0

—b ++/b?— dac

ake 2a

_ —[b—m]%/[b—m]* —4a[c—d]
i 2a
Therefore the 2 intersections of the parabola with the first line[y=x] are:

X, = —[b—ml-y/ [bz—ﬂm] 2-dafe—d]
_ —lom+/Bm—tad]

2a

X3
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Now the roots of the intersection of the second line must be found. In order to use the formula,
D = |[x; — x;]— [xs— x3]| where x; and x3 are intersections of the first line with the parabola and

x1and x4 are intersections of the second line with the parabola. Thus I will now find the
intersections of the second line with the parabola.

axi+hbx+c=nx+e
axi+bx—nx+c—e=10
ax*+x[b—n]l+[c—e]=0

—[b—n]+[b —n]* —4afc— ]
2a
Therefore the 2 intersections of the parabola with the first line[y=x] are:

_ —lo—nl-/[p—nlF—2a[c—s]

2a

Xl 2a
X, = —[b—n]+1."[bﬂ—n]""—4ﬂ[c—a]
=3

Now substituting values of xi,x2,x3, xsinto the formula: I = |[x3— x;] — [x4— x3]]

D= —[b-ml-yp-m*-da[c—d]  —[b-nl-J[b-n]*-da[c-s]| [—[i‘.l—r!:+-.'[i:l—r!:=—4|:[c—9:_ —[p—ml +4 [b—m]*—4a[c—d]
=1 e e a Za |

D=| [[n—m]+,[6—n]"—2a[c—s]+,/[b-m] —2a[c—d] _ |[m-n]+J[B-m]*-4a[c—d]+/[b—n]"—4a[c—s] |
- i 2a 2a

D=| [la—ml+[5—n]"—2alc—sl+y/[E—-m] —2a[c—d] —[m—n]—,,-'[b—m]z—‘;a[c—d]—,,.'[b—n]”-—4a[c—a]Jl

D= I'Z[n—m]+ [b—n]"—dafc—e] SJb=mP~4ajc—d] —/[b—n]*—2a[c—¢] |
| Za

| e R S o]

o= [F527]

o= =)

a

D=

[n—m]| >D= In—ml
a

la|
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e Even to this proven conjecture, this is the condition that the given parabola must be
intersected by each of the linear functions twice.

5. Now I will see if a similar conjecture can be made for cubic polynomials.

First I will look at a few examples to see if a pattern can be found but first it is important
to redefine or rather, refine the equation of D because previously, there were 4
intersections because the graph was a quadratic function but in this case, there is a cubic
function. Thus there will be 6 intersections between the cubic function and the 2 linear
functions and D will be defined as.

D= |5,— 5y —5&l
D= |[x:_ x1]— [x4— xa]— [xg—x:5]

Where x», x3 and xs are intersections of one linear function and the cubic function and xi1, x4 and
X¢ are intersections of another linear function and the cubic function.

Now that I have defined the new equation for D, I will look at a few examples.

Example 1

Functions in graph:

y = 1[x-2][x-1][x+1] [in pink]
y=x][ in black]

y=2x[in red]
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D= |[x;— x1]— [xg— x3]—[xg—x5]

D = |[-117 — [-1.34]] — [0.529 — 0.689] — [2.81 — 2.48]|

D =10
D=0
This is not in keeping with my conjecture that I = "= therefore I will look at other examples

la|

to see if I can come up with a new conjecture.

Example 2

y =x3+2x2 -4x -4 [in green]
y=x][ in black]
y=2x[in red]
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D = |[xz— xy]— Dra— x3l—[xg—xs]|

D = |[-3.18 — [-3.41]]- [-0.586 — [-0.678]] — [2.0 — 1.86]|
D = |0]

D=0

Again the value of D is found to be zero. I will look at another example before making my
conjecture.

Example 3.

y = x3+2x2 -4x -4 [in green|]
y=0.5x [ in black]
y=2.5x [in blue]
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D= |[x2— x,]— [xs— x3]—[xg—x5]|
D = |[-3.05 - [-3.52]]- [-0.548 — [-0.737]] — [2.07 — 1.78]|
D = |0]

D=0

I have found in all 3 examples that D=0 and this is in fact my conjecture.

