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Investigating Divisibility

1. Factorize the expression P(n) =n" —n for x € {2,3,4,5}. Determine if the expression is
always divisible by the corresponding x. If divisible, use mathematical induction to prove
your results by showing whether P(k+1) — P(k) is always divisible by x. Using
appropriate technology, explore more cases, summarize your results and make a
conjecture for when n* — n is divisible by x.

I broke each question into more manageable pieces:

i) Factorize the expression P(n) = n" —n for xe {2,3,4,5}:
x=2 P@m)=n’-n=n(n-1)

x=3 P@m)=n’-n= n(n+1)n-1)

x=4 P@m)=n'-n=n(n-1) (@0’ +n+1)

x=5 Pm)=n’-n=n(*1)({n+1)(n-1)

ii) Determine if the expression is always divisible by the corresponding x:
(determine implies that a formal proof by induction is not needed)

a) x =2, is P(n)=n(n-1) divisible by 2?

(An inductive approach was taken to be more thorough for x=2)
I) Is it correct for n =1.
P(1) =(1)(1-1)=0, 0+2=0, .". it is correct for n =1.
IT) Assume it is correct for n=k:
- let K-k =k(k -1)= 2M, where Me L.
IT) Consider n=k+1:
P(k+1) = (k+1) (k+1-1)
=k (k+1)
= kK*+k
=(k*- k) + 2k
=2M + 2k
=2 (M+k)
.. By the principle of math of induction, the statement is true for all natural numbers.

b) x =3, is P(n)=n(n-1)(n+1) divisible by 3?

Yes because when you have the product of three consecutive integers, one of them will
always be a multiple of 3.

¢) x =4, is P(n)=n(n -1) (n® + n +1) divisible by 4?
No because there is no coefficient of four, and it’s not the product of four consecutive
numbers.
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d) x=5, is P(n) = n(n’+1) (n +1) (n -1) divisible by 5?
Yes.

iii) If divisible, use mathematical induction to prove your results by showing whether
P(k+1) — P(k) is always divisible by x.

P(n)=n"-n
Difference = P(k+1) -P(k) =(k+1)*- (k +1) - k* +k

Ifx=2, Difference =(k+1)?-(k+1)-k* +k
=K+ 2k +1-k-1-kK*+k
=2k
. P(k+1) — P(k) is divisible by x for P(n)= n* — n when x =2.

Ifx =3, Difference = (k+1)°- (k+1)-k*+k
=KC+3K+3k+1-k-1-K+k
=3K*+3k
=3 (K+ k)

. P(k+1) — P(k) is divisible by x for P(n)=n" — n when x =3.

Ifx=4, Difference =(k+1)*- (k +1) - k*+k

=K' +41K°+ 6K +4k+1-k-1-k*+k

=4k’ + 6k* +4k
. P(k+1) — P(k) is not always divisible by x for P(n)= n* — n when x =4. It is only
divisible when 6k is divisible by 4.

Ifx=5, Difference = (k+1)- (k+1)-k +k
=K+ 5k*+ 10k +10k* + 5k+ 1 -k -1 -k’ +k
=5 k*+ 10K°+10k*+ 5k
=5 (K™ 2k’ +2k*+ k)

. P(k+1) — P(k) is divisible by x for P(n)=n* — n when x =5.

iv) Using appropriate technology, explore more cases, summarize your results and make
a conjecture for when n* — n is divisible by x.

P = wnupply (n"x-n, x,n);

forjto 100do If you type in this code into Maple 11, an all-

{f:: J wﬂl 60 de purpose math software program developed by the
if nl;ﬁd(p“‘_',- + 1}=P(i.j), i) = Othen University of Waterloo, a code that finds out: for
ont =1 which values of x will the expression P(n) = n* —n
Fo= 1 be divisible by x, and the program subs in the

fic numbers 1-100 for you, the out put will be this:
od:

if et = () then

pring("Divisible when x =]);

fi:

wd:
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Therefore, numbers 1,2, 3,5, 7, 11, 13, 17, 19, 23, ...97 all have the desired divisibility
property. This suggests that numbers which are prime numbers as well as 1 all have this
property. So if x = prime number or 1, P(n) = n* — n will be divisible by that prime number.

2. Explain how to obtain the entries in Pascal’s Triangle, and using appropriate
technology, generate the first 15 rows. State the relationship between the expression
P(k+1) — P(k) and Pascal’s Triangle. Reconsider your conjecture and revise if necessary.
Write an expression for the x™ row of Pascal’s Triangle. You will have noticed that
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[x] =k, ke N. Determine when k is a multiple of x.
r

i) Explain how to obtain the entries in Pascal’s Triangle

The entries in Pascal’s Triangle are obtained by :

1 On the 0™ row, write only the number 1. Then, to construct
1 1 the elements of following rows, add the number directly
1 2 1 above and to the left with the number directly above and to
1 3 3 1 the right to find the new value. If either the number to the
1 4 6 4 1 right or left is not present, substitute a zero in its place.

