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Let X=G Dand Y=(_1 ﬂ Calculate X7, X%, X% Y2, Y, Y*.
X=X o X Y=YeY
, (1 1)[1 1} , (1 4}[1 —1)
X= Y=
1 1)l 1 -1 1 )-1 1
e (1D+10) 10 +10) (101D 1D+ =10
L +1) 1) +10) =1 1= —1(=1) +1(1)
, (2 2} , (2 —2]
X= Y=
2 2 2 2
X=X’ e X Y=Y’ e Y
(Matrix multiplication is associative) (Matrix multiplication is associative)
L (2 2](1 1} L (2 —2){1 —1]
X= Y=
2 2)l1 1 2 2 /-1 1
o [2D+20) 200 +2() (242D 2(=D+-2()
L2 +2() 2()+20) 2y +2(=1) —2(=1)+2(1)
. (4 4] L[4 —4J
X= Y=
4 4 4 4
X=X’ o X Y=Y’ oY
. (4 4](1 1} . (4 —4}(1 —1)
X*= Y=
4 4)\1 1 -4 4 )(-1 1
(AW +AD 4D+ (AW + 4D 4D 4
LA +4)  40)+4() ) +4(=1)  —4(=1)+4()
. (8 8} . (8 —8}
X'= Y'=
8 8 -8 8

As we can see, a general trend emerges as we increase the power of the matrix. There is a definite relationship
between the power of the matrix and the end product (entries in the matrix). We observe that when X is to the
power of 2, i.e. X?, the matrix’s entries are all 2’s; when X°, the entries are all 4’s; when X *, the entries are all
8’s.

For the Y matrix, a similar pattern emerges, except in this case, we must note the negative signs. However, these
two negative numbers always occupy the same position in the matrix when the power is increased.
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Through consideration of the integer powers of X and Y, we can now find
expressions for X", Y", (X+Y)".

We observe that the elements of the matrices appear to form a geometric sequence; thus we can use the general
equation for a geometric sequence to determine the expressions for X", Y", (X+Y)":

n—1

= [ ] .
U,=aer , where U,=a specific term
a=first term
r=common ratio (multiplier between the entries of the geometric sequence)
n=the number of the specific term (with relation to the rest of the sequence).
For X"

When n=1, 2, 3, 4, ... (integer powers increase), then the corresponding elements of each matrix are:
1,2,4,8, ... These terms represent the pattern between the scalar values multiplied to

11
X=(1 J to achieve an end product of X".

Thus, we can now deduce the geometric sequence of these scalar values using the general equation listed above:

In the sequence {1, 2, 4, 8}, a=1 r is the common ratio, which we can find
=2 by dividing each subsequent term of the
_ n—1 2 4 8
U,=aer sequence. —=—=—
U =1le 2!171 1 2 4
Un — 2}171

However, we must note that this formula only gives us the progression for the scalar values which will be

multiplied to the matrix, X. In order to find the final expression for X", we must multiply the general scalar value
n-1

2 by matrix X:

Xl’l — 27171X

In order to test the validity of this expression, we can employ it to find X°. Using the previous method of

16

16
calculations, we find that X°=
16 16

J . (We can also check this on a calculator).

. . -1 .
Now, using the expression X" =2"7 X we find the value of X’ to be the same (proving the accuracy of our
expression):
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1 1
=16
1 1

(16 16
16 16
We conclude that X" =2"" X is indeed a valid expression.

We can find an expression for Y" in a similar fashion.

n—l1
= [ ] .
U,=aer , where U,=a specific term
a=first term
r=common ratio (multiplier between the entries of the geometric sequence)
n=the number of the specific term (with relation to the rest of the sequence).
For Y™

When n=1, 2, 3, 4, ... (integer powers increase), then the corresponding elements of each matrix are:
1,2,4,8, ... These terms represent the pattern between the scalar values multiplied to

I -1
Y—( {1 j to achieve an end product of Y".

