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Part- 1

3 sequences and their expression in the m term has been given. All of these equations
will be evaluated on a step-by-step basis in order to find an expression for the n"term.
The technology which will be used to execute this investigation will be a TI-83 graphing
calculator and Logger Pro graphing Program. All mathematical calculations have
been made by this graphing calculator and is mentioned where some calculations
have not been shown.

(A)
Let us observe the first row of the sequence.

The following sequence is given as:

log,8,log, 8.log;8,log,. 8. ...

Each of the terms in this sequence are of the form leg,, A. If analyzed, it can be

easily observed that the log base PZ] of each term in this sequence is a power of
2 while A remains constant at 8.

Therefore, we can state that each term for the 1st row has the general
expression logz" 8, where n is the nthterm of the sequence. Now, we must apply
this expression in the form E .

log2" 8

— log8 [Applving change of base formuld]

nlog2

== [Substituting 8 as a power of 2]

nlog2

3
n
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Now, the expression % , should provide us with the values of each term in the
sequence. Thus, to prove % as the general expression for the first row of

sequences:

3
Un =;
First term of the sequence =log,8
3
~=log2"8

(Taking the first term as sand so on,)

LH.S R.H.S
7 logs' 8
ur=3 log28=3

L.H.S = R.H.S. Hence, verified that 3; is the general expression for the 1st row of the

given sequence in the form § .

Similarly, other terms in the sequence were also verified by using the TI-83 where:
Ua: §=|og48 (1.5)

Us: =-1ogs8 (1)

Us: %= log168 (0.75)

Us:: == loga:8 (0.6)

Us:: == loged8 (0.5)

U7 2= logizs8 (0.42)
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Below is the graph for the reciprocal function f(x)=

3

x
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(-3.56, -2.92) (Ax:56 Ay:20.74) term (u)

Now, below is the Graph emphasizing values of given terms of the sequence.
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EE

Manual Fit for: Data Set | logarithm of 8 with base 2
y = A/

A: 3.000

logarithm of 8 with base 2

0
(Ax7 Ay:2.75) Term (u)

The graph above is a result of plotting f(x)= % and plotting the values of each

term in the sequence [x| x=0] and [v | v=0]. For our purposes, this graph is
confined to the positives as the points in red( which represent the values of the
respective terms in the sequence) are positive values. From the graph, we can
observe that the v-value of the co-ordinates plotted. These are in fact, the
values of logarithmic terms while the x value is the term of the sequence. For
example,

To find that value of logarithmic term us=10g1¢ 8,

Through applving the change of base formula in the Graphing Calculator we
get,

2% =075

loglt

,0.75) is plotted on the plane and it is also point on the graph, f(x) == . Thus, in
(4,0.75) is plotted the pl ditis al int th h, f(x) iTh i

order for a logarithm to be a part of the sequence of the first row, its value along



‘ Marked by Teachers

with the term number(» (where the value is a v co-ordinate and (») is the x-
coordinate) must be a point on the graph f(x) = %

Thus, the next two terms of the sequence have been verified both algebraically
and graphically.

(B)

The sequence for the second row is given as:

log;81,log, 81,log,, 81,log,, 81, ...

Similarly , the sequence of the 2nd row has the expression:

logan 81 (this is because, the bases (b) of each of the terms in the sequence
are powers of 3 while A, which is 81, remains the same for each
term)

= L‘T%‘: [Applving change of base formulal]

= :‘;fa [Substituting 81 as a power of 3]

=

Now, the expression % , should provide us with the values of each term in the

2 . .
sequence. Thus, to prove ~as the expression for the second row of sequences in

the form E .
First term of the sequence =log;81

% = logs" 81
(Taking the first term as wsand so on,)

LH.S R.H.S
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= logs' 81
ui=4 logz81 =4

L.H.S =R.H.S. Hence, it is verified that % is the general expression for the 2nd row of

the given sequence in the form E .

Similarly, other terms in the sequence were also verified by using the TI-83 where:

Uz = =logs81 (2)
Us: 2-10g2/81 (1.33)
Us: == logsi81 (1)
Us:: == logz«81 (0.8)

Us:: = logras81 (0.66)
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The graph above is a result of plotting f(x):z and plotting the values of each

term in the sequence.