Although I cannot formally prove this, I will try to justify this.
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From Vieta’s theorem! we know that:

The sum of the roots of a cubic function = —E

Where a and b are coefficients from y = ax?® + bx® + cx + d.

X1+Xo+ X3 =—E where x1,x2, x3are roots of the function y = ax® + bx? + cx + d
D= |[x;— x1]— [xs— x3]— [xg—x5]|

Where x5, x3 and xs are intersections of one linear function and the cubic function and x1, x4
and x¢ are intersections of another linear function and the cubic function.

Therefore the sum of the roots of the intersection of the first linear function and the cubic

b
function would be X2+X3+X5=——
i

And the sum of the roots of the intersection of the first linear function and the cubic function

b
would be X1+Xg+Xe=——
)

D= [[x;— x1— x4+ %3 — x5+ x5]|

D= |[x;+ x3+x5— x5 — x5— xg]]

D= [x;+ xg+xs]— [xq + xa+x.]

o-i-2 [
D=1[-7 +i
D=10]

D=0

Also we know that the slope and y-intercept of the intersecting lines does not affect the sum of
the roots because:

ax3+bxi+ecx+d=mx+b

ax*+bx?+x[c—ml+[d—b]=0

1'ViA“te's formulas -." Wikipedia, the free encvclopedia. 16 Mar. 2009
http://en.wikipedia.org/wiki/Vi%C3%A8te%27s_formulas>.
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. . . b . .
The sum of the roots of this function is -~ and therefore any linear function cannot affect the
. b .
value of the sum of the roots [i.e.- ;] because the coeffecients of the x3and the x2 are unaffected
for any linear function.

Therefore D = 0 is my conjecture and there is a condition to this conjecture.

e The linear functions still need to intersect the given cubic function 3 times each, even
though their slope and y-intercept have no effect on the conjecture.

6. I will look at a few examples to determine if the conjecture D=0 holds even for higher order
polynomials.

Example 1

y = [x-2][x-1][x+3][x+1][in pink]
y= 0.5x [ in black]
y=2.5x [in blue]




‘ Marked by Teachers

D= |5 — 51— Suz— 5rl
D= |[x;— x1]— [xa— x3] = [xg —x5] —[x5 — 27|

Where x2, x3,x5 and x7 are intersections of one linear function and the quartic function and xi,
x4, X¢ and xs are intersections of another linear function and the quartic function.

D= |[x;— x;]— [xg— x3]—[xg —x5] - [xg— x|
D = |[-2.96— [-2.78]] — [-1.24 — [-1.04]] — [0.767 — 0.942] — [2.26 — 2.0
D=0

An easier way to this would be to find the sum of the roots of the first line intersecting the
quartic and then subtract that from the sum of the roots of the second line intersecting the
quartic.

D= |5;—Sul

Where S, is the sum of the roots of the first linear function intersecting the quartic function and
Sm is the sum of the roots of the second linear function intersecting the quartic function.

I will look at another higher order polynomial to see if they support the conjecture that D=0.
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Example 2

Functions in graph:

y = [x-2][x-1][x+3][x+1][x-4][in red]
y = 0.5x[in black]

y = 2.5x[in blue]

D= |5~ 35nml
D= |[x:+ x3+x5+x?+xg—x1—x4—x5—x3—xm]|
D= |[.'X-'2+ x3+x5+x?+x9]—[x1+ :X:4+x6+x8+xlg]|

D= |[-3.01—-0.992+ 1.02 + 1.97 + 4.01] — [—3.03 — 0.959 + 1.13 + 1.81 + 4.05]|

D=0
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Again D = 0 and therefore the conjecture holds even for higher order polynomials. This
happens because the sum of the roots is always (— E}, where a and b are the coefficients of the x»

and xn1 terms of the polynomial respectively.

D= |5n_5m|

Where S, is the sum of the roots of the first linear function intersecting the quartic function and
Sm is the sum of the roots of the second linear function intersecting the quartic function.

D=|-2+7|
D = 0]

Therefore D = 0 for all other higher order polynomials!
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