Thus, we can now deduce the geometric sequence of these scalar values using the general equation listed above:

In the sequence {1, 2, 4, 8}, a=1 r is the common ratio, which we can find
=2 by dividing each subsequent term of the
- n-1 2 4
U,=aer sequence. — =— 8
U =1e2"! 1 2 4
Un — 27171

However, we must note that this formula only gives us the progression for the scalar values which will be
multiplied to the matrix, Y. In order to find the final expression for Y", we must multiply the general scalar value

2[1—1 .
by matrix Y:
Y =2""Y

In order to test the validity of this expression, we can employ it to find Y°. Using the previous method of

1 -16
calculations, we find that Y°= [

. (We can also check this on a calculator).
-16 16

Now, using the expression Y" =2""'Y , we find the value of Y° to be the same (proving the accuracy of our
expression):
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I -1
=16
-1 1
(16 16
-16 16
We conclude that X" =2""X s indeed a valid expression.

To find an expression for (X+Y)", we must first determine the patterns by
calculating the values of (X+Y), (X+Y)?, (X+Y)’, (X+Y)*.

For (X+Y)", where n=1, i.e. (X+Y):

el LM
CY
:2 0

0 2

o 1)
=2

0 1
=21

Where n=2, i.e. (X+Y)*:
(X+Y)=(X+Y)(X+Y)

) [2 Oj [2 Oj
(X+Y)=
0 2){0 2

(2(2)+0(0) 2(0)+0(2)
~10(2)+2(0)  0(0)+2(2)

(4 0
0 4
1 0
=4
=41
Where n=3, i.e. (X+Y)*:

(X+Y)=(X+Y)(X+Y)(X+Y)
(X+YP=(X+Y)(X+Y)
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4 0\(2 O
(X+Y)=
0 4)\0 2

(4(2)+0(0) 4(0)+0(2)
L02)+4(0)  0(0)+4(2)

£
i

=8I

Where n=4, i.e. (X+Y)":
(X+Y)'=(X+Y)(X+Y)X+Y)(X+Y)
(X+Y)'=(X+Y)(X+Y)

o5l 3
(X+Y)'=
0 8)lo 2

(8(2)+0(0) 8(0)+0(2)
1002)+8(0) 0(0) +8(2)

(16 0
0 16
10

=16
o

=16l

We can now find an expression for (X+Y)" through consideration of the integer
powers of (X+Y) and using the general equation for the geometric sequence.

_ n—1
U,=aer , where U,=a specific term
a=first term
r=common ratio (multiplier between the entries of the geometric sequence)
n=the number of the specific term (with relation to the rest of the sequence).
For (X+Y)"

When n=1, 2, 3, 4, ... (integer powers increase), then:
1,2,4,8, ... These terms represent the the scalar values multiplied to the matrix

20
X+Y)= (0 2) to achieve an end product of (X+Y)".

Thus, we can now deduce the geometric sequence of these scalar values using the general equation listed above:
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In the sequence {1, 2, 4, 8}, a=1

=2
U, =qger"!
U, =]le2"!
U, =

However, we must note that this formula only gives us the progression for the scalar values which will be
multiplied to the matrix, (X+Y) in order to yield the product (X+Y)". In order to find the final expression for
(X+Y)", we must multiply the general scalar value 2" by matrix (X+Y):

X+Y "=2"" X+Y , which can also be written as XtY =221

In order to test the validity of this expression, we can employ it to find (X+Y)’. Using the previous method of

32 0
calculations, we find that (X+Y)’ =[ 0 32j . (We can also check this on a calculator).

Now, using the expression X+Y " =2"" 2I e find the value of (X+Y)’ to be the same (proving the accuracy
of our expression):

2 0
(X+Y)’=2""
0 2
20
0 2
2 0
=16
0 2
(32 0
0 32
We conclude that X+Y “=2"" 21 s indeed a valid expression.

Let A=aX, where a is a constant. Using different values of a, we can calculate Az, A3,
A%

In order to ensure the validity of our findings, we will use 3 different values of a (2, -2, and 10).