(C)

Now, the sequence of the 3@ row has the expression:
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Logsn 25 (this is because, the bases (b) of each of the terms in the sequence
are powers of 5 while A, which is 25, remains the same for each
term)

= :T%; [Applving change of base formulal]

= ﬁ [Substituting 25 as a power of 5]

Now, the expression ; , should provide us with the values of each term in the

sequence. Thus, to prove ; as the expression for the second row of sequences in

the form § :

First term of the sequence =log:25
2; = logs" 25

(Taking the first term as sand so on,)

LH.S R.H.S
vg; logs! 25
Ur=2 logs25 =2

Similarly, other terms in the sequence were also verified by using the TI-83 where:

Us: §=|ogzs 25 (1)
Us: =-10012525 (0.66)

Us:: ==10Qge2525 (0.5)

4

Us:: ==100312525 (0.4)

5
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Ue: : == logise2525 (0.33)

&

L.H.S =R.HS. Hence, Verified that ; is the general expression for the 3rd row of

the given sequence in the form E .

2
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e Manual Fit for: Data Set | logarithm of 25 with base 5"n
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(5.260, 0.952) (Ax:7 Ay:2.70) Term (u)

Also given, is the sequence for the mfh term:
Logm¥7%, logm2%2x , logm3 %%, logm#7X, ...
Thus, we can establish the expression of this sequence to be:

Logm" mk
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_klogm

nlogm

ENES

Therefore, the general expression £ (which is in the form £ ) can be applied to all
n )

the given sequences. We can apply this general expression to verify the
successive terms of each sequence.

Term (¥ Logarithm of 8 Logarithm of 81 Logarithm of 25

with base 2n with base 3n with base 5n
1 3.00 4.00 2.00
2 1.50 2.00 1.00
3 1.00 1.33 0.66
4 0.75 1.00 0.50
5 0.60 0.8 0.40
6 0.50 0.66 0.33
7 0.42 - -

Below is the general graph for the functions f(x)= % ,9x) = 3 ,h(x) =

Bk
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The above graph shows all three expressions from the given sequences plotted
together with the values of each term in their respective sequence. Now, if we
observe the graph above very carefully, we can see that the points are on a
straight line, but most importantly, we can also observe that each point is
equidistant from the next for each term. If this is proved to be true, one can
graph even more functions to add to the given set of sequences.

To prove, the distance between points C/’ondff, and?@and c is the same for
each term on the x axis.

Thatis, C-A=B-C

Now, by extracting the values from the same table given above earlier, we can
solve the mentioned problem .

Term (¥ Logarithm of 8 Logarithm of 81 Logarithm of 25
with base 2n (¢) with base 30 (b) with base 5" (a)
1 3.00 4.00 2.00
2 1.50 2.00 1.00
3 1.00 1.33 0.66
4 0.75 1.00 0.50
5 0.60 0.80 0.40
6 0.50 0.67 0.33
7 0.42 - -

Verification : C-A = B-C

[Calculations]

Term 1: 3-2=4-3 =1

Term 2: 1.5-1.0=2.0-1.5=0.50

Term 3: 1.0-0.7 (rounded from 0.66)=1.3-1.0 = 0.30
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Term4: 0.75-0.50=1.00-0.75=0.25
Term 5: 0.60-0.40=0.80-0.60 = 0.20
Term 6: 0.50-0.33=0.67-0.50=0.17

Term C-A B-C Common
Difference (d)
1 3-2 4-3 1
2 1.5-1.0 2.0-1.5 0.50
3 1.0-0.7 (rounded 1.3-1.0 0.30
from 0.66)=
4 0.75-0.50 1.00-0.75 0.25
5 0.60-0.40 0.80-0.60 0.20
6 0.50-0.33 0.67-0.50 0.17
Logarithm of 81 with base 3" (b) New points on the plane above v = %
4.00 5.00
2.00 2.50
1.33 1.63
1.00 1.25
0.80 1.00
0.67 0.84

Hence proved, that each point is equidistant to the next for each point on the x-
axis (the term of the sequence). Now that the common difference has been
found, we can plot more points on the graph according to the difference in
height. Below is a graph with differences by adding the differences graphically,
starting from the topmost graph v = 2

x

Term (¥ Logarithm of 8 | Logarithm of Logarithm of | New points
with base 2n 81 with base 25 with base | on the plane
(c) 3 (b) 5(a)  |abovey==.
1 3.00 4.00 2.00 5.00
2 1.50 2.00 1.00 2.50
3 1.00 1.33 0.66 1.63
4 0.75 1.00 0.50 1.25
5 0.60 0.80 0.40 1.00
6 0.50 0.67 0.33 0.84
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Thus, as seen in the graphing program, a new graph has been created on the
bases of the common difference found between the distances between the

points of the previous graphs. The new graph has the equation of y= % in the

form E.
q

PART 2.