The first five row of Pascal’s Triangle.
ii) Using appropriate technology, generate the first 15 rows

Using Maple 11, if we type in the following code, it will generate the first 15 rows of
Pascal’s Triangle.
for i fromO to 15 do
expand ( (x + y)™Ni );
seq ( coeffs (op(j, %)),j =1 ..nops (%) );
print( % );

od:
tESl | :l Text M. Drawing Plot Animation
riting | ”f__.[:. ?D_Mall-'lmu v Times HewRoman ¥ (12 * | B u = = @ =ic
B | for i from 0 to 15 do
s J expand( (x 4+ y)7 ).
51 | segl coaffs(ap(], 25) ), 0 =1 . nmaps(2:) 1,
—_— prin ( EC );
FPS od:
an Symbols | !
s 1,1
R
1,21
R ' i
10 Properties ' L4 6.4 1
5 Propetties | 1,5 10,10, 5,1
| 1,6, 15 20, 15, 6, 1
3 | 17221 35,85, 21 1
I \ 1, & 28, 56,70, 56, 28, 8, 1
na
1,9, 36, 84, 126, 126, &84, 36, 9, 1
| Round
) 1, 10, 45, 120, 210, 252, 210, 120, 45, 10, 1
= | 1, 11, 55, 165, 330, 462, 462, 330, 165, 55, 11, 1
Operatars | 1, 12, 66, 220, 495, 792, 924 792 495 220, 66, 12, 1
kars | 1, 13, 78, 284, T15, 1287 1716, 1716, 1287 715, 286, 78, 13, 1

1, 14, 91, 364, 1001, 2002, 3003, 3432, 3003, 2002, 1001, 364, 91, 14, 1
' 1, 15, 105, 455, 1365, 3003, 5005, 6435, 6435, 5005, 3003, 1365, 455, 105, 15, 1

Sace |

j J
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iii) State the relationship between the expression P(k+1) — P(k) and Pascal’s Triangle.

The coefficients of P(k+1) — P(k) correspond to the entries in Pascal’s triangle, excluding
the first and last entries (the ones).

For example, as shown in #1,
Difference = P(k+1) -P(k)=(k+1)* - (k +1) - k* +k
Ifx=2, Difference =(k+1)?-(k+1)—-k* +k
=k*+2k +1-k-1-k*+ k
=k
Ifx=3, Difference = (k+1)°-(k+1)-k’+k

=K+3K+3k+1-k-1-K+k
=3k 43k

Ifx=4, Difference =(k+1)"- (k +1) - k*+k
=k*+4K°+6K*+H4k+1-k-1-k*+k
= 4K+ 6k* +4k

Ifx=35, Difference = (k+1)-(k+1)-k’ +k
=K+ 5k*+ 10k> +10k* + 5k+ 1 -k -1 -k’ +k
=5 kM 10K°+10K*+ 5k

iv) Reconsider your conjecture and revise if necessary.

My conjecture: If any row of Pascal’s triangle, excluding the first and last, begins with a
prime number or a 1, then every term in that row is divisible by that prime number. For
example, if you number every row in Pascal’s triangle starting from by numbering the
first row that consists of only one entry (one) as the zero™ row , you will find that if the
number of the row is prime, excluding the first row, then every entry in that row is
divisible by this prime number, excluding the first and last entry.

V) Write an expression for the x™ row of Pascal’s Triangle

NG
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x) (x X
:l’x,( J’( j““( j’l.
2)\3 x-1 “Is div when x=", 0

k is the Pascal’s coefficient, and x is the row number. “Is div when x="", 1

“Is div when x=", 2

vi) Determine when k is a multiple of x. “Is div when x=", 3

Is di; WheﬂII* 5 :

This question can be taken two ways. _
"Iz div when ==", 5

If we take it to mean to ask when individually, as one coefficient, k isa "Iz div when =", &
multiple of x: then we can generate a code to determine when k willbe a "Iz div when =", 7
multlple OfX: s dj.‘li" WhEn X=", 8
"Iz div when =", 9

k= unappfy( (k+1)" -k —1,x r) "Is div when =", 10

for i from 1 to 100 do

for j from 0 to i do "Ts div when =", 11

ifmod( i, &( i, 7)) # Othen "Is div when =", 12
prit( "8 div when =", i) - "Ta diw when =", 13
F=i+1: "Iz div when =", 14
ﬁ.

' "Tz div when =", 15
od:

od: "Iz div when =", 14

"Tz div when =", 17
"Tz div when =", 18
However, if we type in this code into Maple 11, this code yields this:
Which at first baffled me because, why are all the numbers k from 0 -100
a multiple of x? Then, I realized that the code was for if some entries in
a row of Pascal’s triangle were a multiple of the row number,
not all entries.

"Iz div when =", 19

"Iz diw when =", 20

"Iz div when =", 94
"Iz div when =", 97
"Is div when =", 98
For example, "Iz div when =", 39
"Iz drr when =", 100

Row # 8 of Pascal’s triangle is :
1, 8, 28, 56, 70, 56, 28, 8, 1

We notice that 56 is a multiple of eight, however, 70 and 28 aren’t. What this program
did was put “Is div when x = 8 because some entries, not all, in a row were a multiple of
8. However, what this problem probably meant to ask was when are all entries (except
the first and last entry) in a row of Pascal’s triangle a multiple of the row number.