When a=2, i.e. A=2X:

Ao 11
1 1 11
Note that X=
2 2 11
A:
2 2
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When 2a=2, i.e. A’=(2X)*:
A’=AeA

(2 2)(2 2

2 2J [2 2J
2(2)+22) 2(2)+2(2)

2(2)+2(2) 2(2)+2(2)j

(88
8 8

When a=2, i.e. A>=(2X)*:
A'=A’e A

(8 8)(2 2
(8 8} [2 2]
(8(2)+8(2) 8(2)+8(2)
18(2)+8(2) 8(2)+8(2)j

(32 32
32 32

When a=2, i.e. A*=2X)*
A'=A’e A

(32 32)(2 2
(32 32] (2 2]
(32(2)+32(2) 32(2)+32(2)
132(2)+322) 32(2)+32(2)]

128 128
128 128

When a=-2, i.e. A= -2X:

A=-2 b

Tl 11
Note that X=

[—2 —2] 11

)

When a= -2, i.e. A’=(-2X)*:
A’=AeA
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(2 2\ (-2 2
-2 2)\-2 =2

(22 +2(-2) -2(-2)+-2(-2)
“2(=2)+-2(=2) -2(-2)+-2(-2)

(8 8
8 8

When a= -2, i.e. A’=(-2X)’:
A’=A’eA

(8 8)(2 =2

8 8] (—2 —2J
(8(-2)+8(-2) 8(-2)+8(-2)
(8(-2)+8(-2) 8(—2)+8(—2)J
(32 32

32 —32j

When a= -2, i.e. A'=(-2X)*:
A'=A’e A

(32 32\ (=2 =2

(=32 —32] (—2 —2}
(32(-2)+-32(-2)  —32(-2)+-32(-2)
|\ -32(-2)+-32(-2) —32(—2)+—32(—2)j
128 128

128 128j

When a=10, i.e. A=10X:

A_m(l lj
VAN 11
Note that X=
10 10 (1 J
A:
10 10
When a=10, i.e. A>=(10X)*:
A’=AeA

(10 10)(10 10
10 10)(10 10
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~(10(10)+10(10)  10(10)+10(10)
(10(10)+10(10)  10(10)+10(10)

(200 200
200 200

When a=10, i.e. A’*=(10X)*:
A’=A’e A

(200 200 (10 10
(200 200} (10 10}
~(200(10)+200(10)  200(10) + 200(10)
~{200(10) +200(10) 200(10)+200(10)]

(4000 4000
4000 4000

When 2a=10, i.e. A*=(10X)":

A'=A’e A
(4000 4000 (10 10
4000 4000)\10 10

_(4000(10) +4000(10)  4000(10)+4000(10)
1 4000(10) +4000(10) 4000(10)+4000(10)j
(80000 80000
(80000 80000}

Through consideration of the integer powers of A (2, -2, and 10), we can observe a
pattern and find an expression for A".

For A" when a=2:

When n=1, 2, 3, 4, ... (integer powers increase), then the corresponding elements of each matrix are:
1,4, 16, 64, ... These terms represent the pattern between the scalar values multiplied to

2 2
A=aX where a=2 and hence A= (2 2J to achieve an end product of A".

Thus, we can now deduce the geometric sequence of these scalar values using the general equation listed above:

In the sequence {1, 4, 16, 64}, f=1 In the geometric sequence r is the common ratio, which we can
=4 U =qger"! find by dividing each subsequent
U = f.rn—l " i a:ﬁr.st term. 4 16 64
" However we will substitute f for a term of the sequence. —=—=—
U,=le4"" (because a is a constant in this 1 4 16
case=2)
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U, =4""

n

Here, we can express r in terms of a (a=2):
r=4

4=2e2

Sor=2a

-1 -

We can also express U, =4"" in terms of a:
_ pn-1

U,=4

U =2a""

For A" when a= -2:

When n=1, 2, 3, 4, ... (integer powers increase), then the corresponding elements of each matrix are:
1, -4, 16, -64, ... These terms represent the pattern between the scalar values multiplied to

-2 2

A=aX where a= -2 and hence A—[ j to achieve an end product of A".