All calculations have been made by the TI-83 graphing calculator and this has
been mentioned where some calculations have not been shown. The aim is to
obtain two more examples fitting the pattern of the sequence given below, in
addition to describing how to obtain the third answer in each row from the first
two answers.

The given sequence is
Logs 64, logs 64, logs: 64
Log7 49, l0g4s 49, 109343 49



‘ Marked by Teachers

1
125

1
625

Logz 125, log= 125, log_— 125

Logs 512, log2 512, 0016512

(A)

The terms in the sequence above are in the form of log, A

Now, in order to obtain the third answer in each row from the first two
answers, one must multiply the bases of the first two terms in the sequence
to obtain the base of the third term. For example, in the first sequence, we
multiply the bases 4 and 6 to obtain 32 while the logarithm of A remains
constant for that sequence. Thus making the third term logs2 64. This is tfrue
for all given sequences and has been verified with the use of the TI-83
calculator.

Therefore, if Ui=log, x
And Uz-log, x
Then Us=log,, x
Iflog,x-C
And, log, x = d;
In terms of ¢ and d we can express the value of log,,;, x as %

cd
ctd

To prove value of leg, x =

In the second row we have, logy 49 and logss 49, where c=2 and d=1.
And a=7 and b=49
L

The value of the third term (log,;, x) is ——; —g

To verify if the value of the third term logys; 49 ==

Hence, by evaluating the third term through the graphing calculator while
using the change of base formula, it is confirmed that the value of

&

loggys 49 = -



Similarly, all the evaluated values of last term in each sequence were the
same as the values of the first two terms when they were evaluated with

the formula :d with the help of the graphing calculator.

(B)

Let us take the pattern above while regarding base ios 5 from the bases

of the first column. We get:

o O N N~

We see that there is a difference of 3 between the 2 pairs of terms. We observe
that after adding 3 to U;in order to get Uz, we subtract 2 from Uz to get Uz and so
on. Therefore, the next two terms of this pattern will be 6 and 9.

Now, lets consider the pattern of the second column. This time, not the base of
the logarithm, but the value of the logarithm will be taken. Thus for the second
column after calculating the values of the terms, we obtain the values: 3
(logsbé4), 1(logs949), -1(Log 1 125) and 9 (log2512) respectively.

125

Similarly, let us get the values of the logarithms in the first column. We obtain
3(log464), 2(Iog749),—3(Log% 125) and 3 (logs512) .

Now, we have found out the all values of ¢ and d for in the sequences given to
us. The grid looks like:

Column 1(c) Column 2(d)
3 2
2 1

-3 -1
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d
However, we can now get back to our formula i ,we can now add values to
C

the third column by applving this formula to each of the values in the first and
second columns respectively .(with the help of the graphing calculator)

Therefore, Column 3
1.5
0.66
-.075
-4.5

Thus, by verifving with a graphing calculator, these values above are
equal to the values of the logarithmic terms given in the sequences.

Therefore, following the pattern, another example which will fit the pattern
above is.

Loge 36, logss 36, l0g 216 36

Log 2729, logrs 729, log &1 729

This is proved by :
Loges 36=2

logas 36=1

log 216 36= E

. cd 2wl _ 2
according to the formula —-we get T =3

Hence, sincei is equal to the value of the last term, the first sequence is

verified.
For the second sequence,

We obtain Log 5729 = -3
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l0g729 729 = 1
log e1 729 =1.5
according to the formula £2 we get X B _34r15
c+d (-3341 -2z 2

Hence, sincei is equal to the value of the last term, the second sequence is
also verified.
The limitations of a, b and x is that we can only take positive values of a and b

because logarithms of negative values don't exist. Therfore, a, b and x can’t be
negatives even though it is given that p,q, € Z. Therfore, p,q are only confined to

P.Q[E £7]