Hence, we know that all entries (except the first and last) in a row of Pascal’s triangle are
a multiple of the row number when the row number is a prime number. We know this has
to be true because we know from question #1 that the coefficients of P(k+1) — P(k)
correspond to the entries in Pascal’s triangle, excluding the first and last entries (the
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ones). We also wrote a Maple program in question #1 that showed that P(k+1) — P(k) is
divisible by x for P(n) = n* —n when x is a prime number or 1. Hence, we have already
shown that all entries (except the first and last entry) in a row of Pascal’s triangle are a
multiple of the row number when the row number is a prime number or 1.

3. Make conclusions regarding the last result in part 2 and the form of proof by induction
used in this assignment. Refine your conjecture if necessary, and prove it.

1) Make conclusions regarding the the last result in part 2.
Therefore, all entries (except the first and last entry) in a row of Pascal’s triangle are a
multiple of the row number when the row number is a prime number or 1.

ii) Make conclusions regarding the form of proof of induction used in this assignment

The logic behind the form of proof by induction used in this assignment is that since
proving by induction always doesn’t work directly or easily. For example, one isn’t able
to prove easily by induction directly that if x = 3 P(n) = n’ —n is divisible by 3. But
however, one is able to prove that if x =3 , P(k+1) — P(k) is always divisible by 3.

The logic is:

We want to find out if P(n) = n* — n can be divided by x by induction:

I) Step 1: Prove it true for x =1.

P(n)=n"-n

P(l)=n'-n=n-n=0

0 is divisible by any number. Therefore, P(x =1) is divisible by 1.

IT) Step 2: Assume it is true for n=k
P(k) is divisible by x.

IIT)Step 3: Prove it is true for n=k+1
It is not always easy or possible to prove this directly by induction. Therefore:
P(k+1) = [P(k+1) — P(k)] + P(k)

= The difference + P(k)

Since it is assumed in step two that P(k) is divisible by x, then if we prove that the
difference [P(k+1) — P(k)] is divisible by x, then the whole thing is divisible by x.

iii)Refine your conjecture if necessary and prove it.
To prove that if any row of Pascal’s triangle, excluding the first and last entry, begins
with a prime number, then every term in that row is divisible by that prime number we

need to use the following concepts:

1.The ability to construct Pascal’s triangle and to relate the coefficients to the expansion of .
x+y)
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for the binomial coefficients is required.

2. The formula [
r r!

n]:n(n—an—2)( n—r+1)

3. A familiarity with prime numbers and the prime factorization of an integer.

4. The Fundamental Theorem of Arithmetic: Every integer greater than one can be written
uniquely as a product of primes.

5. Euclid’s Lemma: If a, b, and ¢ are natural numbers and a divides bc, with a and b having
no prime factors in common (a and b are relatively prime), then a divides c.

The Proof itself:

We know that (pj= p(p—lXp—2‘),( P=rtl) pyg [pJ is an integer, so the
r r! r

denominator r! divides the numerator. Leta=r!, b=p,andc=(p-1)(p — 2)...(p — r+1)
in our statement of Euclid’s lemma. Since r < p, all of the prime factors of r! are less than
p. Thus p and r! are relatively prime and Euclid’s lemma tells us that

p(p-p-2)( p—-r+l
7!

divides (” J
r

4. State the converse of your conjecture. Describe how you would prove whether or not
the converse holds.

= q must be an integer. Hence (pj = pq and therefore, p
r

So to take the converse means that [ have to go backwards. I have proved that if a row
(except the first and last entry) of Pascal’s triangle starts with a prime number or one,
every element in that row will be divisible by that number. And now I have to prove that
if every element in a row of Pascal’s triangle (except the first and last entry) is
divisible by a number, it is a prime number or one.

First, I would test each row and find the greatest common multiple for every entry
excluding the first and the last, if there is one.

Second, I would list the greatest common multiples and note if it’s a prime number.

According to the Fundamental Theorem of Arithmetic, every integer greater than one can
be written uniquely as a product of primes. Therefore, if every entry in a specific row of
Pascal’s triangle has a greatest common multiple, then this greatest common multiple has
to be a prime number. This is not necessarily true, you would have to prove it. The
fundamental theorem of arithmetic doesn’t really apply here. The theorem only says that
you can write a number in terms of prime factors. But the GCF of the row will not
necessarily be a prime.
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Take row 4: the entries are 1, 4, 6, 4, 1. The GCF is 2, which is a prime. But this row is
not one of the rows that start with w prime number.
So there has to be other cases as well as this one.

This does not affect your conjectures. Because your conjectures doesn’t mention
anything about the row being a prime number. It just says that the CGF is a prime.

Hence, if every element in a row of Pascal’s triangle (except the first and last entry) is
divisible by a number, it is usually a prime number or one.

I would also create a program on Maple 11 to test and confirm this converse statement.