Thus, we can now deduce the geometric sequence of these scalar values using the general equation listed above:

In the sequence {1, -4, 16, -64}, =1 r is the common ratio, which we can find
r=-4 by dividing each subsequent term of the

U,=fer"! -4 16 -64

sequence. — =—=——

U ,=le—4"" 1 -4 16

U, =-4""

Here, we can express r in terms of a (a= -2):

r=-4

-4=-2e2

S.or=2a

We can also express U, =—4"""in terms of a (a= -2):
Un — _4n—1
Un _ 2(1 n-1

For A" when a=10:
When n=1, 2, 3, 4, ... (integer powers increase), then the corresponding elements of each matrix are:
1, 20, 400, 8000, ... These terms represent the pattern between the scalar values multiplied to

10

10
A=aX where a=10 and hence A=[ 10

j to achieve an end product of A".

Thus, we can now deduce the geometric sequence of these scalar values using the general equation listed above:
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In the sequence {1, 20, 400, 8000}, f=1 r is the common ratio, which we can find
=20 by dividing each subsequent term of the

U ,=fe pl 20 400 8000

sequence. — =——=——

U” =1e20"" 1 20 400

U, = 20"

Here, we can express r in terms of a (a=10):

=20

20=10e2

S.r=2a

We can also express U, = 20" in terms of a (a=10):
U, =20""
U =2a""

n—1
Using all three values of constant a (2, -2, and 10), we have arrived at a general equationU, = 2@ = However,

we must note that this formula only gives us the progression for the scalar values which will be multiplied to the
n—1

matrix, A. In order to find the final expression for A", we must multiply the general scalar value U, = 2a = by
A=aX:

n n—1 n n—1
A" = 2a " A which can also be expressed as A" = 2a = (aX).

Let B=bY, where b is a constant. Using different values of b, we can calculate Bz, B3,
B*:

In order to ensure the validity of our findings, we will use 3 different values of b (2, -2, and 10).

When b=2, i.e. B=2Y:

B 1 -1
e 1 -1
Note that Y=
2 =2 -1 1
B:
-2 2
When b=2, i.e. B>=2Y)*:
B’=BeB

(2 2\(2 -2

_(—2 2 J (—2 2 J

_ (2(2) +(=2)(-2) 2(2)+ (—2)(2)J
(2)(2)+2(=2) (2)(2)+2(2)
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B 8 -8
-8 8

When b=2, i.e. B*=2Y)":
B’=B’eB

(8 8\ (2 =2

-8 8)(—2 2]

_(82)+(=8)(=2) 8(=2)+ (—8)(2)j
(-8)(2) +8(-2) (-8)(-2)+8(2)

(32 32

(32 32)

When b=2, i.e. A*=2Y)"
B'=B’eB

(32 32\ (2 =2
(=32 32](—2 2}
(3202 +(-32)(=2)  32(-2) +(32)(2)
322 +32(-2)  (-32)(-2) +32(2)j

128 -128
-128 128

When b=-2, i.e. B=-2Y:
1 -1
B- -z( j _—
-1 1 Note that Y= .
-2 2
B=

When b= -2, i.e. B>=(-2Y)*:
B’=BeB

(2 2\ (-2 2

2 —2}(2 —2)
“2(-2)+2(2) -2(2)+2(-2)

2(-2)+-22) 202)+ —2(—2)}

(8 -8
-8 8
When b= -2, i.e. B’=(-2Y)*:
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B’=B’eB

(8 -8\ (-2 2

-8 8}(2 —2]
8(-2)+-8(2) 8(2)+ —8(—2))

~8(=2)+8(2) —-8(2)+8(-2)
(32 32]

32 32

When b= -2, i.e. B*=(-2Y)*
B'=B’eB

(32 32)(=2 2

32 —32M2 —2j
(-32(-2)+32(2) -32(2)+32(-2)
1322 +-32(2) 32(2)+—32(—2))

128 —-128
-128 128

When b=10, i.e. B=10Y:

13—10(1 _lj
i U [1 —1}
Note that Y=
10 -10 -1 1
B=
-10 10
When b=10, i.e. B>=(10Y)*:
B’=BeB

(10 -10\(10 -10
(=10 10}(—10 10)
_(10(10)+ (~10)(~10)  10(~10)+(~10)(10)
| (-10)10) +10(~10) (—10)(—10)+10(10))

200 -200
-200 200

When b=10, i.e. B*=(10Y)*:
B’=B’eB

(200 -=200)( 10 -10
-200 200 J\-10 10
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~(200(10)+(~200)(~10)  200(~10) +(~200)(10)

_((—200)(10) +200(~10)  (~200)(~10) +200(10)j
4000 4000

(—4000 4000J

When b=10, i.e. B*=(10Y)*:

B'=B’eB
(4000 —4000)( 10 -10
—4000 4000 )\ —10 10

~(4000(10) + (~4000)(~10) ~ 4000(~10) +(~4000)(10)
~{(-4000)(10) + 4000(~10) (4000)(—10)+4000(10)j
(/80000 ~80000

~80000 80000)

Through consideration of the integer powers of B (2, -2, and 10), we can observe a
pattern and find an expression for B".

For B" when b=2:

When n=1, 2, 3, 4, ... (integer powers increase), then the corresponding elements of each matrix are:

1,4, 16, 64, ... These terms represent the pattern between the scalar values multiplied to

2 2
B=bY where b=2 and hence B=( 5 J to achieve an end product of B".

Thus, we can now deduce the geometric sequence of these scalar values using the general equation listed above:

In the sequence {1, 4, 16, 64}, =1 r is the common ratio, which we can
=4 find by dividing each subsequent

= n-l 4 16 64

U,=fer term of the sequence. —=—=—

U =1e4""! 1 4 16

U,= 4!

Here, we can express r in terms of b (b=2):

r=4

4=2e2

. r=2b

We can also express U, =4""'in terms of b:
Un — 47171
U,=2b

n

n-1
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For B" when b= -2:
When n=1, 2, 3, 4, ... (integer powers increase), then the corresponding elements of each matrix are:
1, -4, 16, -64, ... These terms represent the pattern between the scalar values multiplied to

-2 2

B=bY where b= -2 and hence B=[ 5 j to achieve an end product of B".

Thus, we can now deduce the geometric sequence of these scalar values using the general equation listed above:

In the sequence {1, -4, 16, -64}, =1 r is the common ratio, which we can find
r=-4 by dividing each subsequent term of the

Un :f.r’H —4_16_—64

sequence. —=—=——

U, =1le—4"" 1 -4 16

U, = —4!

Here, we can express r in terms of b (b= -2):

r=-4

-4=-2e2

s 1=2b

We can also express U, = —4""in terms of b (b= -2):
Un — _4)771
U,=2b""

For B" when b=10:
When n=1, 2, 3, 4, ... (integer powers increase), then the corresponding elements of each matrix are:
1, 20, 400, 8000, ... These terms represent the pattern between the scalar values multiplied to

10 -10

B=bX where b=10 and hence B=
-10 10

] to achieve an end product of B".

Thus, we can now deduce the geometric sequence of these scalar values using the general equation listed above:

In the sequence {1, 20, 400, 8000}, f=1 r is the common ratio, which we can find
=20 by dividing each subsequent term of the

U, =fer"! 20 400 8000

sequence. — =——=——

U =1e20"" 1 20 400

U, =20""

Here, we can express r in terms of b (b=10):

=20

20=10e2

s r=2b
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We can also express U, = 20" in terms of b (b=10):

U, =20""

U=2""

Using all three values of constant b (2, -2, and 10), we have arrived at a general equationU, = 26" . However,
we must note that this formula only gives us the progression for the scalar values which will be multiplied to the
matrix, B. In order to find the final expression for B", we must multiply the general scalar value U, = 20" 1by

B=bY:

n-1

n n n=1
B"= 2b " B, which can also be expressed as B" = 26 (bX).

To find an expression for (A+B)", we must first determine the patterns by
calculating the values of (A+B), (A+B)?, (A+B)’, (A+B)".

For (A+B)", where n=1, i.e. (A+B):
(A+B)'=A+B

Where n=2, i.e. (A+B)*:
(A+B)’=(A+B)(A+B)
=(aX+bY)(aX +bY)

=(aX)® +2abXYH(DbY)’

) 1 1)1 -1 )
aX ~+2ab j[ j+ bY

I 1){i-1 1

X% 1ah 1) +1(=1) 1(—1)+1(1)j+ by 2

IMH+1(-) I(-D+1(D)

2 0 0 2
aX +2ab0 0+bY

aX '+ by’
A’+B?

Where n=3, i.e. (A+B)’:
(A+B)’=(A+B)(A+B)(A+B)
(A+B)’=(A+B)*(A+B)
(A+BY’=(aX +bY)*(aX +bY)

= A’+B* (aX+bY)

A*+B* (A+B)

A*(A)+ A’B+ B’A + B*(B)
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But AB and BA both equal 0, as:
A=aX

) N
1) ({i, ZJJ
sons(* )2 7) s, 7))

(a(b)+a(-b) a(-b)+a(b) (bla)+-b(a) b(a)+—b(a)
a)+a(=b) a(-b)+a(b) \=b(a)+b(a) —-b(a)+b(a)

£ £

=0 =0
Were-write A’(A)+ A’B+ B’A+B*(B) as A’+ A(AB)+ B(BA) + B’
= A’+ A(0)+B(0) + B®

:A3+ B3

Where n=4, i.e. (A+B)":
(A+B)*=( A+B)( A+B)( A+B)( A+B)
(A+B)*=( A+B)’(A+B)

(A+B)*= A’+ B’ (A+B)

= A+ A’B+B’A+ B

A*+ A’(AB)+B*(BA) + B*
A*+ A?(0)+ B*(0) + B*
:A4+B4

We can now find an expression for (A+B)" through consideration of the integer
powers of (A+B) and observing the pattern that has emerged.

(A+B)=A+B
(A+B)’=A*+B’
(A+B)’=A*+B’
(A+B)*=A*+B*, and so on.

Thus, we can conclude that (A+B)"=A"+B", which can be rewritten as follows (to be expressed in terms of X and
Y):

(A+B)"=A"+B"
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=(@X)"+(bY)"
:anXﬂ+bn+Yﬂ

a+b a-b

Now we consider M=( J, where M=A+B:

a-b a+b
M=A+B
a+b a-b

=aX+bY
a-b a+b

a+b a-b (a a N b -b
a-b a+b a a -b b
a+b a-b (a+b a—b]

a-b a+b -
.. M=A+B

a-b a+b

We can also prove that M*=A+B? (which we can use to later calculate M3=A3+B3,
M*=A*+B* to find a general statement for M", in terms of aX and bY):

M2=A2+R2
a+b a-b\(a+b a-b 5 5
b =(aX)+(bY)

a-b a+
a+b a+b + a-b a-b a+b a-b + a-b a+bJ:(a aJ(a aj+(b —bj(b —bj
a-b a+b + a+b a-b a-b a-b + a+b a+b a al)la a -b b )\-b b
[a<a>+a<a> a(a>+a(a>j+(b(b)+<—b)(—b) (b)(—b)+(—b)(b))
(=b)b)+(BYb)  (~b)X—b)+b(b)

a-b a+b

a -b +a -b a —2ab+b +a +2ab+b’ a(a)+a(a) a(a)+a(a)

24 +2b° 2a°=2b")_(2a° 2a%) (2b° 20
2a° -2b* 24’ +2b° 24" 2ad° -2b*  2b°

[2a2 120 247 —2b2]

2a* =2b* 2a* +2b* 2a* =2b* 2a* +2b*

- M?=A’+B’

[a7+2ab+b7+a72ab+b‘ a -b +a -b j

2a° +2b0> 24 —ZbZJ

Now, tracing the pattern in order to find the expression for M", we see that:

M=A+B= [

a+b a-b
a-b a+b
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s o, (247426 24 -2b°
M=AB"= 2 2 2 2
2a°=2b" 2a°+2b

4’ — 4 44’ +4D°
8a* +8b* 8a'— 8b4J

A (4a3 +4b°  4a’ — 4b3j

M*=A*+B*=
(8(14 —8h* 8a*+8b*

Expressing M" in terms of aX and bY (=A and B respectively), we have arrived at

the general statement:

M"=(aX)" + (bY)", which we can also express as
M'=a"X" + bY",
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